Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



vc 



^x 



PA/5 lll~S 



Satiianti Sntliecsttg 



EPARTMENT OF MATHEMATICS 

FROM THE LIBRARV OF 

OUSTAVUS HAY 

(A.B. .Sjo. H-D. iBs7) 
OF BOSTON 

GIFT OF MRS. HAY 

Uki i6, T90S 



r^ansl erred froiu 
Mathematioal Utmiy 



y 



J 



M^- 



y 



t * 



\ 



r- 



/ 









o 



AN 



ELEMENTARY TREATISE 



OH 



MECHANICS 



TRANSLATED FROM THE FRENCH OF M. BOUCHARLAT. 



ADDITIONS AND EBtENDATIONS, DBSraNBD TO ADAPT IT TO THS UBE Of 
THE CADETS OF THE U. B. BOLITAAY AGADEHT. 



BY EDWARD H, COURTENAY, 

FSOFS880R OF NATURAL AND EZPSRIMBNTAL PHILOSOPHT IN TBB ACADBMT. 



NEW-YORK: 

PRINTED AND PUBLISHED BY J. 4b J. HARPEB, 

NO 82 0LIFF-8TKBIT, 

AVi tOLD BT THN BOOKSELLERS ORNRRALLY THROUGHOUT THR 

UNITRD 8TATR8. 

1833. 






y 






f 



.; Mt-rh- ...'..,, 4 



\ 



I 



Harvard UniversHy 
Math. Depl, Library. 

From the estate 

of Dr. Gustavus Hay 



■% * 



t 



[Entered eoeoidiiig to the Act of Gongieae, in (he year 1633, bj J. dc J. Hiiper» 
la tbB Oflwe of the Cleik of the Boathem Dietifct of New-Yoik.] 



I 



PREFACE. 



J» preparinjr a translation of Boucharlat's Elements of 
M^hanksy it has. been tiie principal object of the translator to 
supply a suitable text-book for the use of the Cadets of the 
United States' Military Academy. To accomplish this object 
more effectually, it has been deemed necessary to introduce 
several subjects which are not noticed in the original, and to 
extend or modify others, where the methods of investigation 
adopted by the Author appeared incomplete or obscure. It 
was^ also judged proper to omit one or two subjects, the dis- 
cussion of which is usually reserved for works of a less 
elementary character. 

These alterations were adopted with less hesitation as the 
work was principally deseed for a special purpose ; but it 
is believed that they will render the work more generally 
useful, by facilitating the comprehension of many of the more 
difficult investigations, and by affording much valuable in- 
formation in relation to those subjects which were not dis- 
cussed in the original, but which are generally admitted to 
form an essential part of an elementary course of Mechanics. 

In supplying the deficiencies of the original, reference has 
been had most frequently to the works of Poisson, Francodur, 
N&vier, Persy, Genieys, and Gregory ; and in some few in- 
stances, the methods of investigation pursued by those authors 
have been adopted with but slight alterations. 

The works of Boucharlat have long enjoyed an unusual 

share of public favour ; and the hope is therefore entertained 
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4 PREFACE. 

that the treatise now presented, in our own language, will 
prove a useful introduction to the study of the higher 
branches of Mechanics, and that it will be received with in- 
dulgence by all those who are disposed to cultivate a taste for 
the most interesting application of Mathematical Science. 

As the entire work may be found to constitute too exten- 
sive a course for those students who can devote but a limited 
time to the study of Mechanics, it was thought expedient to 
indicate such of the more difficult subjects as migig be 
omitted. These subjects are designated in the table of con- 
tents by being printed in italics ; and they will be found to 
be unnecessary in enabling the student to comprehend thoso 
which follow* 
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PART FIRST. 



STATICS. 

INTRODUCTORY REMARKS AND DEflNITIONS. 

1. Mechanics is the science which treats of the laws of 
equilibrium and motion. Wlien applied to solid bodies it is 
divided into Statics and Dynamics ; the former discussing 
the conditions of their equilibrium, and the latter those of 
their motion. In the application of Mechanics to the consid- 
eration of fluid substances a similar division is likewise made, 
viz. Hydrostatics, which treats of the equilibrium of fluids, 
and Hj^odynamics, which investigates the circumstances 
resulting from their motions. 

2. The object proposed in Statics being the determination 
of the laws of equilibrium, this state of equilibrium may 
always be regarded as resulting from the mutual destruction 
of several forces. 

3. The term /orce or power is applied to every cause which 
impresses on a body or a material point a motion or. tendency 
to motion. 

4 A force may act on a material point either by drawing 
the point towards it, or by pushing the point in advance of 
it. The first hypothesis will always be adopted, unless the 
contrary is expressly indicated. 

6. A material point beixig solicited by a single force will 
naturally move in a right line, since there can be no reason 
why it should deviate to the right rather than to the left of 
this line. 
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6. The right line along which a force acts is called the line 
of direction. 

7. The effect of a force depends, 1^. On its intensity*; 2®. 
On its point of application ; 3°. On its line of direction ; and 
4°. On its pushing or pulling along this line. 

8. By the intensity of a force, we understand its greater or 
less capacity to produce motion. 

9. If two forces directly opposed to each other sustain in 
equilibrio a material point or an inflexible right line, the in- 
tensity of either one of these forces may be assumed arbitra- 
rily, provided we assign an equal intensity to the second force. 
A similar remark is equally applicable to a system composed 
of any number of forces ; and hence it appears that the con- 
ditions of equilibrium will depend simply on the ratios of the 
forces, and not on their absolute intensities. 

10. Having assumed one force as a unit of measure, we 
say that a second force is equal to it, when, if directly op- 
posed to it, an equilibrium would ensue. 

Two equal forces applied to a material point, acting along 
the same right line, and in the same direction, constitute a 
double force : in like manner a triple force may be r^^arded 
as resulting from the union of three equal forces, d&c. ; so that 
the number of these equal forces will constantly be propor- 
tional to their joint intensity. It may hence be inferred that 
if several forces solicit the point H {Pig* 1) in the same line 
of direction from M towards B, we can add into one sum all 
these forces, sinc^ their joint ettbot ttrill be precisely the same 
as that of a single force equal to their sum. For the same 
reason we should subtract from this sum, or we should regard 
as negative all the forces which tend to solicit the point from 
M towards A. 

11. The unit of force being arbitrary, it may be repre- 
sented by any portion of its Itne of direction. 

12. When a force is applied to any point of a body whose 
several parts are firmly connected together, this point cannot 
be put in motion without coihmunicating the motion to the 
other parts of the body ; if, therefore, a force be applied to any 
point A {Fig' l)y it will have -the same effect as though it 
were affiled to any other point M, assumed on the line of 
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direction AB. MoreoY^r^ i£ we di^p the considezatioii of a 
body, we may still regaid the powls in spoioe oitualed on the 
line of direction as Hiatheinaticat.p<HAits> no one of wJbdch ean 
be moved without wparting its motion to dH the others. 

13. It appeals froin Aru IS, that hy interposing a fixed 
obstacle on the line of direetiofi of a^foioe^ i\» effect will be 
entirely overcome. 

14. Two equal 6>ro6s P and Q tqpplied to the points A and 
B of an inflexible right line {Figs. 2l and 3^ and acting along 
this liiie, hu( in contrary directions^ will sustain each other in 
equilibrio : for if the force P tends to draw the point A from 
A towards a, the point B, which is firmly connected with A 
by means of the intermediate points, will have a tendency to 
describe the space B6| equal to Aa ; but by hypothesis, the 
force Q tends to ffkove the point B over a space B6' equal 
to Aa ; and since B cannot yield to one of these influences 
rather than to the other, it must remain immoveable, and an 
equilibrium will necessarily ensue (Art. 13). In like manner, 
if the forces P and Gt had been supposed to exert a tendency 
to push A and B, the same consequences might have been 
deduced. 

15. When the right line AB is reduced to a point, the two 
equal forces, being directly opposed, are still in equilibrio ; but 
if the forces are unequal, the point M (i^» 1) will be moved 
in the direction of the grei^r, by a.foix^e equal to the difier- 
ence of the two unequal forces. 

Cf the Composition and Decomposition of Fbrces applied 

to a Point. 

16. When two forces act upon a moveable point in direo-> 
tions forming with each other an angle whose summit is the 
point of application, the state of equilibrium cannot subsist 

For, if we suppose the two fc^rces P and GL {FHgi 4) to be 
in equilibrio, we may introduce a third force F equal and 
directly opposed to the force P. The forces P and QL being 
supposed to destroy each other, the force P' must produce its 
entire effect, and must consequently move the point M in a 
direction from M towards F. But P and F, being equal and 
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direcdy opposite, must likewise destroy each other, and the 
force Q will therefore act as though it were alone, soliciting 
the point M in a direction from M towards Q ; and since it 
ia impossible for the point M to move in two directions at 
the same time, we cannot suppose that P and Q are in equi- 
librio without involving an absurdity. 

17. Since an equilibrium cannot subsist between two forces 
whose lines of direction are not coincident, the point M will 
tend to move in a certain direction MR, as though it were 
solicited by a single force R. This force is called the resuU- 
ant of the two others, and the original forces are called com- 
pcnerUs. 

It may be observed that two forces which have a resultant 
do not alwa]rs intersect For example, if two parallel forces 
P and Gt be supposed to act on a body, and if a third force R 
be found which shall produce the same effect, R will be the 
resultant of the forces P and Q,. 

18. Having examined the conditions of equilibrium of two 
equal forces acting on a point, the most simple case which 
next presents itself is that of three equal forces applied to the 
same point. Let P, Q, and R represent these forces ; if they 
produce an equilibrium, their directions will divide the cir- 
cumference of a circle whose centre coincides with the point 
of application, into three equal parts {Fig. 5) : for since the 
same reasons may be adduced to prove that the point should 
tend to move in the direction of each of these forces, it fol- 
lows that it cannot yield to the influence of either in prefer- 
ence, and must consequently remain at rest 

19. The equal angles PMO, PMR, and OMR (Fig. 6), 
being measured by one-third of the entire circumference, each 
of them is equal to f of a right angle, or 120^. Hence, if one 
of the three lines PM, QM, or RM be prolonged through M, it 
will bisect the angle formed by the other two. If MS, for ex- 
ample, be the prolongation of the line RM, the angles PMS, 
Q.MS will be equal, being supplements of the equal angles 
PMR and QJVCR ; whence it appears that MS bisects the angle 
PMQ. 

20. Let us next suppose the two equal forces P and d 
(Fig. 6) to be applied perpendicularly to the extremities A 
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«nd B of a right line AB ; the resultant of these forces will 
pass through the point O, the middle of the Une AB, and will 
be equal in intensity to ^he sum of the intensities of the two 
forces P and Q. For, draw through the points A and B the 
four right lines AC, AD, BC, BD, each forming with AB an 
angle equal to | of a right angle : the triangles ACB, ADB 
will be isosceles, and will have the sides AO, CB, AD, DB 
equal to each other. 

The right lines AB, CD will intersect each other at right 
angles, and the figure ACBD will be a rhombus : the sides 
of <this rhombus and thdr prolongations determine by their 
intersections the four obtuse angles ACB, ADB, P'AC, Q'BC, 
each of which is equal to f of a right angle ; for, the angle 
CAD being by construction equal to | of a right angle, its 
supplement PAC must be equal to | of a right angle ; and 
since the op{)osite sides of the rhombus are parallel, the angle 
ACB is equal to PAC, and is consequently equal to | of a 
right angle. The same may be proved of the angles CBQ,' 
and ADB. Moreover, since the line CD bisects the angle 
ACB, which was proved equal to f of a right angle, it follows 
(Art. 19) that the three angles ACB, ACS, and BCS are equal 
to each other. In like mcmner it may be shown that there 
are three equal angles at each of the points A, B, and D. 

21. We will now apply at the points A, B, 0, D, which are 
supposed firmly connected together, twelve equal forces, dis- 
tributed as follows: 

At the point A three equal forces P, F, F', 
At the point B three equal forces d, Q,', Q,'', 
At the point C three equal forces S, S', S**, 
At the point D three equal forces V, V, V" ; 
forming with each other angles equal to f of a right angle : 
these twelve forces will sustain each other in equilibrio. 

But the forces P' and V", Q' and V, being equal, and 
directly opposed, will destroy each other, as also will the forces 
F' and S^, Qi" and S". If, therefore, an equilibrium is main- 
tained in the system, it must subsist between the four forces 
P, CI9 S) and y. The two last, acting in the same direction 
aflong the line DC, are. equivalent to a single force equal to 
4heir sum, which may be aj^lied at O, a point in their line of 
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djrection. Thus, an e^ilibriam will take place between ih# 
forces P and Q and a force R whose line of direction passes 
through the middle of the line AJB^ and whose intensity is 
equal to the sum of the intensities of P and Q,. 

If we suppress P and Q, the equilibrium will be destroyed, 
but it may again be established by applying at O a single 
force Rf equal and directly opposed to the force R. The force 
R' must therefore produce an effect precisely equal to the joint 
effect of P and Q, and will consequently be their resultant. 
We hence infer that the resuUant of two equal and parallel 
forces is equal to their mtm^ is parallel to them, and divides 
equally the line AB, which is drawn perpendicukar to the 
common direction of those forces. 

22. To determine the resultant of two unequal parallel 
forces P and Q applied to the extremities A and B of a right 
line AB {Fig. 7), we will suppose p to represent the unit of 
force, and make mp=P, nps=Q,. The ratio of fi» : n will be 
the same as that of the forces P and Q. Let the right line 
AB be also divided in the same ratio at the point D, and we 
shall have the proportion 

P:Q:: AD:DB (a). 

On the prolongations of AB, take AA'^AD, and BB'=:BD ; 
we shall then have, since A'D and DB' are double AD and DB, 

P : Q : : AT) : DF : : m : n. 
If then we divide AD into m equal parts, DB' wOl contain n 
such parts, and A'B' will contain one of these parts as many 
times as p is contained in P+Q. And since any two of the 
points of division a', a", a"', &c. separate three equal parts, wh ile 
three points separate four parts, &c.,the number of equal parts 
in the line A'B' will exceed by unity the number of points of 
division. A force being applied at each point of division, 
there will remain one of the number m+n, of which one half 
may be appUed at A', and the other at B' ; the several partial 
forces will thus be distributed throuferhout the Une A'B'. But 
the points A' and D being equally distant from the point A, 
the force ^p appUed at A' may be comUned with one half of 
the force p applied at D, and their resultant, which is equal to 
their sum, will pass through A. The same remarks will 
apply to the forces p and p applied at a' and a„ to the forces 
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p and p applied at a" and a^ &a ; thus, the total resultant 
of the partial forces distributed along A'D,will be equal to 
their sum P, and will pass thiough the point A. In like 
manner it may be shown that the forces applied to TSB may 
be replaced by d ; and the entire sjrstem of partial forces may 
therefore be replaced by the two forces P and Q, applied at 
the points A and B. 

But these parallel forces may be otherwise compounded, 
by combining them in pairs taken at equal distances from the 
middle point O of the line A'B' ; and it may thus be easily 
shown that the resultant of the whole system will pass 
through the point O, and will be equal to P 4-0'- 

The position of the point O must now be determined. For 
this purpose, it may be remarked that A'O {Fig- 7), being one- 
half of A'B', is equal to AB ; and by substituting this value 
in the equation 

AO=A'0— A'A, 
which results immediately from an inspectioa of the figure, 
we shaU obtain AO=:AB— AA', or AO=AB— AD=DB. In 
a similar manner it may be shown that OB=sAD ; and by 
substituting these values of DB and AD in the proportion (a), 
there will result 

Q:P::AO:OB (6). 

If P and Q are incommensurable for the unit p, this pro- 
portion which results from the division of A'B' into m+n 
equal parts, might seem to fail : but by diminishing indefi- 
nitely the value of the unit p, and increasing in the same 
proportion the number of these divisions, the demonstration 
becomes applicable to all cases, since the equal parts Aa', a V, 
ice being indejGuiitely small, the points of division will then 
become continuous. 

23. This proposition is equally true when the two parallel 
forces P and d are applied fo the extremities of an oblique 
line CD {Fig- 8). For, by drawing tAB at right angles to 
the common direction of the two forces, and transferring the 
points of application to the points A and B in their lines of 
direction, the proportion (ft) will evidently subsist ; but the 
similar triangles AGO, BDO, give AO : OB ; ; OC : OD ; 
whence we obtain 
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a : P : : 00 : OD : 
and we therefore infer that when two parailet and umfuml 
forces P and Q are applied to the extremities of a right 
line CD, their resultant wUl divide this line in the inverse 
ratio of the intensities of the forces. 

24. By the aid of this theorem we can readily demonsteate 
that of the parallelogram of forces, which may be enun- 
ciated as follows : — If any two fotces P and Q applied to a 
point A {Pig,S) be represented in directi^m and intensity by 
the lines AB and AO, their resultant will be represented in 
directum and intensity by the diagonal of the parallelogram 
constructed upon the lines AB and AO. 

It is immediately obvious that the resultant will pass 
through the point of application of the forces ; since the 
forces conspire to solicit this pointy and their resultant, whioh 
may replace them, must therefore contain it. 

25. The resultant of the two forees P and d will likewise 
be contained in the plane of those forces. For, if it be sitn* 
ated above this plane, a position in al) respects similar can be 
selected below the plane : the same arguments may then be 
advanced to prove that its direction coincides with either of 
these lines ; and since the resultant cannot have two direc- 
tions, we infer that it coincides with neither. 

26. It may also be proved that the resultant of two equal 
forces {Figs, 10, 11, 12) will bisect the angle included^betweeii 
them. 

For, if we suppose Am to represent the resultant of the two 
forces P and CI, and draw AD bisecting the angle PAQ, a 
line An may always be found, whose position wiUi respect to 
ADf AQ,, and AP shall be precisely similar lo that of Am 
with respect to AD, AP, and AQ, ; hence, the same reasons 
which would prove Am to be the resultant, become equally 
applicable te. Af&, and it might thence be inferred that there 
are two resultants : this being impossible, we conclude that 
the resultant coincides with AD. 

27. Let the twa unequal forces P and d be now supposed to 
act upon the point A {Fig* 13),and let the parallelogram ABDO 
be constructed, whose sides ABand AC are taken on the lines 
of direction of those forces, and are proportional to theif 
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intenmties. It has already been shown that the resultant w31 
pass through A, and it remains to be proved that it will also 
pass through D, the extremity of the diagonal AD. Having 
taken DE=AB=:P,* draw EP parallel to AB, and apply at 
E and P, in contrary directions, the two forces Q', d", each 
equal to Q. Since these forces will destroy each other, we 
can substitute for P and Q the four forces P, Q, Q,', and Gi\ 
But by regarding P and Q,' as two parallel forces applied to 
the extremities of an inflexible line BE, and having obtained 
by construction the proportion 

P:Q'::DE:BD, 
it follows immediately from the preceding theorem, that the 
resultant R of P and Q,' will pass through the point D. 
Again, if we transfer the force Q, and apply it at F, in its line 
of direction, the two equal forces^ and Q" will have a re- 
sultant S, which, bisecting the angle Q^FQ,", will pass through 
D, the opposite angle of the rhombus CDEP. We thus ^ob- 
tain two forces R and S which are equivalent to the original! 
forces P and d ; and since the forces R and S pass through 
the point D, the resultant of P and Q, will likewise pass 
through the same point. 

28. It will now be proved that if the intensities of the forces 
be represented by AB and AC, the diagonal AD will repre- 
sent the mtensity of the resultant {Pig. 14). 

If at the point A {Pig. 14), and in the direction AD of the 
diagonal of the parallelogram constructed on the sides AB=:P;. 
AC=Q^ there be applied a force X equal and directly op- 
posed Uy the resultant of P and d, an equilibrium will take 
place between the forces P, Q^ and X. But we may regard 
^ as equal and directly opposed to the resultant of the forces 
P and X ; hence it follows, diat if through the extremity B 
•f the liae AB a line be drawn parallel to X, intersecting aH 

* liihoiild be remarked that the ezpieMoon AB=P is merely intended' ae^ 
an aliridged method of etattng that the line AB repreaenta the relatiye intenaity 
ef the fi>ree P, when compared with the unit of Ibice whoee intenaity ia likewiae 
repreaented by a line. In like manner, we epeak of the << force AB,** denoting 
thereby Uiat the line AB repreeenta the Ifaie of direction and lelathre btenaity 
^fthafinoe. TheiO'abbMvialiaiialhaTebMnaaseCiiMiedby oaaga. 

B 
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E the prolcAgatioa of the line AC, which, as has been alreadjf? 
shown, coincides in direction with the diagonal of the painl- 
klogram constructed on P and X, the line BE, being a side of 
this parallelogram,, will be equal to the opposite side, which 
must represent X i but BE, being dso the side of the paral*' 
lelogram ED, is eqqal to the opposite side AD, which repre- 
sents the diagonal of the parallelogram constructed upon P 
and d ; whence X=s AD, and the intensity of the resultant is 
likewise measured by the length of the diagonal. 

29. One of the simplest corollaries which may be deduced 
from the foregoing proposition is the trigonometrical relation 
existing between the components P and Q, and their resultant 
R'{Fig. 16). To obtain this relation^ we will assume on 
the directions of these forces the parts AB and AC propor- 
tional to theix intensities, mnd constructing the parallelogram 
ABDC, we shall have the proportion 

P : ft : R : : AB : AC : AD. 
And firom the equality of the sides BD and AC, we shall have 
in the triangle ABD,. 

P:ft:;R.:: AB:BD:AD. 
But the proportionality of the sides of the triangle to the sines 
of the opposite angles gives 

AB : BD : AD :: sinBDA : sin BAD : sm ABD. 
Hence we deduce 

P : ft : R : : sin BDA : sin BAD : sin ABD. 
The determination of the relations between P, ft, and R is- 
thus reduced to. the solution of a case in plane trigonometry. 

30. If there be given, for example, the two oomponents 
AB .and AC, and the angle BAC contained between them, 
and it be' required from these to determine the resultant, we 
shall have, in the triangle ABD, the sides AB, BD, and the 
angle Bequal. to the supplement of BACL With these data we • 
readily obtain the value of the side AD=R, by means of the 
formula 

R»=±P«-fft«— 2Pft cos B. 
If in Ails formula we wish to introduce the angle included^ 
between the two forces, since the angle B is the supplement 
of the angle BAD, we shall have the relation cos Bas —cos A; 
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whence hy substitutioa the following equation is obtained 
between tiie resultant, the two components, and the angle 
included between them, 

R« a=:pa ^aa +2PCI cos A .... . (1). 

31. Wh^ the angle A becomes equal to 90°, the parallelo- 
gram ABDC (i^. 16} becomes a rectangle, and cos A=sO. 
The general relation between the resultant and its two com- 
ponents is then reduced to . 

The solution of the converse problem, or the resolution of 
a single force R into two components P and Q, having given 
directions, is readily effected by constructmg a parallelogrcmi 
upon the line representing the given force as a diagonal, the 
sides of the parallelogram having the directions of the re- 
quired components. 

32. When there are several forces l3ring in different planes, 
but all meeting in a single point, the resultant of the system 
can always be determined ; for, by combining these forces in 
pairs, and substituting each resultant for its two components, 
the number of forces will be successively reduced, and we 
shall finally obtain but a single resultant. ^ 

33. The method of compounding any number of forces 
which has just been e^lained gives rise to a remarkable 
graphic construction. Thus, let P, F, F', F", &c. represent 
any fbrcea whose directions intersect at the point A {Pig* 
17), and whose intensities axe expressed by the lines Ap, Ap', 
Ap", Ap"\ ice assumed on the respective lines of direction ; 
through the point p draw the line pr parallel and equal to 
the line Ap^ and complete tibe parallelogram Aprp' ; the di- 
agonal Ar=R will be the resultant of the forces P and F : 
in like manner, by drawing rf parallel and equal to Ap", and 
forming the parallelogram Arr^jp", the diagonal A/ will be the 
resultant of R and F', and therefore the resultant of the three 
forces P, F, and F'. By continuing this process, a polygon 
A'grff'* would be formed, having its sides parallel to the 
directions of the forces, and their lengths representing the 
intensities of those forces. The distances from the point A 
to the angles of this polygon will be 

B2 
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Arsthe resultant of P and F, 
Ar'sthe resultant of P, F, and F', 
Ar"=the resultant of P, F, F', and F". 
And by repeating the construction for any number of forces^ 
the distance from the point A to the extremity r^^ of the last 
side of the polygon will be equal to the resultant of the en* 
tire system. 

Of Farces situated in the same Plane, and applied to 

a single Point. 

34 Let P, F, P", &C. {Pig. 18) represent several forces 
situated in the same plane, their directions intersecting at 
the point A ; through this point let there be drawn the rec- 
tangular axes Ax and Ay ; then, denoting the respective 
intensities of these forces by AP, AF, AP", &c., let each be 
decomposed into two components, whose directions shall 
coincide with the rectangular axes. 

For this purpose we will represent by «, « , «", ^' ^h^ 
angles included between the forces and the axis of a:, and by 
^0, /3', fi", &c. the angles which they form with the axis of y. 

In the right-angled triangle ABC {Fig. 19), the side AC 
being expressed by AB cos A, and the side BC by AB sin A, 
the components of the forces P, P', F, d^c. in the directions 
of the two axes are readily obtained : for the force P repre- 
sented by AB, forming an angle « with the axis of x, and an 
angle j3 with the axis of y, will have for its components along 
these axes, 

AC=P cos «, BC«=sP cos |i. 
In like manner, the forces F, F', F'V &c. will have for their 
components in the direction of Ax, 

F cos !•', F' cos «", F" cos «'", dkc.,. 
and in the direction of the axis Ay, 

F cos /3', P" cos /a", F" cos /§"', &c. 

If the sum of the components acting in the direction of ^ be 

taken, as also the sum of those acting in the direction of yr 

we shall have, denoting these sums by X and Y respectively,, 

P cos «-hF cos -'+F' cos •"-h&c.=»X, 

P cosp+F cos /8'+F' cos./»"+&.c.«Y; 
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and the enttie syslein wiU thus be reduced (Art. 10) to two 
ibroes, of which one X is directed along the Ikie Aar, the other 
Y acting along the line Ay. Calling R the resultant of these 
two forces, its value ma7 be determined from the equation 

X-+Y«=:R«. 

36. For the purpose of rendering the preceding determi* 
nation of the value of the resultant general, we have attrib* 
uted the positive sign to all the cosines which enter into the 
expressions for X and Y ; but it will be necessary in practice 
to regard the essential signs with which these quantities are 
severally affected. The following considerations will serve 
to explain the necessity of this distinction. Let a point M 
{Pig- 20) be solicited by a force represented in intensity by 
the line MP. By decomposing this fbrce into two others 
whose directions shall coincide with the rectangular axes 
Mx and My, and calling « the angle which the direction of 
the force makes with the axis Mr, its two components will 
evidently become 

MC^MP siuii, MD»MP co8«. 
The forces which are directed in the line Mr, being regarded 
as positive when they act from M towards ^, the component 
MD will obviously be positive. If the force MP should as- 
sume the position MF, the angle « would be increased, and 
its cosine diminished ; and if the angle becomes greater 
than 90^, the direction of the force will fall in the second 
quadrant. In this, case it will assume the position MP', and 
the cosine of the angle will change its sign. But it is evident 
that the ccnnponent MD"' of the force MP' becomes also nega- 
tive, since it solicits the point M in a direction opposite to 
that in which it was urged by the component MD.. Thus 
it appears that the signs of these two components result from 
the signs of the cosine of i*, and hence the forces MP, MF, 
&c., which solicit a point, may be always regarded as essen- 
tially positive^ provided we attribute the appropriate signs to 
the cosines of the angles which they form with the axes. 

36. If the force under consideration &I1 below AB, as in 
the position MP", the angle « being measured by the arc 
ALBF'V will be greater than two right angles. To avoid 
Ibis inconvenience, it has been agreed to reckon the angles « 
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and fi indiscriminately on each side of their respective axes. 
Thus when the force &Ils beneath AB, the angle m will be 
measured, not by the arc ALBF", but by the arc AF", whidi 
has the same cosine. By this arrangement all the arcs em- 
ployed are less than 180^. It is true that when the angle « is 
alone given, the direction of the force would appear inde- 
terminate, since this angle may be counted either from A to 
P, or from A to F"' ; but this ambiguity will immediately dis- 
appear by considering the value of the angle /s, which is evi- 
dently acute for the force MP, but obtuse for the force MP'^ 

37. Whatever may be the direction of the given force, 
since it must necessarily lie in one of the four right angles 
formed by the axes around the point M, its position must 
correspond to some one of those given in Figs. 21, 22, 23, 24. 

In the fintq[uadnnt,« and fi being acute give cdBM pontire, cos fi pontiTe, 

In the eeccnd, « obtuse tndfi acute give ooa«negatiTe, cos ^negative, 

In the third, i»obtuae and obtuwgiTe coa* negative, cos /3 negative, 

In the fourth, «acute and fi obtuse give coa« positive, cos negative. 

Each of these angles will be less than 180°. 

38. It may be observed that the signs of these cosines are 
similar to those of the co-ordinates x and y of the point B* 
For example, if the point be situated within the angle z^Ay 
(Pig' 22), X will be negative and y positive, while at the same 
time we shall have cos « negative and cos /i positive. 

39. For the purpose of making an application of the pre- 
ceding principles, let us determine the resultant of the five 
forces P, F, F', F", F% which are situated as represented 
in Pig, 25, and solicit the point A. By attributing to the 
components of the forces the positive or negative signs cor- 
resjponding to the angles whidi are acute or obtuse, the com- 
ponents of 

+P cos«y 4-P COS/9, 
-J-F cos •', — F cos p', 
wiU be I +F' cos «", -F' cos IS'', 
— F" cos •%-F"cos /8'", 
— F* cos •'%-l-P^ cos (sT. 
Having taken tbe sum of the components which act in one 
direction, we subtract from it the remaining componenla 
which act in an opposite directicm, and we thus obtain 



P 
F 
F' 
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P COS m+V COS •'+?" COS «"-F" COS •"'-^P' cos ••'saX, 

P COS /9+P^ COS /I" — FCOS /B'-P" COS /B"— P" COS /b'"»Y. 

40. If we defer the determination of the signs of the cosines 
until we wish to make an application of the preceding^ equa- 
tions, the several terms may be written with the positive sign, 
and the general form of the equations will then become 

P cos «+P' cos «'+F' cos «"+&c.=X (2), 

P cos /9+F cos /I'+P;' cos /a"+&c.-= Y (3). 

41. The resultant being represented by the diagonal of a 
rectangle, the lengths of whose sides are denoted by X and Y, 
its value will be determined by the equation 

R=^(X«+Y« )..... (4). 
The position of the resultant remains to be determined. If 
we denote by a and b the angles which the resultant fbrmi 
with the co-ordinate axes, we shall have 

X=±=R cos a, YssR cos b ; 
whence 

X Y 

cos «=-«■) COS b^:^ (6). 

The positions and intensities of the forces being given, the 
values of X and Y may be immediately deduced from the 
equations (2) and (3). These values being substituted in the 
equation (4), make known the value of the intensity of the 
resultant, and its position may be determined from the equa- 
tions (6). 

42. Its line of direction passing through the origin A {FHg. 

26), will have for its equation 

sin a 
y=sx tanff a, or y=ar — — ; 
^ 6 J y cos a ' 

and by substituting cos b for sin a, since a and b are com* 
plements of eabh other, the equation becomes 

cos b 
^ cos a' 
and by substituting in this equation the values of cos. a and 
COS b given in equations (6), we have 

Y 

43. When an equilibrium takes place, the intensity of the 
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resultant becomes equal to zero ; and the formula (4) then 
assumes the form 

^(X«+Y«)«0,orX«+Y«=a 
But since every square is essentially positive, the preceding 
equation cannot be true, unless each of its terms is separately 
equal to zero ; hence 

X=0, Y=a 

Such are the equations which express the conditions of equi- 
librium of any number of forces situated in the same plane, 
and acting on a point. 

44. If X alone were equal to zero, we should have 

R=Y, cos fl=0, cos 6=±1. 
These equations prove that the resultant is equal to the <rom. 
ponent Y, and is directed along the axis of y. 

In like manner it might be shown that if Y were equal to 
zero, the resultant would be equal to the component X, and 
would be directed along the axis of x, 

Oeneral Remoarks on Fhrces situated in any maimer 

in Space. 

45. If three forces solicit a point, their directions not being 
confined to a single plane, a theorem analogous to that of the 
parallelogram of forces will still serve to determine their re- 
sultant. Thus, let any three forces P, F, and F' be applied 
at the point A {Pig^ 27), and let their intensities be repre- 
sented by the lines AB, AC, and AD. If a paralielopiped be 
constructed upon these three lines, the diagonal AE, of the 
base of this paralielopiped, will evidently represent the re- 
sultant of the forces AB and AC ; and by substituting the 
force AE for its two components, the resultant sought will 
be that of the forces AE and AD ; it will therefore be termi-' 
nated at the extremity F of the line EF drawn parallel and 
equal to the line AD; hence it will be the diagonal of the 
parallelepiped DE. 

46. If the three forces are rectangular, the angle ABE will 
he a right angle, and hence we obtain 

AE»=AB»-hBE«; 



r 
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but Ch» triangle AEF being also ri^t-angled, we have 

AF»«AE«+EF«. 
And hy substituting lor AE' its value given above, we deduce 

AF* ss»AB« +BE^ +EF«. 
Or by repladng BE and EP by ttieir equals AC and AD, we 
finally obtain 

AF«^(AB«+AC«+AD«), 
or, 

the resultant of the three forces being denoted by R. 

47. It has been shown that any number of forces lying in 
the same plane may always be referred to two rectangular 
axes : in like manner, we may refer to three rectangular axes 
those forces which are situated in different planes. Thus, 
having assumed three co-ordinate axes passing through any 
point O (Fiff. 28), we draw through A, the point of applica- 
tion of a force P, the three rectangular axes Ax, Ay^ and Ar, 
parallel respectively to the axes of co-ordinates ; and denoting 
by 4i, jS, y the angles formed by AD, the direction of the force 
P, with the three lines Ax, Ay, Az^ the direction of the force 
will be determined when these angles become known. 

48. The values of these angles may also be employed to 
determine the components of the force P, which act in direc- 
tions parallel to the three co-ordinate axes. For, DC being 
perpendicular to the plane yAr, the angle DGA will be a right 
angle, and the triangle ADC, having the angle D=r, will give 

DO«AD cos y (6). 

In like manner, the componente parallel te As and Ay will 
be expressed by 

ABs= AD cos oj BC^ AD cos ^ .... . (7). 
«nd replacing the line AD by the force P which it repre- 
sents, we obtain for the three rectangular components of P, 

P cos «!, P cos /3, P cos y. 

49. It is important to observe that the values of two of the 
angles «, jS, and y will serve to determine that of the third. 
For, since the square of the diagonal AD is equal to the sum 
of the squares of the three edges, we have 

AB« -(-BC» -l-DC^ = AD» ; 

and substituting in this equation the values obtained from the 

3 
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equaticms (6) and (7), suppressing the common &ctor AD', 
there will remain 

C08«i»+C08*/l+008«y=l ; 

whence, 

cos y=a± y/(l — C0S"«— C0S*/S) (8). 

And since a similar value may be found for each of the other 
cosines, it foUows that the angle formed by the direction of a 
force with either of the axes will become known, when the 
angles formed with the other two axes have been previously 
determined. 

50. The radical in equation (8) being affected with the 
double sign, the cosine of y may be either positive or nega- 
tive. The first value will obtain when the angle is acute, 
and the second when it is obtuse. 

But the angle y will be acute or obtuse according to the 
position of the force P ; in the first case, the fbrce falls above 
the plane xky^ and the co-ordinates z of the points in the line 
representing the force, will therefore be positive; 'in the 
second, it fklls below xAy, and the co-ordinates z will then 
be negative. 

The same observations may be extended to the angles « 
and fi considered with reference to the axes ofx and y ; so that 
in general the cosines will be affected with the same signs as 
the co-ordinates s, y, z, reckoned from A. 

61. The signs of the cosines may also be determined by a 
rule which is founded on Art. 10. Thus, if Ax {Pig> 29) 
represent the line of« direction of a component, this compo- 
nent will be positive when it acts in the direction from A 
towards x, but negative if it acts from A towards x'. The 
tendency of the force in the first case will be to remove the 
point A from the origin O, but in the second to cause its ap- 
proach. Hence, we derive the following rule : A component 
is positive when it tends to increase the co-ordin^e of the 
point of application^ and negative when it tends to diminish 
this annrdinate. 
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Of Fbrces situated in Space^ and applied to a Point. 

52. Let P, Fy P', Sec. represent different forces which so- 
licit a point A) and let there be drawn through this point the 
three rectangular axes Axy Ay, Az ; represent by 

«i p, y, the angles formed by the force P with the axes of co- 
ordinates, 
m, fi\ y'y the angles formed by F with the same axes, 
m^fk*\y'\ the angles formed by F' with the same axes, 
dE^ &c. ^. 

By resolving these forces into components acting along the 
three axes, we shall obtain (Art. 48) 

P cos «, P cos /9, P cos y, componcuts of P, 
F cos •', F cos fl', F cos y\ components of F, 
F' cos •'; F'cos b!\ F',eos y", components of P". 

If we defer, as in Art. 40, the determination of the signs of 
the cosines of these angles until the formulas are applied to 
a particular example, and denote by X, Y, and Z the com- 
ponents of the resultant, directed along the three axes, we 
shall have 

P cos •4-P' cos *'+F' cos •"+&c.«X (9), 

P cos /5+F cos /I'+F' cos i8"4.<fcc.= Y (10), 

P cos y+F cosy'+F' cos y"+&c.=Z ..... (11). 

53. But X, Y, and Z being the projections AB, BC, and 
CD of the right line AD, which represents the resultant R 
[JPig, 28), we shall obtain (by Art. 46) 

AB» +BC» +CD« =:AD«, 

and consequently, 

X«+Y«+Z»=bR*. 

The intensity of the resultant will thus be determined, being 
expressed by the equation 

R=>/(X«+Y« +Z«) (12). 

Again, if we call a, ft, and c the angles formed by the result- 
ant with the co-ordinate axes, the components of R directed 
along the axes will be 

R cos a, R cos ft, R cos c; 
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and since these components have been represrated fay the 
quantities X, Y, and Z, we shall have 

X=Rcosa, YssRco8 6, Z==Rcosc; 
whence, 

cos a=g"> cos 6—^, cosc=p- (13)* 

If the forces P, F, P', &c^and the angles «, /i, y, J^ ^',y'i&c 
are known, the values of X, Y, and Z will result from the 
equations (9), (10), and (11). These values being substituted 
in formula (12), the intensity of the resultant will be deter* 
mined, and its position will become known from the equa- 
tions (13). 

54. If an equilibrium subsists, the resultant becomes equal 
to zero, and the equation (12) then assumes the fonn 

X*+Y«+Z*«0. 

And since this equation cannot be true unless the terms aia 
separately equal to zero» we have 

X»0, Y«0, Z=:0. 

These values reduce the equations (9), (10), (11) to 

Pcos«+Pco8«+P'cos«''+&c.=0 i 

P cos p+F cos ^ -f- F' cos ^''-f <fcc.=0 > (14). 

Pcosy+Fcosy+Fcosy''+&c.=0 S 
Such are the conditions of equilibrium of a system of forces 
situated in any manner in space, and applied to a point. 

66. If we determine the resultant of all the forces in the 
system except one, the remaining force will be found equal 
and directly opposed to this resultant. For, let R' represent 
the resultant of all the forces except P ; X', Y', and 71 its 
three components, and a', &', and c the angles which its direc* 
tion forms with the co-ordinate axes \ we shall have 

X=sF cos • +F cos «''+F' cos •"'+&€., 
Y'=F cos /s'+P" cos /s'+P" cos /8"+&c., 
Z'ssF cos y'+F cos y '+P"cos y"'+&C. , 

and by means of these values the equations (14) may be 
duced to 

P cos •4-X =0, 

P cos i8+ Y'=sO, 

Pcosy+Z'=Oi 
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and eliminatmg X', Y', Z', by, the equations 

X'=R'cosa, Y'=R'cos6', Z'=Krco8cr, 

there results 

P cos «=— R' cos a* ^ 
Pcos^=— R'cosft' > (16). 

P cos y =s — R' COS C J 

Taking the sum of the squares of these three equationSi we 
obtain 

P*(cos«ii+cos»p4-cos«y)=R'«(cos«a+cos»6'+cos«c'); 

and since the second factor in each member is equal to unity, 
this equation reduces to 

P«=R'«, orP=R'. 

The force P is regarded as essentially positive, its position 
being determined by the rule explained in Art. 36, &c 

If the value of P be substituted in equations (16), the factoi 
R' being suppressed, those equations will become 

cos «=-— cos a (16), 

cos /8=— cos V (17\ 

cos y = —cos c (18j. 

The relation between the values of cos « and cos a* indicates 
that cC and « are supplements of each other. For, if cos o^ 
be represented by AC {Fig- 30), cos « will be represented by 
AC'=AC ; whence a =»DAC, and i»=D'AC. 

But these two angles are supplements of each other ; for, 
AC being equal to AC, gives the angle DAC=eiyACr; whence, 
by substituting this value in the equation 

D'AC+D Aa=2 right angles, 
we get 

D'AC+DA0=2 right angles, 

or the angles a and « are supplements of each other. 

In the same manner may it be proved by the equations 
(17) and (18), that the angles V and ^ are supplements of 
each other, as also are the angles c and y. 

It results from what precedes that the forces P and R' are 
directly opposed ; for, if R' be supposed situated above the 
plane of or, y, having the co-ordinates x and y both positive^^ 
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P will be situated below tfiis plane, and will have the oo-ordl» 
nates x and y both negative. 

66. After reducing all the forces to three rectangular ecHn* 
ponents X, Y, Z, it was shown that the resultant R would 
be represented by the diagonal of a parallelepiped, whose 
contiguous edges were respectively equal to X, Y, and Z 
{Fig* 27). The equation of this resultant, which is repre- 
sented by AF, will therefore be that of a right line passing 
through A, the origin of co-ordinates, and through the point 
F, whose co-ordinates are equal to X, Y, and Z. 

67. The case may be rendered yet more general by sup- 
posing that the point of application of the forces has the 
three co-ordinates x\ y\ and z \ the co-ordinates of the point 
F will then become {Fig> 31) 

flZ+X, y'+Y, «'+Z. 

And the equations of the resultant, being that xA a right line 
in space, will be of the form ' 

z^ax-^-h^ z^dy^V (19): 

substituting in these equations the co-ordinates of the point 
F, in place of the quantities x^ y, and z, we find 

^'-fZ^ar'+oX+fc, «'-f Z=ay-faY+6' (20); 

but the co-ordinates of the point A should also aatiafy the 
equations (19), and therefore we obtain 

zf^aaf-^-hy sf^ay-^-V (21). 

Subtractiii^ these last from equations (20), we have 

Z=:aX, Z^a'Y j ' 

whence, j 

Z . Z 

Again, by eliminating b and V between the eqnationa (19) 
and (21), we find 

ar— j»'==a(^— ^'), jjr— a^=a'(y— y*) : 

and by substituting the values of a and a! previously olv 
tained, die equations of the resultant finally become 

Z Z 
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Of the CondUicna of Equilibrium of a Point acted upon 
by several Forces^ and subjected to the Condition of re- 
maininff upon a Gfiven Surface. 

68. The material point to which the forces P, F, F', dfcc.^ 
were applied, has been supposed hitherto to submit freely to 
the action which those forces exert ; but if, on the contrary, 
the point were required to remain constantly on a given sur- 
fiu», the equations (14) would no longer be applicable, and 
the condition of the resultant being equal to zero, which was 
then necessary, would, under this supposition, be replaced by 
the condition that the resultant must be normal to the given 
surface. For, if the direction of the Fesultant be oblique 
to the sur&ce, it can be decomposed into two forces, of which 
one shall coincide with the direction of the tangent, and the 
other with the normal : the first would cause the material 
point to slide along the surface, while the second would be 
overcome by the reaction of the sur&ce. Hence, it follows 
that the resultant of all the forces must act on the point in 
the direction of the normal to the surface, and since the re- 
sultant is destroyed, by the resistance of the surface, we may 
regard this resistance as a force directly opposed to the nor« 
mal force, and denote its intensity by a quantity N. 

If the intensity of the force N and the angles tf, ^, T, which 
it forms with the co-ordinate axes, were known, it would be 
sufficient to add to the equations of equilibrium the compo- 
nents N cos^, N cos ^',N cos ^' of the force N; we should thus 
obtain the equations of equiUbrium 

N cos ^+P cos «+F cos * +P" cos *''+&c.=0, 
N cos r+P cos /5+F cos /S'+F' cos |9"+&C.=0, 
N COS r+P cos y+F cos y'+F cos y '+<fcc.=0. 

69. These equations may be simplified by representing, as 
in Art. 62, by X„ Y, and Z, the sums of the components par- 
allel to the three axes ; the equations will thus become 

Nco8i+X=0, Ncosl'-fY=0, N cos r'+Z=0 . . . . (22). 

60. To determine the values of the unknown quantities cos 
1, 008 rj cos r, and N, we will suppose L=0 to be the equation 
of the given surface, and x\ y", and z' the co-ordinates of the 
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material point to which the forces are applied, and which b^ 
hypothesis is required to remain on this sur&ee. The nor- 
mal being a right line passing through the point whose co- 
ordinates are af^ y', jz/, its equations will be of the form 

ar— z'=a(5;— 2?'), y— y'=6(«— ar') (23). 

The differences x^x\ y — y', z—z^ which enter into these 
equations, represent the projections of the right line on the 
axes of co-ordinates. To determine the relations existing 
between these projections and the angles #, I', f^ let MN [Fig* 
32) represent the right line in space referred to the conordi- 
nate axes whose origin is at the point O, and denote by x^ y, 
2r, x\ y', 2f^ the co-ordinates of the points NandM : if a plane 
DF be passed throii|[h the co-ordinates MD=jr' and BD=yV 
and a second plane EG through NE=js and EG=y, these 
two planes will be parallel to that of y, z^ and the distance 
between them will be measured by the part BO=ar-^ar' inter- 
cepted on the axis of x : but since every parallel to this axis 
is likewise perpendicular to the two planes, it follows that by 
drawing through the point M, the extremity of the co-ordi- 
nate z^ the parallel MP to the axis of Xy this parallel wiU be 
perpendicular to the plane EG, and will intersect it at a dis- 
tance MP=ar — X, 

But, by connecting the point P with N, the point at which 
the right line MN intersects the plane EG, a triangle will be 
formed right-angled at P, since MP is perpendicular to the 
plane EG. Hence, 

MP=MN cos M, 
or, 

a:— a:'=MN cos # ; 

but MN being a right line passing through the two points 
whose co-ordinates are ar, y^ z, Xy y', js', its length will be ex* 
pressed by 

^/{{x^xy '{'{y^yy +(^-2^)']. 
Substituting this value in the preceding equation, we deduce 

X — sf 

In like manner, by drawing planes through the co-ordlnatea 
:r^, Zn and or, 2r, parallel to the plane of Xy z^ and through x\ y\ 
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and jr, y, parallel to the plane of x^ y, we shall find for cos^' 
and COS ^\ the similar ezpreesions 

cos j'— 

x/[{^-^r My-y'y +(^-^) -y 

by eliminatiilg the values of x — x\ y — y , by means of equa* 
tions (23)^ and suppressing the common factor z-^z, we obtain 
_ a b -] 

61. These values, which serve to determine the direction 
of the normal, contain the quantities a and 6, which are yet 
unknown. The values of these quantities will now be de- 
termined. Let L=0 be the equation of the surface which 
passes through the point x, y', z ; if we draw through this 
point a plane tangent to the surface, the equation of this 
plane wUl be of the form 

A2r+By+Cjr+D=0; 

and since it must be satisfied by the oo-ordinates x\ y', js^, we 
shall have 

Eliminating D between these two equations, the equation of 
the tangent plane to the surface becomes 

A(:r~ar')+B(y-yO+C(z-z')=0 ; 

and dividing by C, it may be put imder the form 

^(^-arO+~(y--yH(^-^=0 (25). 

But if the plane be tangent to the surface whose equation ia 

dz^ dz^ 
L=0, the values of -^ and ry deduced from that equation, 

will be expressed as follows : 

d2f A dy B 

(26). 



• • • • • 



dx'- C rfy- C 

And from the known principles of analytical geometry, when 
a plane whose equation is Ad;+By+Cs+D=0 is perpen- 

C 
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dictilar to aright line represented by the equatione x^az+my 
yz=:bz+fi, the following relaticHU between the constants 
exist: 

C^^ C 
the equations (26) will therefore reduce to 

dsf dz 



5i'=-^ 5^;^=-* 



(27). 



62. The values of these coefficients must now be deter- 
mined from the equation of the suriace. We obtain by dif> 
ferentiating, 

whence we infer that 

dL dL 



<fy; 



dz^^^dz^% 
rfL rfL 

rfjzr dz 

and by applpng this equation to the point of tangency, for 

which the co-ordinates are a?*, y', z\ we find 

rfL^ rfL 

dz^ dU rfy'~ rfL» 
dz* dz 

substituting these values in the equations (27), they become 

rfL rfL 

rfL ^ rfL 

rfa;' rfjc' 

Replacing a and ft in equations (24), by their values found 
above, we obtain, after reduction, 

rfL 
d^ 



coa§=± 



VK£)"+(f )•+(£)'(■ 



cos^'=± — 



rfL 



^Wr^W^Wi' 
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COS r= ± 



The double sign is here pre&sed to the values of oos I, cos if^ 
cos r, for the purpose of indicating that the resistance op- 
posed by the 8ur£su» may be exerted either in the direction of 
the normal or along its prolongation, according as the body is 
placed on the concave or convex side of the surface. The 
form of these equations being inconvenient for the purposes 
of calculation, they may be simplified by making 

^ L-.v=V (28); 



v/KS)'+(^)"+(S)'! 



which reduces them to 

COS *= V -r-7, cos l^= V T-;, cos I =V -T-j \ 

ax ai/ dsi ' 

substituting these values of the cosines in equations (22), we 
obtain 

NV^+X=0, NV^+Y=0, NV^a-Z=0 ..... (29). 
dx ^ d%f dz^ ^ 

63. The value of N remains to be determined. If we 
transpose X^ Y, and Z in the equations (29), and take the 
sum of the squares of the three equations, we shaU obtain 

and reducing by means of equation (28) there results 

N«=X«+Y«+Z% 
whence, 

N=^(X»+Y«+Z«) (30). 

This value of N is precisely the same as that of the resultant 
of the entire system ; but its components should be aflected 
with signs contrary to those of the components of the result-^ 
ant, since its action is exerted in an opposite direction. 
Thus, having determined the resultant of all the forces P, P, 
F*, &c., the reaction of the surface will be equal to this re- 
sultant, but will be exerted in an opposite direction. 

C8 
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64. If the direction of the normal force be parallel to the 
axis of Zj we shall have 

#=90% r=90% #^=0, or r=180° ; 
whence 

cos 1=0^ COB r =«:0, cosl"=±l : 

and the equations (22) will therefore reduce to 

X=0,Y=0,N±Z=Q; 

which prove that the components in the direction of the tan- 
gent plane destroy each other, and that the reaction of the 
surface in the direction of the normal is equal to the sum of 
the components directed along the axis otz, 

66. The nature of the problem may also be such that 
having given the forces P, F, P", &c. and the equation of the 
surface upon which the material point should rest, it might 
be required to determine x\ f/, and z, the co-ordinates of the 
point at svhich the forces should be applied in order that the 
material point should be sustained in equilibrio. 

To resolve this problem, we first eliminate the quantity N, 
by combining the equations (29) ; the factor Y will likewise 
disappear, and we shall then have 

rw dlj -yrfL f^dLi -^dLi 

^dx:-^Tz' %' di' 
these equations, in conjunction with that of the sur&oe, will 
serve to determine the co-ordinates af^ ^, and z' of the point 
of application. 

Of the Conditions of Equilibrium of a Point acted on by 
several Forces^ and subjected to the Condition of remainr 
ing constantly on ttoo Curved Surfaces^ or on a Curve of 
Double Curvature. 

66. If a material point be retained on two curved surfaces, 
it cannot remain in equilibrio unless the force which solicits 
it can be decomposed into two components which shall ^ 
respectivdy normal to the given surfaces ; for, if one of these 
components had a different direction, it might be decomposed 
into two forces, of which the first normal to one of the sur« 
faces, should be destroyed by the reaction of the surface, and 
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the second tangent to the eame-finrface, would move die bodf 
miong the rar&oe. ^ 

Let N and M leinreeent the reactions of the two snrihote, 
and #, y'l #", V, «', «" the angles fbnned by their normals with 
three rectangular axes drawn through the point to which the 
forces are applied : by adopting the same course of reasoning 
as in Art. 59, we shall obtain 

Ncosi +Mco8» +X=0^ 

N cos #* +M cos ,' +Y«0 > .....(31). 

N cos r+M cos ,''+Z=0 ) 

The equations of the surfaces L=0 and E=0 being differ- 
entiated, make known, as in Art. 62, the values of the quan- 
tities cos I, cos I', cos #", cos ty, COS n\ cos n"y and by adopting 
abbreviations similar to those qf Art. 62, making 

1 



and 



Vi©v(S)'H£)'( 

Vl(S)-+(i)-+(S)-! 



«u, 



we shall find 



coslssV^, cos 
cur 

cosl^=V^, cos 
dy 

cosr=V^,, cos« 
az 






which Talues, beuig substituted in the equatioiis(31), give 



dz da! 

NV^,+MU^+Y«0 
ay ay' 

NV^+MU^+Z=0 
dsd dz 



(32). 



From these three equations the unknown quantities M and 
N may be readily eliminated ; and since U and Venter into 
tbsm in the same manner as M and N, they will also disap- 



n 
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pear in the elimination : or, to simplify the case, we may 
regard MU and NY as the unknown quantities, which, being 
elkninated between the three preceding equations, will give 
an equation of condition including one or more of the three 
variables. This resulting equation being comlnned with 
those of the sur&ces, viz. L=0, K==0, wfli determine the co- 
ordinates x', y', 2r', of the point sought 

It may be proper to remark that the radicals, which would 
serve to complicate the expressions, disappear at the same 
time as the quantities U and Y. 

67. When the point is subjected to the condition of re- 
maining on a curve of double curvature, such curve may be 
regarded as being formed by the intersection of two curved 
surfaces. The equations of these surfaces being represented 
as above by L=0 and K=0, the co-ordinates of the points in 
which they intersect will necessarily appertain to both sur- 
&tces, and the quantities x', y', and s/ may therefore be re- 
garded as having the same values in each of these equations ; 
but we have also the equation of condition referred to in 
Art. 66 ; thus by eliminating the values of two of the co- 
ordinates, the third will be expressed in functions of known 
quantities : denoting by A, B, and C the values of the func- 
tions corresponding to each of the co-ordinates x', y', and z'f 
we shall have 

ar'=A, 5^=8, z=C. 

68. It may occur that the equation resulting from the elim- 
ination of M and N will not contain either of the variables. 
This case presents itself when the surfaces become planes ; 
their equations L=0 and K=0 may then be put under the 
form Ax+By+Cz+Ji=Oy and the diflFerential coefficients are 
then constant. Under such circumstances the values of the 
intensities M and N determined by the equations (32) become 
independent of the co-ordinates x\ y\ and z ; and smce these 
co-ordinates still apply to any points common to the two planes, 
it follows that the conditions of equilibrium will be fulfilled, 
if the forces be applied to any point whatever in the conunon 
intersecticm of the two planes. A similar remark is appli- 
cable to Art 66. 



r 
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Of Paralld F^ees. - 

69. The forces which hare been oonaidered in the pre- 
ceding paragraphs were supposed to have a common point 
pf application \ but if they were appli^ to different points 
of a body or system of bodies, the points being retained at 
fixed distances by means of ttieir connexion with the inter- 
mediate points, we might regard the forces as having their 
points of application united by means of inflexible right 
lines. 

70. Let there be two parallel forces P and d applied to the 
extremities of a right line AB {Fig. 34), which intersects at 
right angles their common direction. It has been proved 
(Art 22) that the intensity of the resultant of these forces will 
be equal to the sum of the intensities of the two components, 
and that its point of application O will divide the line AB in 
the inverse ratio of the two forces. This proposition may be 
demonstrated in another manner, provided we admit that of 
the parallelogram of fordes, which is susceptible of direct 
proof. 

Let the two parallel forces be represented by the right lines 
AP and Bd proportional to their intensities (if^. 33) ; we 
can add to the system, without changing the value of the 
resultant, the two equal and apposite forces AM and BN, 
and the four forces AP, AM, Bd, and BN may then be re- 
placed by the two AD and BI, the diagonals of the rectangles 
MP and Nd. But since these diagonals intersect at the 
point C, the forces AD and BI maybe conceived to be applied 
at that point, and will be represented by CE=AD and 
CF=BI. If the forces CE and CF be then decomposed into 
rectangular components, by constructing the rectangles GL 
and HK, having their sides respectively equal and parallel to 
those of the rectangles MP and Nd, we shall replace CE 
and CF by the four forces CL, CK, CO, and CH. But the 
last two are equal, being equivalent to the forces AM and 
BN. which by hypothesis are equal, and being directly op- 
posed, they must mutually destroy each other ; there will 
therefore remain at the point C, the two forces CL and CK 
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equal respectively to P andQ, and having the common Elec- 
tion of the line CO. The reeuitant of these two forces most 
evidently be equal to their sum ; and if it be denoted by B^ 
we shall have the relation 

R==P+a: 

but since the resultant may be applied at any point in its line 
of direction, we will consider it as acting at O, the point in 
which it intersects the line AB ; the position of this point 
may be determined thus : the two similar triangles CAO| 
CEL give the proportion 

CO : AO : : OL : EL, 

and the triangles COB> CKF give 

BO:CO::KF:CK; 

whence, by muItiplicatiDn, suj^ressing the common lador 
CO, we have 

BO : AO : : CLxKP : ELxCK. 

But KF and EL, being equal to BN and AM, which by hy- 
pothesio are equal to each other, the proportion reduces to 

BO:AO::CL:CK: 

and since CL uid CK are equivalent to the lines AP and BQ^ 
which represent the intensities of the given forces, the {uro- 
portion may be written 

BO : AO : : P : Q. (33). 

Hence we conclude that the point of application O of the two 
parallel forces P and d divides the line AB into two parts^ 
reciprocally prc^rtional to the intensities of those forces* 
71. From the above proportion we obtain (jF^. 34) 

BO+AO : AO : : P+d : Q, 
or, 

AB:AO:iR:Q (34). 

And from the equations (33) and (34) combined, we find 

P:d:R::BO: AO: AB; 

from which we derive the following rule : The parts AO,. 
BO, and AB campri9ed bettpeen any two of the farces P, Qty 
and R, will be constantly proportional to the third force. The 
term R, for example, in the above proportion, oarxesponds. tai 
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the portion AB, which is included between the forces P 
andQ^ 

72. If from the known values of P, Q, and AO, it were 
required to determine that of BO, the proportion would give 

a:P::AO:BO; 
whence, 

73. Reciprocally, if there were given the force R applied at 
O, and we wished to resolve it into two parallel components 
whose points of application should be A and B ; by denoting 
the unknown components by P and Q, the value of the first 
would result from the proportion 

AB:BO::R:P; 

and that of the second would in like manner be obtained bj 
means of the proportion 

AB : AO : : R : O. 

From these two proportions we deduce 

p_RxBO rv_RxAO 
*^'~:^SB"' ^ AB^ 

In the preceding demonstration, the forces P and Q have 
been supposed perpendicular to the Hne AB ; but if they were 
oblique to the direction of this line, we might draw through 
O, the point of application of the resultant (Fig. 35), the right 
line CD, perpendicular to the direction of the given forces, 
and the force P applied at A would have the same effect as 
though it were applied at the point C. In like manner, the 
point of application of the force d may be transferred from 
B to D : and since we have the proportion 

P : a : : OD : OC, 

we shall likewise obtain from the similarity of the triangles. 
OBD, AOO, 

P : Q. : : BO : AO- 

74. When the forces P and d act in opposite directions, the 
resultant is equal to the difference of these forces. For, let 
S {Pig' 36). be the resultant of the forces P and R^ which are. 
■opposed to act in the same direetioui we shall then have 



4!l 9TATIC9. 

S=P+R (36); 

and if we replace S by a force d equal in inlensfty, and 
directly opposed to it, an equilibrium wiU subsist between the 
three forces P, R, and Q : we may therefore regaid R as 
beingr equal and directly opposite to th« resultant of the forces 
P and Q, and the equation (35) will give for the intensity of 
dus resultant 

R=S-P; 

but S and Q, bein^^ e^al in int^sity, we have, by substi- 
tuting the ralue of Sy 

R=a--R 

The pokMt O at which the resultant is applied, may be 
found by the proportion 

AB:BO::R:a, 
whence ve obtaia 

R 

or, replacing R by its equal Q— P, we hare 

• a-p 

From this value of the distance BO, we infer that the point 
O will be farther removed from B in proportion to the dimi- 
nution of the quantity d— P ; if therefore Q and P become 
equal, BO becomes infinite, and R becomes equal to zero : 
hence, if two parallel and equal forces act in contrary direc- 
tions^ but are not directly opposed, the equilibrium cannot be 
established except by the application of an infinitely small 
ibroe at a point whose distance is infinite ; it is therefore im- 
possible in such cases to find a single finite force which shall 
sustain in equilibrio the two forces P and Q ;: or^ in other 
wards, the two forces P and QL cannot be replaced by a singll^ 
resultant. The effect of these forces will be simply to ixnt 
the line AB about its middle point C. 

76. These pairs of parallel and equal forces, acting in con- 
trary directions, but not directly opposed, are ealled eouflea. 

76. The results Obtained in the preceding articles may be 
applied to any number of forces. Thus, let P, F, P^, P*; P', 
{Fiff. 37) represent parallel forces applied lo the pouits A| B, 
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Cf D, E^ wiuA are conneoled together hy inflexib]# right 
lines; the iK>int of applicatkn and the intensity' of the result- 
ant may be readily found. For, the fbices P and F being 
compounded, their resultant will be applied at a point M, 
whose position may be determined by the fdlo wing proportion, 

AB:AM::P+P:F^ 
whence, 

.« ABXF 
^=T+F^ 

the line MG being then drawn, we can determine the point 
of application N of the resultant of the forces P+F applied 
at M, and of the force P'' applied at C ; for we have 

MC:MN::P+F+F':Fj 

from which the value of MN results, 

„T^ MCxF' 

**^=P+F+F'- 

By connecting the points N and D, the point of application 
O, of the four forces P, F, F', F", may be found in a manner 
precisely similar, and lastly, by joining the points O and E, 
we shall determine the point K at which the resultant of the 
entire system must be applied. 

77. When some of the forces of whidi the system is com- 
posed exert their efforts in a contrary direction, we reduce the 
components P, F, F, d^., which are supposed to act in the 
same direction, to a single resultant equal to their sum, and 
likewise the components d, Off Q", &c., which are supposed 
to act in a contrary direction, to a second resultant equivalent 
to their sum ; then, having determined the points of applica- 
tion E and L {Pig. 38) of these two resultants, the system 
will be reduced to two parallel forces, the one applied at 
K, and equal to P+F+F &c., the other at L, and equal 
d-f-Cl +Ct" &c. : the resultant of these two forces may then 
be determined by the method explained in Art. 74. « 

78. If the forces P, F, F, F", &c. {Pig. 39), retaining 
their points of appUcation, and continuing parallel, assume 
the positions AQ^ BGt\ CQ'', DO.''; ^., the resultant will be 
parallel to the new directions of the forces, but its intensity 
and point of application will remain unchanged ; for, the 
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construction employed to detennine this resultant, being 
dependent only on the intensities of the forces and their 
points of application, the data of the problem will remain the 
same. 

79. If, for example, the forces P and F should assume the 
positions represented by the parallels Ad and Bd' ; there 
would be given P, P, and the line AB, to determine the posi- 
tion of the point M ; and this would be determined from the 
same proportion as when the forces were directed along the 
lines AP and BR 

The point through which the resultant of a system of par- 
allel forces constantly passes, whatever may be the direction 
of those forces, is called the centre of parallel forces. 

80. To determine the co-ordinates of the centre of parallel 
forces, let P, F, F', d&c. represent the intensities of the several 
forces, and denote by 

:r, y, jt, the co-ordinates of the point of application M of 
• the force P, 

a/, y', z' those of M', 

ar",y",«" those of M", 

Xi^ yt, 2|, those of the centre of parallel forces. 

If we represent by N [Fig. 40) the point of application of 
the resultant of the two forces P and P', we shall have 

MM':M'N::P-|-F:P; 

and by drawing the line Mli' parallel to HH', the projection 
of MM' on the plane of or, y, the similar triangles ML'MV 
NLM' will give 

MM':M'N::ML':NL; 

whence, by combining the two proportions, 

ML':NL::P+F:Pj 
from which results the equation 

i (P+F)NL=PxML': 

adding to each member the product (P+F)LK, we have- 

(P+FXNL+LK)=:P(ML'+LK)+FxLK : 
and since 

NL+LK=NK, 
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ML'+LK«MH, 

LK=M'ff, 

the preceding equation may be reduced to 

(P+F)NK=P X MH +F X SPH'. 

If we denote by d the resultant of the two forces P and P, 
and by Z the co-ordinate of its point of application, this 
equation may be written under the form 

in like manner, representing by Of the resultant of the paral- 
lei forces d and P', and by Z' the coordinate of the point at 
which it is applied, we obtain 

Q'Z'«QZ+FV ; 
and thence, by substitution, 

Cl'Z'=iP5?+Pjr'+F';g''. 

If the resultant of the entire system be represented by R,. 
and the co-ordinate of its point of application, paralld to the 
axis of 2, by Zi^ we shall obtain, by continuing the same pro- 
cess, the general relation 

• Rz,=Pz+F*'+FV'+&c (36). 

81. The moment of a force with reference to a plane 
is the product of the intensity of this force by the distance 
of its point of application from the plane. The preceding 
equation therefore expresses that the nwment of the residtant 
of the parallel forces P, F, F, 4*c-> taken with reference to 
the plane of x^y^is equal to the sum of the moments of the 
several forces taken with reference to the same plane. 

The moments being taken with reference to the other two 
co-ordinate planes, we have 

Ityi«Py+Fy'+Fy+Ax5. (37). 

Rri=Pa:-»-Far'+FV-f-&c (38). 

82. When the co-ordinates Xj y, z, x\ y\ %\ 6cq. of the points 
of application, and the intensities P, F, F', &c. of the forces, 
are gii^en, the intensity of the resultant will become known, 
being equal to the algebraic sum of the several intensities ; 
and the values of the co-ordinates :pi, y,,. and Zi, of the centre 
of parallel foiees^ will be foimd from the equations (36), (37> 
and (38). 
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83. Hie forces are affected with the positive or negatiTs 
sign according to the directions in which they act ; and since 
the signs of the co-ordinates are Ukewise determined by their 
positions with respect to the origin of co-ordinates, the mo- 
ments of the forces must be regarded as positive, when the 
forces and co-ordinates have the same sign, but negative 
when the two have contrary signs. 

84 If the several points of application M, M', M'', d&c. were 
situated in the same plane MM" {Piff. 41), the plane of :r, y 
ought then be assdmed parallel to that in which the forces 
are applied, and the co-ordinates z, z', x", d6c., being com* 
prised between two parallel planes, we should have 

hence, if z^ represent the co-ordinate of the centre of parallel 
forces, its value will also be equal to z ; for, its extremity 
must be found in the plane MM", being determined by a con- 
struction similar to that in Art. 76. Thus the quantity z 
becomes a common &ctor in the equation (36) which then 
reduces to 

R=:P-t-F-fF+&C. 

86. If the points of application were situated on the right 
line AB {Pig' 42), which we will suppose parallel to the axis 
of X, we should have at the same time 

zssz'isz"ss:Scc., and y=5y|=y"=&c. ; 

the equations (36) and (37) would then reduce to 

R=P+p+F'+&c (39), 

and there would remain but the single equation 

ILri=:Px-t-Py-f-FV'-f &c (40). 

In this case, we may dispense with the consideration of the 
three axes, it being only necessary to estimate the co-ordinates 
X, a/, x", &c. along the line AB, to which the forces are 
applied. 
For example, if we had 

a:s=9, a:'=3, a:''«=-3, ar"'—— 4. 

F=:-JP, F'=-|P, F'«2P; 

by substituting these values in the equations (39) and (40) 
we should deduce 
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R-P- JP- tP+8P«2P, 
Rflr,«9xP-3xiP+3x}P— 4x2P«lx2P; 
whencei 

86. For the purpose of determining the conditions of ecjui- 
librium of parallel forces, we shall adopt as most convenient 
that position of the axes in which one of the co-ordinate 
planes is perpendicular to the direction of the forces : let this 
be the plane of x^ y. Having reduced all the forces which 
act in the same direction to a single resultant R^ (Fig, 43), 
and those which act in a contrary direction to a second re- 
sultant R,,, an equilibrium will take place in the system when 
the two resultants are equal and directly opposed. 

The latter condition wiU be fulfilled when the distance 
(yCT is equal to zero, which requires that the co-ordinates x, 
and y, of the point U should be respectively equal to x,^ and 
y,^ those of the point C". 

Hence, we obtain 

The condition of equality between the two resultants will be 
satisfied when we have 

^, — R« (41); 

and we obtain by multiplication 

. R^,=-R,;r, (42), 

R.y.=-R.y. (43). 

If we denote by P, P', P", &c the components of R^, and 
by F", P*, ice. the components of R,^ the property of the 
moments will give the two equations 

R;r,=Par-t-Fa:'+F'a:^+&c., 

R,^,,=FV"+F'ar +Fa:^+&c. ; 

and substituting these values in equation (42), it reduces to 

Pz+Fa:'+F'x"-t-F"a:^'+P^ar+Fa:'-t-&c.=0 (44). 

By the same course of reasoning, the equation (43) may be 
reduced to 
Py+py'+py +p'y +p-y^+Fy-+d&C.=:0 ..... (46). 



1 



IB STATICS. 

And finallyi the valaes of R^ and R^, being subslitated in 
^nation (41), give 

P+P+P"+F"+P" +P'+<kc.=n:0 (46> 

87. If the equations (44), (45), and (46) are satisfied, the sys- 
tern of forces will be in equilibrio. The conditions expressed 
by these eqoations may be enunciated as follows : An equi- 
libriuntmU subsist in a system of parallel forces fifths sum 
-of the moments taken with reference to each of two rectangu- 
lar planes parallel to the common direction of the forces^ is 
equal to zero ; the sum of the forces being at the same time 
equal to zero, 

88. An equilibrium will also take place if the resultant of 
the system be supposed to pass through a fixed point, since 
the effect of this resultant will then be destroyed by Ae re- 
sistance opposed by the fixed point 

Of Forces situated in the same Plane^ and applied to Points 
connected together in an invariable manner, 

89. Let P, P, P', P", &c. {Pig. 44) represent several forces 
situated in the same plane, and applied to the points A, B, €2, 
D, d6c., which are supposed to be connected in an invariable 
manner. If the system admits of a single resultant, its po- 
sition and intensity may be readily obtained by means of the 
following graphic construction : — Having assumed the por- 
tions Ad, B&, Cci and Dd proportional to the intensities of 
the respective forces, prolong the lines Aa and B& until they 
intersect at the point G, and apply the forces P and P at 
this point Construct the parallelc^ram GG', having its 
sides respectively equal to Aa and 66, and its diagonal GG' 
will represent in direction and intensity the resultant of the 
two forces P and P ; again, by prolonging GG' and Gc until 
they intersect, and constructing the paiuUelogram HH', whose 
sides shall represent the forces GG' and Cc, the diagonal ffly 
will represent the resultant of these forces, and will therefore 
be the resultant of the three forces P, P, and P^ Lastly, by 
finding the intersection of HH' and D{f, and forming a thiiil 
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paraUdc^praiii, its diagonal IF will represent the resultant of 
the entire system. 

90. If by this construction we should find one or more pairs 
of parallel forces, the resultant may be detemuned by the 
methods exf^ained in Arts. (71), (72), and (74), and its intensity 
will be equal to the sum or difference of the forces. If the 
system contain two parallel and equal forces, acting in con- 
trary directions, but not directly opposed, we may combine 
one of them with the other forces, and the construction of 
Art. (89) may then be continued ; but if the entire S3rstem 
can be reduced tp two equal resultants acting in parallel 
and contrary directions, but not directly opposed, we con- 
clude, as in Art 74, that a single resultant cannot be obtained. 

91. If the construction should give a resultant equal to 
zero, an equilibrium would subsist throughout the system. 

92. The preceding construction isoquivalent to Supposing 
the forces applied at the point I, in lines parallel to their primi- 
tive directions, and thencompoimding theminto a single result- 
ant For, by considering the forces P, Q, and S {Mg. 45), 
the resultant DC of the forces P and Q, being applied at the 
point D' in its line of direction, may there be decomposed into 
the two components IVF and D'Cf, parallel and equal to 
P and CI. 

93. To determine the analytical conditions of equilibrium 
in a sptem of forces disposed like the preceding, we will first 
consider the case of three forces P, P', cmd F', applied to 
points which are connected in an inyariable manner ; and 
we shall then find it necessary that the directions of the forces 
should intersect in a single point. For, since the forces 
P and F (2^. 46) are supposed to be sustained in equllibrio 
by the third force K, it is necessary that this third force 
should be equal and directly opposed to the resultant of the 
two forces P and F. But P and F intersect in a point 
D ; this point is therefore situated on their resultant, and 
consequently in the direction of the third force F'. 

If, on the contrary, the force F' were not applied at the 
point of intersection of the other two, it would intersect the 
direction of their resultant R at some point E {Fig, 47), and 
the right lines BD and P"E being then pclined Xo each other 

D * 5 
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in a certain angte P'ER, the forces R and P^ could not main- 
tain an equilibrium (Art 16). 

94. When the directions of the three forces P, F, P' inter- 
sect in a pointy tliis point may be considered as their point of 
application, and the conditions of equilibrinm will then be 
the same as if the forces had been originally applied at their 
point of intersection. ^ 

These conditions are, 

P cos •+?' 008 •'+?" cos«"+&c.=0, 

PCOS|I + PC08/J'+P''C08^"+&C.=0. ' 

To these must be added the equation which expresses the 
condition of their intersecting in a point. 

95. Let P, F, and R {FHg. 48) represent three forces whose 
directions intersect at the point A. If through the point C, 
assumed arbitrarily, a right line be drawn to the point A, and 
perpendiculars CI, GF, GF' be demitted on the lines of direc- 
tion of the forces, the right-angled triangles GAI, GAI', GAI'' 
will have the same hypotheneuse GA : this condition of a 
common hjrpotheneuse will establish that of the forces inter- 
secting at a single point, since it results from the triangles 
having a common vertex. Through the point A draw the 
right line AB, perpendicular to GA, and from the extremities 
of the lines AP, AF, and AR, which represent the intensities 
of the forces, demit perpendiculars PD, FIK, RD" on the line 
AB : the right-angled triangles AGI and APD will be similar, 
having the alternate angles GAI and APD equal to each 
other, and the following proportion wiU therefore obtain : 

AG : CI : : AP : AD, 

and by calling AC=c, GI=2', this proportion becomes 

c : jp : : P : AD ; 
whence we obtain 

C 

denoting by f/ and r the perpendiculars CI' and d'^, we find, 
in like manner, 

c e 

Bot if R be the resakant of P and F, the component of B 



FORCES AFPLIBP TO MFPBRENT POINTS. SI 

m ibe diKctioQ of AB Will be^oal to the mam, of the conb 
poaentB of P and F, direotod along d)e same line; we eoa- 
rnqoBOOy hBLte 

Air=:AD+AD'; 

and by substituting in this equation the vahies found above, 
it becomes 

Rr Py Pp' 

or, by suppressing the divisor common to the terms, it 
reduces to 

Rr=P/ji+Fy.....(47). 

96. If the point C were situated within the angle formed 
by the directions of the forces, or in the opposite angle, the 
product of the resultant by the perpendicular r would dien be 
equal to the difference of the products of the two components 
innltiplied by thdr respective perpentttcttlars ; we should 
Aus have 

Rr=I^-F|/ <48). 

97. The moment of a fbrce with leference to a plane has 
been defiaed (Art 81) to be the prsdvot of the intensity of 
this force by the perpendicalar on the plane from the point 
of applicfition. By analogy, we call the moment of a force 
mth reference to apomtj the product qf the force by the per- 
pendicular demUted on the direction of the force ftom the 
assumed point. The equations (47) and (48) will therefore 
express that the moment of the resultant of two forces is 
equal to the sum or difference of the moments of its compo- 
nents, according to the position of the point C. This point is 
called the centre of moments ; and if it be situated within the 
angle PAP, or LAL' (^^- 49), the difference of the moments 
must be taken, but if it iUl wittiout these angles, the moment 
of the resultant will be eqnal to the sum of the moments. 

98. These two cases may be comprised in a single enun- 
ciation, by attaching to the word sum its algebraic significa- 
tion, and the moment of the resultant will then be equal to 
the sum of the moments of the two components, in which 
expression the terms may be affected either with the positive 
or negative signs. 

D2 
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99. The oondiden of the Ibroee iaieraediilg in a poiDt 
gives rise to the preceding theorem of the moments i fkam 
this theorem the third condition of equilibrium may be de- 
duced. 

For^ if two forces P and F {Pig* 60) are sustained in equi- 

librio by a third force P', this force must be equal in intensity 

to tlie resultant of the other two, and must act in a direction 

exactly opposite. If, thereftre^ a perpendicular //' be demitted 

on the line of direction of the force F', which is also that 

of the resultant R, the principle of the moments will fhmish 

the equation 

Rp"=Pp+F/; 

and replacing R by — F', since the forces are equal, and act 
in contrary directions,, the equation becomes 

Pp+py+Fy=o. 

Thus the ccMiditions of equilibrium of three foices situated 
in the same plane, and applied to diflferent points, will be ex- 
pressed by the three following equations : — 

P cos •+F cos •'+F' cps i*"=0 . (49), 

P COS/B+FCOB/J'+F' cos/J^s^a (60)^ 

P^+Fp'+Fy =0 (61). 

100. If the number of forces be greater than three, we 
may regard P as being the resultant of the two forces F'^'and 
P* : we shall then have 

p cos -*=F" cos «'" + F^ cos -*^, 
P cos jS =F" cos /3"' + F' cos r, 

Py=F'y"+P"P*^; 
and by substituting these values in equations (49)^ (50), (61), 
they become 

F cos «'+P" cos •"+ F" cos •"'+F' cos «''=0, 

F cos ^'+F' cos |ft''+F*' cos i9'"+P" cos /J"=sO. 

Fp'+F'ii"+Fy"+F'p"=ft 

101. The same principte may be extended to any number 
of forces, and we shall therefore obtain for the general equa- 
tions of equilibrium of forces acting in the same plane, and 
applied to different points, 

P cos -^-F cos •'■fF' cos •"+&c.=0 (62), 
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P C08/8H-F COS /I'+F' COS /8"H-&c.=0 (63), 

Pp+F//+P'p''+&c.=0 (64). 

102. A more convenient notation is sometimes employed 
to express the existence of these conditions, the equations 
being written in the following form : — 

2(P cos -) =0, x(P cos j8) =0, z(Pp) 3=0. 

The character 2 is here employed to denote the sum of any 
number of quantities of the same form as those included 
within the parentheses. 

103. The process which has led to the equation (47) fur- 
nishes an easy method of recognising the proper signs of the 
moments. For, if the point C, the centre of moments (Fig. 
61), be chosen without the angle formed by the directions of 
the extreme forces, and the forces be supposed to act by push- 
ing, being at the same time firmly connected with the per- 
pendiculars p, j/, j7", &c., these forces will all tend to turn the 
perpendiculars in die same direction about the point C ; but 
if,- on the contrary, the centre C be situated within the angle 
formed by the directions of the extreme forces (F%g. 62), or 
within the opposite angle, the forees P, F, F', d&c., situated 
on the same side of the point C, will tend to turn the perpen- 
diculars in one direction, while the forces F", F^, &c., on the 
opposite side, will tend to turn the perpendiculars in a con- 
trary direction. But the egressions -^, — ^ — £_/&c., repr 

resented by the lines AD, Aiy, AD", d&c., being affected with 
^igns contrary to those of AD'", AD'^ &c., it follows that all 
the forces whose moments are positive will tend to turn the 
sptem in one direction, while those whose moments are 
negative will tend to turn it in a contrary direction.* 

« TlufldenioiMtnaionispeifiMtfyocmdiMimwiiAtttliedi^^ 
flnoM inteMeetia a^ point; bat fhe piropeity of the naonMiito is equally tme 
wben tlio finow are not diraeted to a nnsle point. For* bj prolonging tlie' 
dbaccione of any tiro of the finota P and F until thay intetaect, and joinings 
iMr point of intaiaeetioii with the eentse of momenta, it may be prored by the 
leaaoning eiii|iloyed In Art. liMi» that the mamant of their leaultant ia equal to 
the algehraie aom of the nmnanta of the tiro ftaoee P and F, the aignaof theae 
momenta being detennlned by the dneetiona in wikich the Invee P and F tend 
totnmtha iy a t aBiafcatthaoaBtiuofmiimanta* Wa diall thaa hatu 
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104 If the system of foiees he not in ecpiilibrio, the 
moment of the resultant will be equal to the excess of the 
sum of the moments of those forces which tend to produce 
rotation in one direction, over the sum of the moments of 
those which tend to turn the system in a contrary direction. 

105. It appears from the preceding remarks, that the 
equation £(Pjp) =0, expresses the condition that the sums of 
the moments of the forces which tend to produce rotation in 
the two directions are equal i^o each other. 

106. If, in the system supposed in equilibrio, we suppress 
one of the components, P for example, the remaining forces 
will have a resultant R ; and since this resultant should be 
equal in intensity, but directly opposed to the force P, the 
equations (52), (53), and (54) will be replaced by the following^. 

R cos a =F cos •' -f F' cos •" + F" cos •"' + ifec.^ 

R cos ft=F cos/8'+F' cos $"+F" cos 19'"+^.^ 

Rr=Fp'+Fy 4-F'y"+&c. ; 
or, 

R cos'a =x(P cos «) =X, 

R cos ft=s(P cos B)=Y, 

Rr=s(Pjp). 



The double sigo is not pre6xed to the moment Pp, smce we are at liberty to 
sMome arintaaril J the sign of one of the moments. The moment Rr, deduced 
from this equation, may have either a positive or negative value ; if positive, R 
and P wm tend to turn the system in the same direction ; if negative, in con- 
trary directions. 

Th^ forces P and F, being then replaced by their resultant R, this resultant 
can be combined with a third force F', and we shall obtain, in a similar manner, 

Ry=JRr±Fy'; 

in which equation Rr, whatever may be its essential sign, may be replaeed by 
Pj»±Py. The-sign of the moment Fy wiU be similar to that of Rr, if F' 
«nd R tend* to piodaee rotadon in the- same direction, and dissimilar in the cott' 
traiy cassk But the moments Pp and Rr willhave like or unlike signs, acooi 
as the fwces P and R tend to torn the system in the same or in contraiy 
ttons. Henoe the signs of the moments Pp and F"p" in the equation RVs 
9p±Vf±l^'jf\ will be like ornnUke according to the directions in which the 
fMees P andP" tend to produce rotation. 

The sam» xiasoning may be extended to m gnater miiBlMr of foioae. 
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107. B7 means of these equations, the positton* and mag^ 
nitade ot the lesoltant may be detennined. 

For, the two first equations give 

R«(cos«a+cos«6)=X« +Y« ; 

and since the sum of the squares of the two cosines is equal 
to unity, we have 

The inclinations of the resultant to the co-<»rdinate axes may 
also be determined firom th^ same equations ; for we have 

X Y 

cos a==-, cos 6=-:=^. 

108. To establish its position in the system, we first deter- 
mine the position of a r^ht line AB, passing through the 
origin, and parallel to the resultant. If cos fi be affected 
with the positive sign, the line AB must form with the axis 
of y an ai^le less than 90° : it will therefore assume one of 
the positions indicated in (FHg. 63). But if, on the contrary, 
this quantity should have the negative sign, the right Kne AB 
would then be situated in one of the positions represented by 
(jF!^. 64). Thus, whatever be the sign of cos &,.the line AB 
may assume two positions, one in which the angle formed 
with Ax will be obtuse,. aiMl another in which this angle will 
be lurute. The sigja, of the cos a will determine which of 
these positions the line AB must assume. 

Having thus established the position of the right line AB, let 
a perpendicular r be drawn to it through the origin A, equal to 

rf ' This perpendicular will be represented (^Fig. 65) by 

AO or by ACK, according to the sign of the quantity r ; and 
the line QR or O'R', parallel to AB, will represent the true 
position of the resultant. 

109. To obtain the equation of this resultant, it may be 
observed that its line of direction will, in general, intersect 
the axis of y at a certain point B (^Piff^ 66), and that the form 
of its equation ^^ill therefore be 

jf^x tang D+AB ..... (66) ; 
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and since the an^ which the rasnUant malm with die axir 
of 2r is denoted by a, we have D^o, and consequently 

^ sin a cosi Rcosft Y 

tanff D= =a === =?= • 

eoaa cos a Rcosa X 

The value of AB may be obtained from the equation 

QAssABxcosOAB. 

But the angle OAB is equal to the angle D, since they are 
both complements of OAD. The angle OAB can therefore 
be replaced in the preceding equation by D or a ; and since 
the line AO is the perpendicular from the origin on the direc- 
tion of the resultant, it will represent the quantity denoted 
by r ; we shall thus obtain 

racAB cos a ; 

and consequently, 

cos a 

Substituting the values of AB and tang D in the general 

equation (55), it becomes 

_Y . r _Y Br _Y Rr 

whence, by transposition and reduction, we find 

yX— arY=Rr ; 

or, replacing Rr by its equal s(Pp), the equation of the 
resultant finally becomes 

yX— irY=X(Pp). 

110. When an equilibrium subsists, X and Y are equal to 
zero, and the equation reduces to s(Pp)^sO, correspondii^ 
with the result previously obtained. 

111. The data requisite for the determination of the 
resultant being, l**. The intensities of flie several forces ; 2®. 
The angles on which their directions depend; and 3^. The 
co-ordinates of their points of application, it will prove con« 
venient to transform the equation (54) into another, in which 
the quantities p, j/, jf\ &c; shall be replaced by the co-ordi- 
nates of the points of application. To effect this transforma- 
tion, let the origin of co-ordinates be assumed at A {F^. Vf\, 
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and let x aad y denote the eo-crdinates W the^ point M to 
niiich a ibroo P is supplied : the intensity of this torce being 
rqpresmted by MP^ its ccMnponaits parallel to the axes c^ x 
and y will be respectively 

MN«P cos «, 

Ma=P cos /8. 
From the point A demit the perpendiculars AO, AF, and AE 
on the prolongations of the force MP and its two components ; 
we shall then have 

OA X MP=tbe moment of the force P, 

AF X MNssthe moment of the component P cos «,, 

AE X MCl-the moment of the component P cos ,. 

But if we regaxd the forces as pushing the point M, the 
resultant MP and the component P cos « will tend to produce 
rotation in the same direction abput the point A. Their 
moments may therefore be afiSeicted with the positive sign;, 
while the component P qos ^, tending to turn the system in a 
contrary direction, must be affected widi the negative sign. 
We shall thus obtain the equation 

PprsyP cos tt—xP COS j8. 

For a similar reason, 

P'p'ssy'F cos •'- a/F cos ^V 

py srj^'F' cos «"— a/'F' cos fif'r 

&c. &c. &c. ; 

and by substituting these values in the equation of the mo^ 
ments (54), it becomes 

P(y co8«— a: cos |8)+F(y'cos*'^a:' cos/8') +dM;.=0 .... (66): 

we shall therefore have for the equation of the resultant, when 
the system is not in equilibr^o (Art. 109), 

yX— a;Y == 2[P(y cos t^r-x, co? /S)j. 

1 IS. In determining the signs of the moments in «quatioB 
(64), we had recourse to the rule explained in Art. 108, which 
is s<Mnewhat foreign to analytical considerations ; but when, 
by a transformation, this equation takes tiie form indicated 
abore (66), the signs of the moments will be immediately 
determined by an application of the rule in Arts. 37 and 38, 
regard being had to the signs of the co-ordinates. Thus, let 
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P be a toKe wbote positioii with le^eet to the oo-oidinale 
axes is that lepreeented ia {Fig. 6B). The Tid«ie of its mo- 
ment, bemgia general P(y ooe «— ar ttmH), will become ^ipli- 
cable to the particular case, by making z negalive, y poaitivei 
cos « nq;atiye, cos fi negative ; thnsi when the signs are con- 
sidered, the moment becomes 

P(— y cos •— a: cos f). 

113. It should be remarked, howerer, that we here adopt 
tacitly an hypothesis relative to the signs, which consists in 
regarding a moment as positive, when the direction of the 
force CD (jF^. 67} intersects the axis <^ y positive, and then 
cuts the axis of x negative. 

114.' The equations of equilibrium (49), (50), and (61) 
imply the condition that the system may be reduced to two 
forces equal in intensity and directly opposite. For, if we 
denote by P cos «, F cos «', &c. the components acting in one 
direction parallel to the axis of x, and by P* cos •", P" eos «'", 
&c. the components which act in a contrary (Erection, the 
equation (49) may be put under the form 

P cos n+P cos •'+&c.=±:F' cos af+f^ cos of" +&C. 

But the forces P cos «, P cos « , &c., being parallel, may be 
compounded into a single force X', equal to their sum and 
parallel to them ; and the forces P' coe «T, F" cos «'", &c, 
may in like manner be replaced by a single force X" : the 
entire system will thus be reduced to the two forces X' and 
X"i parallel and equal, but having contrary directions. 

By a similar composition, the forces parallel to the axis of y 
may be reduced to two resultants Y' and Y", equal to each 
other, and having opposite directions. 

The forces X' and Y' being then applied at the point M, 
where their directions intersect {Mg. 69), and the forces 
X'' and Y'' at their pcnnt of intersection N, we can construct 
the rectangles MA and NB, whose sides MC, MD, NE, and 
NF shall repies^t the forces X', Y', X", Y" : and since the 
homologous sides of these rectangles am equal, their diago* 
nals MA and NB will also be equal and parallel. 

The equations XssO, YssO, therefore, express that forces 
situated ma plane may be reduced to two MA and NB^equal^ 



r 



FORCES APPLIEU 90 OlVrBAEllT POINTS. S9 

parallel) and acting in eontraiy diioclions ; bat ibef do not 
expiiess the condition that the two forces a^ directly opposed^ 
That this may occur, the equation x(Pp)ssO is likewise neces- 
sary : for, calling R and fi" the two equal forces AM and BN, 
and /, r" the perpendiculars OP and OCt d^nitted from the 
point O, smce R' and R" act in contrary diiecticms^ their mo- 
ments^ must be taken with difierent signs, and die equation 
z(PjP) =sO will be replaced by the following : 

Ry-RV=0. 

But the intensities of R' and R" being equal by hypothesis, the 
common fictor will disappear firom the equation, and it will 
then become 

thus, the difference of the right lines OP and OQ will become 
equal to zero, and the points P and Q will therefore coincide : 
hence, the forces MA and NB will be directed along the same 
light line. 

It also appears that when the condition s(Pp) =0 is not 
fulfilled, and we have simply X=0, Y=0, the system may 
be reduced to two parallel forces similarly situated to those 
considered in Art. 74. 

' 116. If, on the contrary, the condition s(Pj7)=:0 were alone 
satisfied, an equilibrium could not subsist ; for the quantities 
X and Y having certain values, a resultant might be found 
whose intensity would be determined by means of the 
equation 

R=v/(X«+Y«). 

In this case, the equation 2(P/))=:0, or its equivalent Rr=0, 
can only be satisfied by making the factor r equal to zero ; 
hence, the centre of moments must necessarily be found on 
the line of direction of the resultant R. 

116. If there be a fijced point on the line of direction of the 
resultant, the equilibrium will be stiU maintained, and the 
centre of moments being placed at this point, the condition 
x(Pp) =0 will be satisfied ; if, for example, the forces P, F, F'^ 
&c. be supposed applied to the different points of a solid body, 
and if the point C through which the resultant passes be im- 
j&oveable, the eShot of this resultant will be entirely destroyed 
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by the reactian of the fixed point, and the condition 2(Pp) =0 
will be alone suffidoit to ensure the eqnilibrium. It will 
appear hereafter that the intensity of this resultant is a 
measure of the pressure sustained by the fixed point. 

117. If the sjrstem can be reduced to two parallel forces, 
equa} in intensity, but not directly opposed, the addition of an 
arUtrary force S will render it susceptible of a single result'* 
ant. For the new force S must necessarily be either par* 
allel or inclined to the direction of the forces ; in the first case 
(Pig* 60), it may be decomposed into two parallel components 
P' and Q' applied at the points A and B (Art. 73), and the sys- 
tem of three forces P, Q, and S will be replaced by the two 
unequal forces P+P applied at A, and Q.— Q.' applied at B ; 
these two forces will obviously have a single resultant. 

If the new force S is not parallel to the other two, its 
direction may be prolonged {Pig- 61) until it intersects the 
direction of one of them at A'. This point being then taken 
as the point of application of the forces P and S, they may be 
compounded by constructing a parallelogram on their lines 
of direction, and the direction of their resultant will intersect 
that of the force Q, with which force this resultant may be 
combined. 

Of Forces acting in any manner in Space. 

118. Let F, P', F", &c. represent difierent forces situated 
in space ; 

x!, y'l z\ the co-ordinates of the point of application of F, 

^', y", «", those of P'^ 

ar"', y'^ x^", those of F", 

&c. d&c. &c. ; 

«', |8', •, the angles formed by F with the axes of co-ordinates, 

a", jB", y', those formed by F' with the axes, 

« ", 3'", y"', those formed by F" with the axes, 

dx. &c &c. 

Let us investigate the conditions of equilibrium in this sys- 
4em, and endeavour to discover if these conditions cannot bp 
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rendered dependent on those which have been obtained in 
the preceding cases. We first attempt to decompose all the 
forces of the system into two groups, one of which shall con- 
sist of parallel components, and the second offerees situated in 
the same plane. Since the axes of co-ordinates may be as- 
sumed arbitrarily, we will endeavour to decompose the forces 
in such manner that a certain ntunber of them may be in 
the plane of x, y, and the remainder be parallel to the axis 

lid. If in the givenitjrstem there be no force parallel to 
the plane of x, y, the proposed decomposition may be readily 
effected ; for,let one of the forces be represented by P', its 
point of application being at M' {Pig' 62) ; prolong the line 
of direction of this force until it intersects at C* the plane of 
Xj i/y and transferring the point of application to G', decom- 
pose the force P into two others, one C'L parallel to the axis 
of z, the other C'N in the plane of x^y. 

120. But if the force P is parallel to the plane of x, y^ a 
similar decomposition cannot be effected, and some other 
mode of decomposing the forces must therefore be adopted. 

For this purpose, let there be drawn through the point ST 
{Fig- 63) a line parallel to the axis of z, and to the point M' 
let there be applied along this line, and in contrary directions, 
the two forces M'O and M'Cy, having intensities equal to g' 
and —^ respectively. The introduction of these forces 
cannot disturb the condition of the system, since the two 
mutually destroy each other ; and we shall then have applied 
at the point M' the three forces P, g^, and — §•'. 

The force P may then be compounded with — g^, and by 
calHng their resultant R', we can replace in the system the 
force P, by the two forces R' and g^, each of which must ob- 
viously intersect the plane of :r, y. 

121. Let the force R' be now applied at (7, the point in 
which its hue of direction intersects the plane of or, y, and let 
it be decomposed into two componentSt one situated in the 
plane of :r, y, and the other parallel to the axis of z. The 
force P will thus be replaced by a force applied at C, aiid 
lying in the plane of or, y, and by two others parallel to the 
•axis of Zy one applied at C, and the other at M'. 

122. The coordinates of the pomts of application being 

6 
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necessary to express the conditions of equilibrium, those of 
the point C must be determinecL 

llie equations of the resultant R' which passes through the 
point y, i/j z'^have been found (Art 67) to be of the form 

«— «'=^a?— 4:') 

^ z, ■ 

in which X, T, and Z represent the projections of R' on the 
co-ordinate axes. These projections being equal to the com- 
ponents of R' parallel to the axes, the quantities X, T, and Z 
may be replaced by the ralues of the three components. But 
R' being the resultant of P' and— ^, we may substitute for 
P its three components P cos «', P cos fi\ P cos y ; and R' 
will then be the resultant of the four forces 

P cos i/, P cos |8', P cos y', —5^, 

These forces acting parallel to the axes of co-ordinates, we 
shall have 

X=Pco8«', Y«Pcos/l', Z=Pcosy— ^; 

and by substituting these values in equations (67), we obtain 
for the equations of the resultant R', 



. Pcosy— fl^, -V 1 

P cos *' I 



Pcosv'-ir' ' ^ ^* 

PC0S|8' ^ ^^ 

123. To obtain the co-ordinates of the point C (Fig. 63), 
at which the right line R' intersects the plane of x^ y, we 
make z^^^O in the equations (68) ; and denoting by a, and b, 
the other two co-ordinates of the point C, we shall have 

fhnu ^nbich we deduce 

"'"^~p COS y'-g' 

zT'coefi' > <^)' 

' ^ Vcoa y'-g* 
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diese are the rahies of the coordinates of the point C, at 
which the resultant R' intersects the plane of x, y. 

124. The force R', being repxesented in intensity by the 
Ime lAfK (/^. 64), may be supposed applied at G\ in its line 
of direction. Then making (7P's=M'R', and decomposing 
Gl> into three rectangular forces, applied at O and parallel 
to the co-ordinate axes, these components will be equal to 
those of the force WK ; and the point C may therefore be 
considered as solicited by the three forces P cos • , P cos jS', 
and P cos y — -g^, the two former being situated in the plane 
of x^ y, and the latter parallel to the axis of z. Thus, instead 
of the force P applied at M', we shall have 

the force g applied at M', parallel to the axis of z^ 
the force P cos y—^' applied at (7, parallel to the axis of z, 
the force P cos « applied at (7, and acting in the plane of 4r, y^ 
the force P cos /s' applied at (7, and acting in the plane of x, y. 

125. By adopting a similar method of decomposition for 
the forces P', P*, &C., employing the auxiliary forces g^", g"^ 
&c., applied at the points M'', M*^, &c., the system will be 
reduced to two groups of forces, of which one will have its 
components parallel to the axis of z^ and the other will be 
situated in the plane of ar, y. 

The forces parallel to the axis of z will be 

applied at the points M', M", M ", &c. ; and 

PcOBy'-g^', P cosy -5^", P' cos y'"-5^, Ac, 

applied at the points CT, CT, C^, d&c 
And the forces lying in the plane of ^r, y, will be 

PCOS*', P'C0S«", P'C08*%&C., 

applied at the points C, CT, CT, &c. ; and 

PC0S|8', PCOSB'', P"C0S/8%&C. 

applied at the same points C, CV ^\ ^&c. 

126. It will now be demonstrated that when an equilibrium 
subsists in the sjrstem, it will be necessary, 1^. that the forces 
parallel to the axis of z should be in eqidlibrio ; V. that the 
forces acting in the jdane of x^y^ should also destroy each 
0tber^ 
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For since the equiUbriam is supposed ta subsist^ the state 
of the system will not be changed by supposing, a line CC 
assumed arbitrarily in the plane of x^ y (Fig^ 6S), lo become 
immoveable. The forces situated in this plane wHl then be 
destroyed by the resistance of the fixed line. For, every 
force in the plane of s, y must intersect the fixed line, or be 
parallel to it. In the first case, let the force be represented 
by AB, and prolong its line of direction until it intersects the 
fixed line at a point O : this point being supposed immove- 
able, the eJGTect of the force AB, which is transmitted to the 
point, must be destroyed. Again, if the fioxce be parallel to 
the line CC", its point of application E cannot be moved 
without communicatiAg a motion to the line QO' which by 
h3rpothesis is immoveable. The eJGTect of this force must 
therefore be destroyed by the fixed line. Thus,, the forces 
lying in the plane of at, y being destroyed, the system will be 
reduced to the group parallel to the axis otz. These latter 
forces would obviously tend to turn the system about the 
fixed line CTC, unless the forces should be in equilibrio, or 
their resultant should pass through the fixed line. But the 
position of this Une having been assumed arbitrarily, it cannot 
happen that the resultant of the forces parallel to the axis of 
z will always pass through this line. These parallel forces 
must therefore be in equilibrio. 

The group parallel to the axis of z beiqg in equilibrio, the 
forces lying in the plane of or, y must mutually destroy each 
other, since the equilibrium of the entire system ooidd not 
otherwise be preserved. 

127. The problem is thus reduced to finding the conditions 
of equilibrium, 1^. of a system of forces parallel to the axis of 
z\ 2^. of the f<nrces acting in the plane of :r, y. 



CondiHans of EquUibrium afthe Fhrce9parattd'to the 

Axis b/z. 

128. These conditions being the same as those enunciated 
in Art. 87, the following quantities must be equal to zero^ — 



r 



FORCES ACTING IN SPACE. 6B 

I^. The sum of the forces parallel to the axis otz] 

2P. The sum of the moments taken with reference to the 

plane of y, z] 
3^. The sum of the moments taken with reference to the 

plane of x, z. 
The first of these conditions gives 

F cos y'^^'+^'+F COS y'-g'-k-g" 
H-F" cos y-^g^-+gr-+&c.=0 ; 
or, by reduction, 

F cos y -f-F cos y'+F" cos y"'+&c=0 . (60). 

The second condition requires the consideration of two dif-- 
ferentsets of moments. 

1°. Those of the forces g\ g'\ g"^^ &c., applied at the points 
M', M", M'", dtc. 

V. Those of the forces F cos •— g^, F cos y—g"^ 
F" cosy '--^'", &c., applied at the points C, C, C", &c. 

The moment of the force g^ appUed at M' {Fig. 66),. 
taken witih reference to the plane of y, z, is ^'xlfN': but 
M'N'ssB'D'^ar' ; the moment therefore becomes g*x. 

The moment of the force F cos y'—g^' applied at C, taken 
with reference to the same plane, is evidently (F cos y — g^) 
XE'C, or (F cosy — ^')a/; and the sum of the moments of 
the two forces will therefore be represented by 

g^ar'+(F cos y --g^>,. 

Substituting in this esipi^sssion the value of a, (59) deter^ 
mined in Art. 123, we obtain 

performing the multiplications indicated, and reducing, we get 

a/Fcosy^—z'Fcos*'- 

By a similar process, the moments of the parallel forces- 
applied at M", M% G", C% &c. may be obtained, and being 
collected into one sum, the equation expressing the second 
condition of equilibrium becomes 

Y(x' cos y — jf cos lO +P^{^ cosy"— af cos m^ 
+F"(ar cos y "-aT cos O +ikc.=0 (61). 

To obtain the third condition of equilibrium of parallell 

E 
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forces, we find the moment of the force ^ applied at M', 
taken with reference to the plans of x, z, and that of die force 
F cos y—^ applied at C, taken with reference to the same 
plane : the first of these will be equal to g xHli'^^^ xFG' 
=g^' Xy' ; the second will be (F cos y — g^)6>.; and. their sum 
will be expressed by . 

g^y'+(Fcosv'-sr^i,. I 

Substituting foe h, its value (69) found in Art. 123, and re- 
ducing^ we obtain 

y F cos y — x'F cos jS'. 

And by finding the moments of the other parallel forces, 
taken with reference to the plane of Xy z, we shall have for 
the third condition of equilibrium, 

F(y' cos y—T! cos 18') H-FXy" cos y '— z" cos /a") 

+F"(y'" cosy'"-z ' cos^'")+&c.=50 (62). 

Conditions of Equilibrium of the Forces siiuaied in the 

Plane of x^y, 

129, These conditions being such as arise when the forces 
act in the same plane, it is necessary, 

1°. That the sum of the components parallel (o the axis 
of X should be equal to zero. 

2^. That the sum of the components parallel to the axis 
of y should be equal to zero. 

3"^. That the sum of the moments of the forces taken with 
ceference to the origin should be equal to zero. 

The first two conditions are expressed by the equations, 

F cos •'^F' cos «"+F" cos *'"+&c.=0 (63), 

F cos /B'+F' cos/i^+F" cos /J^'-f <kc.=.0 (64). 

With regard to the third, it may be observed, that the two 
forces F cos •" and F cos /B'^ are appliied at the point C {Fig. 
67) ; the moment of the fixst, being taken with reference to 
the origin A, will be 

F cos *'XAE'=F cos •'xCT'=F cos •'.&,; 

in like manner, the moment of the force F cos fk\ taken with 
reference to the origin A, wiU be 

Fcos|8'xAF=:F cos/s'xE'CrsF cosA'.a,. 
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l^ese moments should be taken with contrary signs, since 
the two components F cos «' and F cos /}' tend to turn the 
system in contrary directions about the poin^ A. Thus, by 
regarding that momem as positive in which the component 
F cos m enters, the sum of the moments may be written 

Fcos«x6,— Fcos|8'xa, : 

^ substituting in this expression the values of a^ and 6, (69)| 

^ we get 

y Fcosy'— g-'/ '^V Fcosy— ^7 

and by performing the multiplications, and reducing, we 

obtain 

y'F cos «'— ar'F cos ^. 

The moments of the forces applied at C", C", &c., being found 
in a similar manner, the third condition of equilibrium of the 
£:)rces which lie in the plane oix^ y becomes 

F^/ cos «'— x' cos ^') + F'(y" cos *" —x" cos /9") 
+P'"(y" COS."'— ar'" cos/3"')+<fcc=0 . • • . . (66). 

130. The six: equations of eq,uihbrium (60), (61), (62), 
(63), (64), (66), may be written imder the following form : 

2(Pcos«)=0i 

x(Pcos/a)==0>. (66). 

i(Pcosy)=0> 

2[P(y cos tt—x cos |8)] =0 ^ 

x[P(a; cos y—ar cos «)]=^0 > (67). 

i[P^ cos y—z COS e)}=0 J 

131. If there be a fixed point in the system, the six equa- 
tions will not be requisite to express the conditions of equi- 
Ubrium. For, if the origin be placed at the fixed point, the 
equilibrinm will subsist between the forces acting in the plane 
of Xj y, when the system has no tendency to turn about this 
point. Thi» condition will be fulfilled when we have 

i[P(y cos t^—x cos |8)]— 0. 

It remains to discover the conditions of equilibrium of the 
forces parallel to the axis of z. Let x^ y„ and be the co- 
ordinates of the point at which the resultant of the parallel 
forces intersects the plane of or, y ; the moment of this result- 
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ant taken with reference to the planes of x, z^ and jf, z^ will be* 
equal to the sum of the moments of the several forces taken 
with reference to the same planes ; whence we have 

Rr,=2:[P(a7 cosy— z cos*)], 

Ry,=x[P(y cos y — « cos /i)]. 

If an equilibrium subsists between the parallel forces, their 
resultant must jpass through the fixed point, which, by hy- 
pothesis, coincides with the origin of co-ordinates, and we 
therefore have jr,=0, y,=0. The preceding equations will 
thus be reduced to 

J:\P{x cos y — « COB *)]=0, 
2[P(y cos y — JT cos |8)J— 0. 

We therefore conclude that when the system contains a fixed 
point, the equiUbrium will subsist, if the equations (67) are 
alone satisfied, the origin being taken at the fixed point. 

132. When the system contains two fixed points, one of 
the co-ordinate axes may be drawn through them ; this axis 
will thus become fixed, and the system can only be subject to 
a motion around it. A similar case will be examined in the 
succeeding paragraph. 

133. When there exists a fixed axis about which the system 
may turn, this axis may be assumed as the axis of z^ and the 
forces parallel to it will produce no effect. The remaining 
forces are situated in the plane of Xj y. But the condition of 
equilibrium of these forces requires that their resultant should 
pass through the point A {Pig. 67), which point is immove- 
able, being on the axis of z ; and the condition of the result- 
ant's passing through A is expressed, as above, by the equation 

i[P(y cos •— ar cos /»)]=0. 

This equation expresses that the system is in equilibrio, 
when the axis of z is supposed fixed. 

134. If we suppose, successively, the axes of y andar to 
become fixed, it may in like manner be demonstrated that 
the sptem will be in equilibrio, in the first case, when 

s[P(ar cos y— z cos •)]3sO, 

and in the second, when 

s[P(y cos y— a? cos /s)]=0. 

135. When the body is capable of sliding along the fixed 
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axis, supposed to be that of z^ an additional condition of 
equilibrium becomes necessary ; this condition is expressed 
by the equation 

2(Pcosy)=.0. 

136. By comparing the conditions of equilibrium of a sys- 
tem moveable about a fixed axis, with those which obtain 
when the system turns about a fixed point, we infer, Tbak 
an equUibriufn will take place about the fixed paint when, by 
reffording the axes passing through this point as fixed in 
succession^ the equilibrium is maintained with reference to 
each of them, 

137. If the forces be supposed to act against a fixed plane, 
which may be assumed as the plane of x^ y, the components 
perpendicular to ft will be destroyed by the reaction of the 
plane, and the conditions of equilibrium will thus be reduced 
to those of forces acting in a plane ; we consequently have 

i(P cos *)=0, 

s(P cos /3)r=0, 

i:[P(y cos <•— ar cos |8)]r=0. 

138. If a body be supposed placed on a fixed plane, being- 
at the same time hable to be orertumed by the* action of the 
forces exerted upon it, we must add to these three equations 
the condition, that the residtant of the perpendicular forces 
shall pass through a point in which the body touches the 
plane, or that it shall intersect the plane within the polygon 
formed by connecting the points of contact. 

139. The discussion of this subject will be terminated by 
the solution of the foUowing pioblemi: To find the analytir 
eal condition expressive of the existence of a single result- 
qnt of any number of forces situated in space. The system 
will admit of a single resultant, when Uie resultant of the 
components parallel to the axis of z intersects the plane of 
^, y, in a point situated on the resultant of the forces lying 
in that plane. To express this condition, we remark, that in 
case of an equilibrium, the following relations must subsist 
betureen the forces parallel to the axia of z (Art. 188) : 

P cos y+F cos >'+P" cos y'+Ac-O. 
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P(i? 008 Y-^z 006 «)+F(:r^ oos y'^af oos «') 

+F'(a?" 00* y''-«^ 008 i,'0+&c.=O. 
P(y COB y— j8? COS rt+P'(y' ^0® '/^Xf COS ^ 

+P' (y" COS y"-«^ COS b'')+&c.=0. 

If we consider P cos y, the first of these forces, as equal 
and directly opposed to the resultant Z of all the others, we 
shall have Z= — P cos y, and 

— P cos y=F cos y'+P cos y"+&C, 
— V{X COS y—Z COS «)=F(j:' cos y' — Sf COS «') 
+PV' COSy"~«" COS 0+&C- 

— P(y cosy— 2? COS iB)=F(y' cosy'— jc' cos^') 

+F'(X'' COS y"— «" C0S/B")+&C. 

The point of application of the resultant being supposed in 
the plane of x, y, let x/, y^, and be the co-ordinates of this 
point ; these values, being substituted in the first members of 
the preceding equations, give 

— P cos y=sF cos y'+F' COS y"+dtC., 

— ^P cos y^r^ssPXic' COS •— jr' cos V) 
+V^{x' cos y"— 2^ cos *'')+dtc., 

— P' COS yy,=«F(y' cos y — jc' cos s^ 

+F'(y" cos y"-»" cos^O+&»- 1 

and denoting by M and N the second membeis of the two 

last equations^ and replacing the fiu^tor — P cos y by its value 

Z, we obtain 

Z=P'cosy'+&c., 

2Lr/e=M, 

Zy,«N; 

whence we deduce 

M N 

Having thus obtained the values of the co-orditiates of the 
point at which the resultant of the parallel forces intersects 
the plane of x, y, it remains to express the condition that this 
point shall be found on the direction of the resultant of those 
forces which are situated in the plane of a;, y ; the equation 
of the latter resultant (Art HI) ia 
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Xy— Ya:s=x[P(ycos«- xcosp)]] 

and patting, for brerity, 

i[P(y cos «— « cos ^)]=L, 
it becomes 

Xy-Y«=L; 

replacing z and y in this equation by the values of x^, and y,, 
determined above, the required condition will be expressed, 
and we shall obtain 

XN YM r 

z z ' 

or, by reduction, 

XN=LZ+MY (68). 

If this equation be satisfied, the system will admit of a single 
resultant, except in the case when 

X=0, Y=0, Z=0. 

140. When the forces are situated in the same plane, the 
system wiU in general admit of a single resultant ; for the 
quantities M and N which represent the sums of the moments 
taken with reference to the planes of x, Zy and y, z^ being 
equal to zero, as also the quantity Z which expresses the 
sum of the components F cos y', P' cos y'', &c., the equation 
(68) will be satisfied. 

141. It appears from Art. 114 that the equations X=0 
and Y=sO express the condition that the forces lying in the 
plane of ;c, y may be reduced to two equal resultants R' and 
R", parallel to each other, and acting in contrary directions. 
By a similar process, the forces parallel to the axis of z may 
be reduced to two, 7J and Z'^, equal and acting in contrary 
directions. Hence, when we have simply the conditions 
X=0, Y=0, and Z=0, the system may be reduced to four 
forces R', R", Z', Z". These may be stUl fiirther reduced to 

two equal forces, having parallel and contrary directions. 

Theory of the principal Plctne^ and Analogy existing be- 

tween Projections and Moments, 

142. The theory of the principal plane, which presents 
results so nearly allied to those obtained in the theory of mo- 
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mentS) is of suck importance in the higher bmnches of me- 
chanics, as to forbid its omission in an elementary treatise^ 
It is founded on a theorem demonstrated in the elementary 
treatises on the Differential Calculus, which may be enun- 
ciated as follows : The projection of a plane surface upon a 
plane is equal to the area of this surfa4ie multiplied by the 
cosine of the angle qf inclination. 

It follows, from this theorem, that if ^ represent the angle 
formed by two planes, and a the area of a surface situated in 
the first plane, the projection of this area on the second plane 
will be expressed by x cos ^. But the angle ^ included be- 
tween the two planes MF and EN {Fig'' 68) is equal to that 
included between the two perpendiculars demitted from a 
point C on these planes. If one of these planes, EN for ex- 
ample, be supposed that of Xy y, the perpendicular AH will 
become parallel to the axis of z. Thus the angle formed by 
the plane MF with that of x, y,is measured by the angle in- 
cluded between the perpendicular BK and the line AH par- 
allel to the axis of z. 

In general, if «, p^ and y represent the angles formed by 
the perpendicular to a given plane with the three co-ordinate 
axes of X, y, and z, these angles will measure the inclinations 
of the assumed plane to the planes of y, z^ z, z, and x, y, re- 
spectively. 

143. Let «, /s, y, and r, c', t^^ represent the angles formed 
respectively by any two planes with the three co-ordinate 
planes, these angles being equal to those formed by the per- 
pendiculars to the given planes with the axes of co-ordinates. 
By introducing the cosines of these angles in the formula 
expressing the value of the cosine of the angle included be- 
tween two lines, the value of their inclination ^ may be 
determined. 

If we draw through the point C {Pig. 69) the lines CA 
and CB perpendicular to the given planes, these lines will 
contain between them the angle ^, and its value will result 
from the formula 

cos ^=cos f cos ft+cos / cos ^+cos ('' cos y (71). 

144. When the angle ^ is a right angle, its cosine will be 
egual to zero, and the equation becomes 
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€0S f COS «+COS / COS ^H-COS fl' COS v==0. 

146. From the formula (71) we deduce a very remarkable 
property of projections. For, let there be two planes, the first 
of which forms with the co-ordinate planes the angles a, 6, 
and c, and the second the angles «, ^, y ; the angle ^ included 
between these planes being deduced from the formula (71), 
we have 

cos ^=scos a cos «H-cos h cos /s+cos c cos y. 

But if we represent by a the area of a plane surface situated 
in the first plane, the preceding equation being multiplied 
by A, gives 
A cos ^=A cos a cos «+A cos 6 cos /s+A cos c cos V (72). 

The product a cos ^ is equal (Art. 142) to the projection of the 
area a on the second plane, and the products a cos a, a cos 6, 
and A cos c are, in like manner, the projections of the same 
area on the co-ordinate planes. 

146. The equation (72) therefore gives rise to the following 
theorem : The fryection of a plane surface on any plane is 
equal to the sum of the prod/ucts of its projections <m each of 
the co-ordinate planeSj multiplied respectively by the cosines 
of the angles ^, |3, and y, which measure the inclinations of 
the plane ofpryection to the (XHtrdinate planes. 

This theorem becomes much more general, if, instead of the 
area a lying in a single plane, we consider several areas 
p, a', a", dec. situated in different planes, and projected on a 
plane whose inclinations to the co-ordinate planes are de- 
noted by «!, /}, and y : to avoid repetition, let us call the plane 
of projection «, /s, y, and denote by 

p and ) the inclinations of the ( to the plane «, /9, y, and 
Ofbj e^S area a ( to the co-ordinate planes, 

^ and ) the inclinations of the ( to the plane «, ^, y, and 
a^j 6', <fj ) area a' (to the co-ordinate planes 

f" and t the inclinations of the ( to the plane «, /9, y, and 
a", 6", c", ) area a'' c to the co-ordinate planes, 

&c. &c. ^ dbc. 

By a method similar to that in which equation (72) was 
obtained, we can obtain similar expressions for the projections 
cfOie different areas; thus, y 



^ 



(73). 
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A 008 ^=:A 008 a COS «+A 008 i COS /)+A COS C 006 Vi 

a' cos ^'=a' cos a' cos .H-a' cos 6' cos /J+a' cos c' cos •/, 
a" cos ^"=a" cos a" cos *+ a" cos V cos /B+a" cos c'' eos y, 
&c &c &c. &c; 

whence, by addition, 

acos^+a' cos^'+a''cos^''+&c. 
=(a cos a+A' cos a'+A'' cos a"+d&c.)cos« 
+(a cos 6+A' cos 6'+A" cos 6''+dtc.)cos ^ 
+ (A COS c+a' cos c'+a" cos c"+&c.)cos y 

The first member of this equation is the sum of the pro- 
jections of the areas a, k\ x"^ iic. on the plane «, i0, y ; and the 
terms included within the brackets express the sums of the 
projections of the same areas on the co-ordinate planes. We 
therefore conclude that the enunciation of the theorem in 
Art. 146 will, in the present case, require to be so modified, 
that we may substitute in the place of the plane area x, a sur- 
&ce composed of any number of plane areas x, \', x", &c 
situated in difierent planes: this modification renders the 
theorem much more general. 

147. For the purpose of simplifying the last equation, let 
us denote by P the sum of the projections of the areas 
X, x', x'', &c. on the plane «, /9, y, and by A, B, and C the re- 
spective sums of the projections of the same areas on the three 
co-ordinate planes ; the equation will thus be reduced to 

P=Acosic+B cos ^+C cosy (74) 

148. It should be observed, in taking the sums of these pro- 
jections, that the cosines of the angles which enter into the 
expressions are positive or n^fative, according to the values 
of a, 6, c, a^ V^ c', d&c ; thus,these sums will occasionally be 
changed into differences. For this reason, we should under- 
stand the enunciation of the general theorem as being appli- 
cable to the algebraic sums of the projections. 

149. Let the areas x, x', x", iic. be now projected on two 
other planes which form with the co-ordinate planes the 
angles «', 0^ y', «", ^', y ; and denote by P' and P'' the sums 
of the projections of x, \', x", &c. on the planes «', /s', y', 
ft ', ff\ y'\ respectively ; we shall obtain equations similar to 
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(74), and if we represenli as above, by A, B, and C, the soibs 
of the piojeetiona of x, x', x", dec on the oo-otdinate i^anea, 
ve shall have 

P =sAC0S* +Bc0Si« +0c08y ^ 

F=A cos «'+Bcosig'+C cosy' > (76). 

P' =A cos «"+B cos /^'+C cos y" 5 

160. If the planes upon which the projections P, P', and 
V^f are made be supposed rectangular, their intersections 
will be perpendicular to each other, and may therefore be 
regarded as three rectangular axes, which intersect at a 
point O ; consequently, by representing these new axes by O^ 
Oy', and Oz^y they will be respectively perpendicular to the 
new planes of co-ordinates ; but the axes of 2;, y, and z were 
likewise perpendicular to the primitive co-ordinate planes ; 
hence, the angles formed by the primitive axes with the new, 
will be measured by the inclinations of the primitive co- % 
ordinate planes to the new. These angles of inclination are, 
by hypothesis «, A y ; *', ^, ^ ; *", ^', y" ; and since each of 
the primitive axes corresponds to the same letter although 
dilferently accented, we find that 

The axis of x forms with the new axes the angles «, «', •", 
The axis of y forms with the new axes the angles fij p\ /T, 
The axis of z forms with the new axes the angles y,y, y^. 

The following relations will therefore subsist between the 
cosines of these angles, 

cos* «+C08* « + COS« ."sal 1 

COS* » +COS» ^+COS» /B"«l > (76). 

COS* y+cos^y+cos^y^sl J 

Again, since the angle formed by any two of the primitive 
axes is a right angle, we shall obtain (Art. 144) 

cos « cos iS+cos « cos ^-f-cos tT cos ^s=0 ^ 

cos* cosy+cos « cos y'+cos •" cos y"=0 > (77). 

cos ^ cos y+COSy cosy 4-COS/' cos y^'asO J 

161. If we take the sum of the squares of the equations 
(75), reducing by means of (76) and (77), we shall obtain the 
relatbu 

P«+F«4.pr/««A«+B«+C« (78) ; 
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which expresses that the sum of the squares of the injec- 
tions of the areas a, a', x"t&>c. on any three rectangular planes 
is a constant quantity. 

162. Several important consequences may be deduced 
from this theorem : thus, if we resolve the equation (78) with 
reference to P, we find 

The value of P will evidently be greatest when P' and P'' 
are equal to zero. In this case, the sum of the projections of 
A, a', A^d&c. on the plane «, A >> ^^^ be given by the equaticm 

P=v/(A»+B«+C«) <79). 

But the angles «, «', « ', being the angles formed by th& primi^ 
tive axis of jr, with the three new axes, we must have the 
relation 

A=P cos «+F cos it^+P' cos «" ; 

and by considering the other angles, we obtain in like mannei; 

B=P cos g+Tf cos /J'+F' cos r^ 
C=P cos j'+F cos >'+F cos /'. 

If we suppose, as above, the quantities P' and P'^ to be equal 
to zero, the preceding equations reduce to 

A=Pcos«, B=Pco8iB, C==Pcosy (80). 

whence, 

A ^ B 

008 «=^, C08^=»p C08>=-, 

and by substituting fbr P its valu* given in equation (J9% 
we find 

A 

****~V(A»+B«+C»). 

B 

"^^"v'CA'+B'+C') 

C 
«*>='^(i,»+B«+0»> 

These angles express the inclinations ot the plane of 'man* 
mum projections,, which is called the principal plane. 

The detennination of this plane being dependent <mly on 
the angles «, it, >, the saine property will be enjoyed by every 
parallel plane. 



(81). 
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153. It may also be demonstrated that the sum of the pro- 
jections of the areas a, a', a'', &c., on every plane which is 
equally inclined to the principal plane, will be equal to a con- 
stant quantity. For, let CI be the sum of the projections on 
any plane whose inclinations to the co-ordinate planes are 
denoted by a, 6, and c : if we represent, as heretofore, by A, 
B, C the projections of these areas on the co-ordinate planes, 
we shall have 

Cl=:A cos a+B cos b+C cos c ; 

but if «, ^, y denote the inclinations of the principal plane, 
the equations (80), which are 

A=P cos «, B=P cos /9, C=P cos y, 

will reduce the preceding equation to 

Gl=P(cos a cos «-|-cos b cos ^-f-cos c cos y). 

The quantity within the brackets being equal to the cosine 
of the angle included between the principal plane «, ^, y and 
the assumed plane a, 6, c, we shall have, by calling this in- 
clination ^, 

Cl=:Pco8l; 

and since P represents the sum of the projections on the prin- 
cipal plane, which, by Art. 152, is equal to \/{A^ +B« -t-C«), 
the substitution of this value gives 

Cl«v^(A«+B«-f-C*)Xco8l (82). 

But the projections A, B, and C remaining the same, it follows 
from the equation (82) that the value of Q, the sum of the 
projections on any plane, will be constantly the same for aU 
planes having the same inclination to the prindpal plane. 

It also appears that this sum will increase or diminish in 
the same ratio as cos i. 

154. Lastly, it may be remarked that the sum of the pro* 
jections on every plane perpendicular to the principal plane 
is equal to zero ; for isSO^ gives oos lasO, and Cls=0. 

166. The several theorems relative to projections iPirhich 
have just been demonstrated are likewise appUcable to the 
case of moments. For, let the centre of moments be sup- 
posed to coincide with the origin of coH>rdinates, and con- 
ceive the plane •^l^yto pass through the origin : if from the 
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points of application of the several forces we take upon their 
respective lines of direction^ portions which shall be propor- 
tional to the intensities of these forces, these lines may be 
represented hy the letters P, P^ P'^, &c. The centre of mo- 
ments may then be regarded as the common vertex of several 
triangles, of which P, P^ P'', &c. represent the bases : the 
projections of these triangles upon the plane «, /s, y, and on 
the co-ordinate planes will likewise be triangles, their bases 
p, p', p*\ &c., being the projections of the lines P, P, F', &c., 
and their altitudes A, A', A", &c., being the perpendiculars de- 
mitted on the lines p^ p', p'\ &c.. from the centre of moments. 
These values being substituted in equation (73), which 
may be written under the following form : 

s(the projections on the plane «, p^ y)= 
( The projections on the co-ordinate planes multiplied ) 
\ respectively by the cosines of the angles of inclination ) ' 

convert it into 

iph + |p'A'+ ip"A"+&c. = 

{The projections on the co-ordinate "J 
planes multiplied respectively by the > (83). 
cosines of the angles of inclination j 

The second member of this equation will contain similar pro^ 
ducts, and the factor \ will therefore be common to the two 
members ; this being suppressed, the first member will re- 
duce to 

yA+p'A'+p"A"+&c- 

But jp, pf\ p'\ d^c., being the projections of the right lines P, 
P', P'', &c., the products pA, p'A', ;>"A", &c. will be the mo- 
ments of the lines p, p\ p'\ &c., taken with reference to the 
origin of co-ordinates. The same remarks being applicable 
to the second member of equation (83), it follows that the 
sum of the moments of the projections of the forces on the 
plane i», /9, y, which passes through the origin of co-ordinates^ 
is equal to the sum of the moments of the projections of the 
same forces on the three co-ordinate planes, multiphed re- 
spectively by the cosines of the angles of inclination. 

166. By making similar substitutions in equations (78), it 
may likewise be proved that the sum of the squares of the 




CBNTRB OF GOIAVITY. 79 

momaniB of the different forces, when pi^jeeted on three 
rectangular planes, is a constant quantity. 

The equations (80) make known the position of the plane 
in which the sum of tlie moments will be the greatest pos- 
sible. And the equation (79) determines the sum of the 
moments on the principal plane. 

Centre of Oravity, 

157. The particles of matter are constantly subjected to Ae 
action of a force which tends to draw them towards the earth, 
in directions perpendicular to its surface. This force is called 
the force of gravity. 

The earth being nearly spherical^ the lines of direction in 
which material points tend to move, will converge towards 
its centre ; and since the distance of this centre from the sur^ 
&ce is exceedingly great when compared with the dimen- 
sions of those objects which we usually consider, the direc- 
tions of the forces which act on the different particles of the 
same body_. may, without sensible error, be regarded as 
parallel. 

168. It is known from observation that, as we recede from 
the centre of the earth, the intensity of gravity diminishes in 
the inverse ratio of the square of the distance included be- 
tween the centre and the place of observation. For example, 
if a body be placed at a certain distance from the centre of the 
earth, assumed as unity, and be subsequently transported to 
distances represented by 2, 3, 4, <fcc., the intensity of the force 

of gravity wiU become g^, ^, — , &c., or j, g, ^, &c., of 

what it was at the distance of unity. 

159. The earth being flattened towards the poles, and pro* 
tttberant at the equator, it follows, that in going from the 
equator towards the poles, we must necessarily approach the 
centre of the earth, and the intensity of gravity wiU therefore 
increase. It wiU appear hereafter in discussing the subject of 
centrifugal forces, that from another cause, the intensity of 
the force of gravity is greater at the poles than at all other 
places on the earth's sur&ce. 
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160. The action ofgraidtybeingezertodon all the purtideB 
which compose a body, these particles may be regarded as 
solicited by forces whose directions are parallel ; the resultant 
of these forces is equal to their sum, and constitutes what is 
called the weight of a body. Hence, if the bodies considoed 
are homogeneous with each other, their weights will be pio- 
portional to their volumes. 

161. The term density is used to express the greater or 
less number of particles contained in a body of a given 
volume, when compared with the number of particles con- 
tained in some other body assumed as a standard. If we 
assume as the unit, the quantity of matter contained in a 
cubic foot of a given substance, distilled water for example, 
and compare this quantity with that contained in a cubic 
foot of any other substance, their ratio will express the densiijf 
of the second substance. Let this ratio be denoted by D. 
If the second substance considered were gold, by calling D 
the density of gold, we should have 

7%c quantity of nuUter in ) _ ( D X TVie quantity of matter 
a cubic foot of gold \ ^ ( in a cubic foot of water; 

whence 

y^_ Quantity of matter in a cubic foot of gold 
Quantity of matter in a cubic foot of water 

162. In the preceding article we have considered bodies of 
the same volume ; but if we wish to estimate the quantity of 
matter contained in a homogeneous body whose volume is Y, 
the quantity D must be taken as many times as there are 
units of volume in the volume Y ; we shall thus have 

M=DY (84). 

The quantity M is called the mcas^ and evidently expresses 
the relation between the quantity of matter contained in the 
body, and that contained in the unit of volume of the sub- 
stance assumed as the standard. 

163. If the intensity of gravity were the same at all places, 
the weight of a body would be proportional to its mass, and 
might be represented by the same quantity. For, if ^ denote 
the effect exerted by gravity on the unit of mass, or the 
weight of the unit of mass, and Wthe weightof the tx>dy, we 
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siiall haye, from the definitkm of the weight, W^aMg ; in 
which expression the quantity g will be constant, and may 
be assumed as the unit ; we shall thus obtain the relation 

W=M . . . . . (85). 

This equation merely expresses that the number of units of 
weight is equal to the number of units of mass. 

But, if by transporting the mass to different distances from 
the earth's centre, the intensity of gravity be subject to varia- 
tion, the quantity g will be variable,. and the equation ex- 
pressing the relation between the mass, weight, and intensity 
of gravity, must then be written under the general form 

W=]M^ (86). 

164 From the equations (84) and (86), we deduce 

W^DYgi 

which indicates that the weight varies preportianaUy to>the 
gremh/ig^ thevobime F, ani the density D. 

165. if, for example, two bodies of the same volume be 
subjected to the action of the same force of gravity, their 
weights will be in the direct ratio of their densities. 

The intensity of gravity var3ring only with change of 
place, it follows that g will be constant for all bodies at the 
same place. 

166. K there be any number of points firmly connected 
together, and solicited by the weights P, P', P'^ &c., we may 
regard these weights as parallel forces ; and denoting the 
co-ordinates of the respective points by or, y, z, x', y', ^, 
a/', y", z'\ d&c., we shall obtain, from Art. (80) and (81), the 
expressions for the co-ordinates of the centre of parallel forces*; 
these co-ordinates being represented by X/, y^, z^y we find 

_ Px + l?fxf + Vf^xff -f &c> 
*' p+p/+F^+4tc. ' 

_ Py-f Py^^Fy^-f &c. 
^' PH-P'-hP"+&c ' 

^' P+P/+P//+&C • 

167. When the ibrces are exerted, as in the present in* 
stance, by the action of gravity, the centre of parallel forces 
is caDed the centre of" gravity. Let m, m^j m^j ice. represent 

P 
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the masses corresponding to the wd^its P, F, P', &c.| we 
shall have 

and by substituting these values in the preceding equations, 
omitting the ftctor g^ which is common to the numerators 
and denominators of the fiaetions, we obtain 

^'^ m+wi'+wi"+&c. * 

_ wtz+m^z^+m^^z^^+&c. , 

*' wi+m'+m''+&c. ' 

whence it appears that the position of the centre of gravity 
is independent of the intensity of the force of gravity. 

168. If the bodies are ccmiposed of a homogeneous sub- 
stance, the density of which is represented by D, we shall 
have, by denoting their volumes by v, t/, v", &c. {Art. 162), 

m^vD, m/=«t>'D, m^rsv^'D, &c.; 

and by a substitution and reduction similar to the preceding, 
we find 

y* «+i/+t;"+&c. ' 

or calling Y the volume of the entire system, these equations 
become 

w+i/a:'+v"a:"+&c. 
x,= ^ , 

.. _^+^+vV+&c, 
y/= — ^y , 

*i^ -^ 

169. To determine the centre of gravity ezperimentallyi 
we suspend the body by a thread CA {Fig. 70), and the pro- 
bngation AB of the direction of this thread will 
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PM8 through the centre of gnmty. The point in the line 
AB at which the centre of gravity is situated, may then be 
£>und by suspending the body from a second point E ; the 
vertical line EF, passing through this point, must likewise 
pass through the centre of gravity^ which will consequently 
be found at the point O, the intersection of the two lines AB 
and EF. 

In this ezperimoit, the body is sustained by that point to 
which the thread is attached : the resultant of all the actions 
of gravity upon the particles of the body must therefore pass 
through this point, and its direction must coincide with that 
of the thread. 

170- The centre of gravity of a right line AB (Pig. 71) is 
situated at its middle point O: for, by r^rarding the line as 
composed of heavy material points, each particle m situated 
on one side of the point C will correspond to a particle mf on 
the contrary side, and equally distant from the same point : 
the moments tnxCm and m'xCm' are therefore equal and 
have contrary signs. The same remarks are applicable to 
all the other points of the line AB, taken by pairs ; hence it 
follows, that the algebraic sum of the moments of all the par- 
ticles taken with reference to the point C is equal to zero ; 
the moment of the resultant taken with reference to the same 
point is therefore zero, and the direction of the resultant must 
pass through the point C, situated in the middle of the 
lineAR 

171. The centre of gravity of a parallelogram AD {Fig. 
72) is at the intersection G of the right lines EF and HE, 
which bisect the parallel sides. 

For, if we conceive the particles which compose the paral- 
lelogram to be situated on lines parallel to AB, the centres of 
gravity of all these lines will be found on the line EF drawn 
through the middle points E and F of the opposite sides AB 
and CD, since EF will bisect all these parallels. Hence, the 
centre of gravity of the entire parallelogram will be situated 
on the line EF. In like manner, it may be proved that the 
centre of gravity lies on the line HK which bisects the sides 
AC and BD ; it will therefore be situated at the point O, the 
intersection of the two lines EF and HE. 

F2 
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178. I^centreff gravity Q of the area of a trianffk ABC 
{FHg. 73) €8 found by dramng a line CD from the vertex to 
the middle^ the opposite side^ and taking a part DO equal 
to one-third of the whole Urn CD. For, since the line CD 
pas9e8 through the middle of all the lines parallel to the base 
AB, it contains the centre of gravity of the area of the tri- 
angle : for a similar reason, this centre must lie on the line 
AE drawn through the middle of the side CB : hence, it is 
found at <he point O, the intersection of these two lines. But, 
by connecting the points D and E, we form the triangle BED, 
which is similar to the triangle BCA, since the two triangles 
have a common angle, and the sides adjacent directly propor- 
tional : the line DE is therefore parallel to AC, and the tri- 
angles ACG and DEG are likewise similar; hence, 
CG : GD : : AC : DE :: AB : BD : : 2 : 1 ; 

from which results 

CG=2GD, 
and, consequently, 

CDorCG + GD=3GD, 
or, 

GD=iCD. 

173. To find the centre of gravity of a triangular pyra^ 
mid, toe draw through the vertex and the centre of gravity 
of the ha^se, the line AG {Fig. 74), and take the distance 
GO =iAG ; the point O will be the centre of gravity of the 
pyramid. 

For, if we conceive the pyramid divided into an infinite 
number of elements by planes parallel to the base BCD ; the 
line AG will pass through the centres of gravity of all these 
elements, and will therefore contain the centre of gravity of 
the pyramid. In like manner, by drawing the line DG' 
through the vertex D and the centre of gravity G' of the oppo- 
site face, this line will also contain the centre of gravity of the 
pyramid. But, since the lines AG and DG^ are situated in the 
plane of the triangle AED, and are not parallel, they will 
intersect, and hence the centre of gravity of the pyramid will 
be found at O, their point of intersection. 

The points G and G' being connected, the triangles EGG' 
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and EDA win be similar, since they have a common angle E, 
and the sides containing it diiectly proportional ; hence, GG' 
is parallel to AD, and the triangles AOD, GOG' are likewise 
similar ; from these we QJl^tam 

GG':AD::GO:OA; 
but the similar triangles EGG' and EDA give 

GG': AD:: EG: ED; 
whence, by comparing these two proportions, we have 

GO :0A:: EG: ED:: 1:3; 
and from this proportion we.find 

3G0=0A ; 
adding GO to, each member of the equation, there results 

4GO=0A+G0==:AG, 
or, 

GO = JAG. 

174 In general, the centre of gravity of any pyramid (Pig. 
75) is situated on the right liiie SF, chawn Arom the vertex 
to the centre of gravity of the base, and at a distance 
P0=JSP. If we draw through the point O thus deter- 
mined, a plane parallel to the base of the pyramid, this plane 
will contain the centre of gravity of the ppamid. For, if 
through F, the centre of gravity of the polygonal base, the 
lines FA, FB, &c. be drawn to the several angles of this poly- 
gon, we shall form as many triangles as the figure has sides, 
and these triangles may be regarded as the bases of triangu- 
lar pyramids having a common vertex S. The lines drawn 
fipom the vertex S to the centres of gravity of the several 
triangles will be cut proportionally by the plane parallel to 
the base, and the points of intersection will dierefore be situ- 
ated at distances from the base, equal to one-fourth of the 
distance from the base to the vertex of the pyramid. Hence, 
these points of intersection will be the centres of gravity of 
the several triangular pyramids. But the centres of gravity 
of all the partial pyramids being situated in the same plane 
parallel to the base, it follows that the centre of gravity of the 
whole pyramid will likewise be situated in this plane. It 

must also be found on the line SF, which contains the centres 

8 
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of gravity of all tfie sectiociB parallel to the base, and we 
therefore conclude that the centre of grmeiJty of amf pyramid 
is situated an the line drawn from the vertex of the pyramid 
to the centre of gravity of the hase, and at a distance from 
the base equal toone-fourth iff the entire distance to the vertex. 
176. Tbjind the centre^ gravity of the area of a polygon. 
Let the polygon be divided into triangles {Fig, 76), and de- 
note by a, a\ a", &c., the areas ABC, ACD, ADE, d&c. of 
these triangles : let weights proportional to a, a', a^\ &c. be 
supposed applied at the centres of gravity G, G', G'^ &c., of 
the several triangles. The centre of gravity of the area 
ABCDA may then be found by the proportion 

a+af : a : : GG' : G'O. 

In like manner, the centra of gravity K of the area ABCDEA 
may be found by determining the resultant of a+a'' actii^ 
at O, and a" acting at G'^ Its position will be ascertained 
by the proportion 

a+a'+a" : a" ::0G": OK; 

and the same process may be continued for any number of 
triangles. 

176. This problem may also be solved by means of the 
equations of parallel forces. For let X4 and y/ denote the co- 
ordinates of the centre of gravity of the polygon {Fig. 77) : 
from the theory of parallel forces we obtain the equations 

ar,=Par+PV4-FV+F"r'", 

By,= Py H-P'y'+P'y -1-P"y"- 
And denoting as above I7 a, a', a", af", the areas of the tri- 
angles ABC, ACD, ADE, AEF, we shall have, since the areas 
may be substituted for the weights to which they are pro- 
portional, 

P==a, F=5rt', F'«tf", Tf^^af"] 

and the preceding equations become 

ax+a^af+a"a/'+af"sf" 



XjSS' 



ay+ay+aY+ a"Y' 
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T1iu8i haring taken the part OP^i;^ we draw the liM P6 
parallel to the axis of y and equal to y, ; the point O will be 
the centre of gravity. 

177. Thjind the centre of graviiy of the perimeter iff a 
polygon. We proceed in the presmt case in a manner sindlar 
to that adopted in the preoeding example, merely observing 
that the centre of gravity of each tiide will be situated at its 
middle point, and that these points may be r^parded as 
loaded with weights proportional to the sides. 

178. To find the centre of gravky of the arc of a plane 
curve. If the curve be divided into elementary portions, 
the value of the element vwnl {lPig» 78) will be expressed by 
^{dx* +df*)^ and since this element is indefinitely small, its 
centre of gravity may be regarded as coinciding with its 
middle point o, and having the same co-ordinates z and y as 
the point m; the moment of mm' with reference to the axis 
of x,will therefore be 

«jp X mm' =y y v^(<fcfc« +iify« X 
and its moment with reference to the ajos of y, will be 

oq X mm'^x X ^{dx* +dy* ). 

If x^ and y, repiesent the co-ordinates of the centre of gravity, 
and s the length of the curve MM', the moments of this arc 
supposed concentrated at its centre of gravity, taken with 
reference to the axes, will be respectively ex, and sy, : and 
since these moments must be equal, to the sum of the mo- 
ments of the elements, we shall have 

sx,=^fxy/{dx*+dy^)f 

^.^/V^/{dx'+dy')] 

and the length of the axe MM' will result from the formula 

179. Let it be required, for example, to determine the centre 
of gravity of the arc 130 of a cirde (Pig.79). The co- 
ordinate axes being sdeeted in such a manner that the arc 
shall be bisected by the axis ot abscisses passing through the 
centre of the circle, the arc will be divided symmetrically by 
this axis, and the centre of gravity ot the arc will thm be 
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found on thifi line ; heiioey we shall have y^ssO. It will 
therefore be only necessary to determine the absciss AG^x, 
of the centre of gravity of dlie arc BO. But the value of x, 
results from Art. 178 ; thus, 

sx^^/x^idx'+dy^) (87). 

To integrate the second member of this equation, we elimi* 
nate one of the variables by means of the equation of the 
circle, which is 

yi-,a«— «?• (88); 

and by differentiating this equation, we obtain 

ydy^^xdx\ 
whencci 

AT ' 

and by substituting this value in the expression y/{dx ' -fc^> 
we have 

v'(*^+rfy»)«\/(^^^|^); 
which, reduced by means of equation (88), gives 

V'(cfc«+rfy«)==^; 

this value being substituted in equation (87), we find, by 
integration 

>^(cfe«+rfy«)=ay+B (89), 

the quantity B representing an arbitrary constant. 
. If we denote by c the chord of the arc BO, and wish to 
determine the centre of gravity of the arc which it subtends, 
we must integrate between the limits y=ic, y=— |o. But 
since the arc extends fVom O to B, this int^ral will becoms 
zero at the point O, the ordinate of which is y=— ^ This 
supposition reduces equation (89) to 

0=— ^+B; 

by eliminating B between this equation and (89), we find 

/a?v^(ifeH+rfy«)«fly+ia;; 

and making y=|c, for the purpose of taking the entire 
integral from the point O to the point B, we obtain 
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wiiich value substitiited in equation (87), gives 

or 

radius Xehord .^. 

*^= rz: — yy^jf 

arc 
the absciss of the centre of gramiy is therefore afourthpro- 
pcrtional to the arcj the chords and the radius. 

180. To find the centre of gravity of a curve of double 
curvature, or, in general, that of any line situated in space. 

The expression for the element of a curve of double curva- 
tuie being 

^{dx'+dy^ +dz^) (91), 

let the moments of this element be taken with reference to 
the co-ordinate planes. The co-ordinates x, y, and z repre- 
sent the distances of this element from the planes of y, z, x, z^ 
and xy, and the respective numients will therefore be 

a?^((fc«+rfy>-frfz^) 1 

y^ldx^-^dy^+dz^) > (&2) ; 

Zy/{dx*+dy^+dzi) j 

consequently, if we denote by x,, y^, and z, the co-ordinates 
of the centre of gravity, and by s the length of the arc, these 
quantities wiU be determined by means of the equations 

st,:=^fW{d''+dy'+dz^) I . 

sy.^fy^idi'+dy^+dz*) ^ • • • • VV^> 
8z,^fz^(dx^+dy*+dz») J 

181. Let it be required to apply these formulas to the 
case of a right line situated iii space. Assume the origin at 
one extremity of the line ; the equations of the line will then 
be of the form 

9=:«s, y=:fiz • • • • • (94) ; 
whence, 

dx^mdXf^ dyszfdt. 

IliMe values substituted in the expression (91Xgive 
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and patting, for brevity, the radical equal to A, we shall have 

Substituting this value in the equations (93), and likewise 
those of X and y given by equations (94), we find 

sxi ^/AMxdx = |A«z* , 

szi ^fkzdz = \Kx^. 

Let h represent the ordinate z of the point M (jF^. 80). 
To determine the centre of gravity of AM, we must integrate 
between the limits z=0 and z=A, and we shall thus find 

^=AA, 

5a;^s=|A«A*, 

jM//=iAM% 
5aj/=:|AA*. 
Eliminatii^ 5^ and reducing, we obtain 

^i—\^ y/=i^A, Zy=iA. 
These values correspond to the co-ordinates of the point O, 
the middle of the right line AM ; for, if AO be the half of AH, 
the similar triangles AOd, AMP will give 

aa=jMP=iAj 

which value being substituted in equations (94), we find 

182. To find the centre of gravity of a plane surfaoey 
bounded, by the arc (^ a curves and the axis of abacisses. 

Let Xi and yi be the coK>rdinates of the centre of gravity 
of the entire surface, and let O be. the centre of gravity of an 
element MP' U^' 81); the area of this element being equal 
to ydx^ its moment with reference to the axis of x will be 
GNxy<2ir, and that with respect to the axis of y will be 
ANxycix. But since the element MP' may be regarded as 
a rectangle whose side FP' is indefinitely small, we shall have 

PM 

AP^ANssx, and ON=£_^s|y: hence the moments with 

reference to the two axes become |y'c£c, and xydx. If we 
represent by a the surface DBMP, its area and the co-ordi- 



CENTaB OF GRAVITT. VL 

nates of its centre of gravity will be determined by means of 
the equations 

>3!i^fxydxy \ (9ft)^ 

183. To apply these formulas, let it be required to find the 
centre of gravity of a circular s^ment CDE (Fig* 88). The 
origin being assumed at the centre of the circle, and the axis 
of abscisses AD a line bisecting the arc CE, the centre of 
gravity of the segment will evidently be situated upon this 
line ; it will therefore be only necessary to calculate die value 
of the absciss AG=dP/. If g and g^ represent the centres of 
gravity of the semi-segments, they will be found at equal dis- 
tances from the axis AD, on a line gg perpendicular to this 
axis, since the entire segment is divided into two sjrmmetri* 
cal portions ; the line gg^ will therefore intersect the axis of 
abscisses at a point G^ the centre of gravity of the entire 
segment. 

The question is thus reduced to determining the absciss of 
the centire of gravity of the semi-segment CDB, and its value 
may be found by integrating the equation (96). 

For the purpose pf eliminating one of the variaUes: in this 
expression, we assume the differential equation of the circle, 

ydy=: — arcbr ; 

fipom which, by substitution in equation (95), we obtam 

Aapy=/— y'rfy (96) ; 

and by integrating, and introducing a constant A, we have 

/-y«dy=-iy»+A (97).. 

To determine the value of this constant, the int^al must be 
taken firom the point C to the poifit D ; or, if we denote by 
c the value of the chord CE, the limits of the integral will be 
y=: \t and y =0» Thus, if we suppose the integral to become 
zero, when y=ic, the constant A will result from the equation 

and the equation (9T) will liierefoie beciMne 
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• C* 

Putting y=0, to obtain the value of tbe entire integral torn 
C to D, we have 

/-y*rfy=^ 
This value rabetituted in equation (96),give8 

but since a represents in this expression the area CDB, we 
have 

A==i area CDEB, 
whencoi 

*' 12areaCDEB' 

and we therefore conclude, that the disi€mceJrom the centre 
of gratriiy of a circular segment to the centre of the circle is 
equal to the cube of the chord divided by twelve times the area 
of the segment. 

184. Th find the centre of gravity of a circular sector CAE 
{Pig. 83). The centre of gravity is evidently situated on 
the radius AB which divides the sector into two equal parts ; 
it will therefore be only necessary to determine the value of 
the absciss AO. If we regard the sector CAE as composed 
of an infinite number of elementary sectois, die centre of 
gravity of each will be situated at a distance firom the point 
A equal to two-thirds of the radius AC, since these sectors 
may be considered triangular. Hence, if from the centre A, 
with a radius equal to two-thirds of AC, we describe the arc 
HK, the centres of gravity of all the elementary sectors will 
be distributed unifermly along this are ; and coneequenfiy, 
the centre of gravity (^ this arc will cdncide with that ol the 
circular sector. But itx^ denote the absciss AO, we have, by 
Art 179, 

_ AHxchordHK 

*' — isns ' 

and from the similarity of the sectors AHK and ACE, wa 
find 
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AH«f AG, 

chord HKa| chord GE, 

arcHKa|arcCE; 

which Tahies substituted in the preceding equation give by 
reduction, 

^ |ACx chord CE 
*' arcCE 

185. To find the centre of gravity of an area OBO' 
{Fig» 84) comprised between two brandies of a curve. 

Let y and y' represent the two ordinates PM and PM' cor- 
responding to the same absciss AP=« : the element MN' of 
the surfitce, being the difference of the areas PN and PN^ will 
be expressed by 

y(fa—y^rfx=(y— yO*^ ; 

and if we represent by a a portion of the area included 
between the chords MM' and 00', we shall have 

A=y(y-y')c&. 

The element MN' being regarded as a rectangle haying one 
of its sides indefinitely small, its centre of gravity inHill be 
situated in the middle of the line MM' ; and the ordinate of 
4hi8 point will therefore be 

PM'+iMM^=y'+l(y-yO=i(y +yO ; 
hence, the moment of this element with reference to tbaazis 
of t will be 

i(y +sO(y-yOrf«=*(y * -»" )rf« ; 

and the moment with reference to the axis of y will be 

a(y— yO<&. 

Thus, if Xi and y/ denote the co-ordinates of the oenlie of 
gravity of the entire surfiice, their values will become known 
fiom Uie equations 

A«;=/i<y-y')cfe, 

Ay,=yt(y>-y'-)d«. 

186. T\)findthscentreof gravity of a surface of revohUion. 
Let the surfiu^ be supposed generated by th^ revolution of 

the curve AM {Fig. 85) about the axis of x. The element of 
the surfeuse, or the zone generated by the elementary arc Mm, 



'^ 
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will be e;cpre8S6d by 2«y«b : henoe, by calling a the entire 
surfiice, we shall obtain 

But since the centre of gravity is evidently situated on the 
axis of revolution, the co-ordinate x, will be alone necessary. 
To determine its value, we take the sum of the mom^its 
with reference to the plane yz, which sum being equal to the 
moment of the whole surfkce supposed concentrated at its 
centre of gravity, we find 

A«,=/rx2irycfe; 
whence, 

/2«y:rcfa 

substituting for a and ds their respective values, and suppress- 
ing the factor 2*- common to both terms of the fraction, we 
obtain for the absciss of the centre of gravity, 

187. For the purpose of appljring this formula, let it be 
required to determine the centre of gravity of the sur&ce of 
a spheric segment. This surface being generated by the 
revolution of a circular arc BC {FHg. 86) about the axis of 
Xf we may eliminate one of the variables in the preceding 
formula by means of the equation of the circle ^ 

y« =r» — «* ; 
which gives, by diflferentiation, 

x*dx* 

hence, 

This value being substituted in the integrals of equation (98), 
we find 

yiyi/(<fe" +di^)^/rxds=^irt» +C, 

Taking the integrals between the limits irasADso, and 
a^sABsr, we 
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These values transfonn the equation (98) into 

thus, the centre of gravity is situated at the middle of the 
line DB. 

188. To find ike centre of gravity of a solid of revolution 
Mfbounded hy ttao planes perpendicular to the axis, (i^.87). 

The centre of gravity being necessarily situated upon the 
axis of revolution, which is suppos^ to coincide with the 
axis of x^ it will be sufficient to determine its absciss x,. 
The element of the solid is expressed by irydxy and we 
therefore have 

M^fify^dx . (99). 

The moments being taken withr^nence to the plane oiy^z^ 
we shall obtain 

tix.^f^xdx (100); 

and by dividing this equation by the preceding, we find 

^.'^ w 

We must eliminate one of the variables in this formula, by 
means of the equation of the curve, and then integrate be- 
tween the limits a;=sAP and ^^^ AQ. 

189. This formula being applied to the determination of 
the centre of gravity of a cone, it will be necessary to obtain 
the two mtegrals 

fy^dx and fxj^dx. 

Eliminating y* by the equation of the generatrix y^ax^ we 
obtain, after integration, 

fy*dx9s/t]^t^dxssi-^j 

fy^xdx^fa'x^dxss—j-. 

There are no constantis introduced by integration, since the 
volume is equal to zero at the origin A (Pig. 88). These 
values, being substituted in the formula (101), give 
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a'jr* 



^i'^-Ar^i^' 



a'x 



3 
from which we conclude that the centre of gravity of a cone 
is (it a distance firom the vertex equal to three-fourths qf the 
aUUude Ax. 

190. As a second example, let the required centre of gravity 
be that of the volume of a paraboloid generated by the revo- 
lution of the parabolic arc AM {Fiff- 86) about the axis Ax. 
The equation of the curve being y » =j5ar, we have 

fj/^dx =:fpxdz = ipx^j 

fy*9d9=ifpx'dx^^p»* : 

these values substituted in formula (lOl)i give 

ipz* , 
ipz' 

The constants introduced by integration are equal to zero in 
the present instance, for the reasons assigned in the preceding 
paragraph. 

191. Let the solid of revolution be an ellipsoid^ the equa- 
tion of whose generatrix is 

b* 

this value of y' being substituted in the integrals of equation 
(101), we obtain, since the constants are equal to sero, 

fyd*^^J*{a-dt-,*dx)Jl («'*-^), 

fyxdx^^^J{a>xdx-x*dx)=^^{^-'S^, 
These values reduce equation (101) to 

and by taking the integral between «=0 and «=sa, we find, 
for the absciss of the centre of gravity of the semi-ellipaoid, 

192* To find the cenire qf gramty of a vobtme generaUi 
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hjf Ab rvoohuisn of an wrea embraced by a cmno^ BMCM' 
{Fig* 89) abimt the axis (^x^tkis axis being Mtuated entirely 
wkhmU the curve. 

Bepteeait by y andy^ the (MrdinAtes MP and WP: Ae 
Tiriiuns generated by the revolution of die elemmt Mm'^ will 
be equal to the difference of the volumes gmierated by the 
dfinnentary reotanglee Mp and M'p ; the expressions for these 
volumes being wy*dx and wy^'dx^ that of the element of the 
aoUd will be ir(y'-*y^.*)ife; hence, if we denote by M the 
entire volume of the aoUd generated, we shall have 

M^wJly' -^y^^yix. 

By taking the moments with reference to the planie of y, z, we 
obtain 

The value of x, will be alone necessary, since the centre of 
g:ravity n^ust be situated on the axis of abscisses. 

Of the Centrobaryc Method. 

193. Let X, and y, represent the co-ordinates of the centre 
of gravity of a plane sur&pe MPP'M' {Fig. 90), the ^ea of 
which is represented by a. The moment of^tl^e element of 
this surface, taken with reference to the axis of «, is, by 
Art. 182) ^yxydx ; and by making the siim of the moments 
of all the elements equal to the moment of the whole body 
auj^>osed concentrated at its centre of gravity, we have 

Ay^ds^y^ 

The two membas of this equation being multiplied by the 
quantity 2«-, it becomes 

The expression yS»y*<2ar represents the voltune generated by 
die revolution of the given surfiice about the axiaof x, and the 
seeond meinber Sry^A is the product of the generathig sur&ce 
by the cireumference described by the centre of gravity; 
hsace^ we deduce this general theorem : 7%e volume of every 
solid of revolutimis equal to ibeprodtiot of the generating 
area by the circymferenee deaeribed by ite centre of gravity. 

194. Let it be requiredp for example, to determine the 

G 9 
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volume of the solid geoeiated by the revolutioiL of an isoeceloi 
triangle ABC {Fig. 91) about the axis of x. Denote CD 
by A| and AB by a ; the generating area will then be ex- 
pressed by |aA. But the centre of gravity of the genentting 
triangle being at a distance firom C equal to f CD, the circum- 
ference described by this point will be | A X 2r. Hence, the 
volume will be expressed by the product fAx2irXiaA= 

As a second example, let us determine the volume of a 
right cone generated by the revolution of the right-angled 
triangle ABC {Fig. 92) about the line AB. The area of the 
generatrix will be ^AB x BC. The line CE being drawn to 
the middle of the side AB, the centre of gravity G of the 
generating area will be situated upon this line at a distance 
from the point E equal to ^EC (Art 172) ; its ordinate GD 
will therefore be determined by the proportion 

3:1::EC:EG::CB:GD; 

whence, 

GD:=JCB. 

The path described by the centre of gravity will therefore be 
expressed by f^rxCB; which, multiplied by the area of the 
generating triangle gives the volume of the cone equal to 

|irXCB« XiAB=iABXirXCB». 

196. Again, let the volume be that of a right cylinder : 
the ordinate GE of the centre of gravity of the generating 
rectangle {Fig. 93) being equal to |AC, the path described 
by tUs point will be wAG. This expression being multiplied 
by the generating area which is equal to ABxAC, we have 
«- X AC' X AB for the volume of the cylinder. 

196. The area of any surfiice of revolution may be found 
by a rule analogous to the preceding. For, if we consider 
the surface generated by the revolution of any curve MN 
{Fig. 94) about the axis of abscisses, and denote by y, the 
ordinate of its centre of gravity G, we shall have, by Art. 
178, 

/yt/(«to* +dsf»)=y/Xarc MN (102) ; 

and by multiplying each member by 2r, this equation be- 
comes 
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TbB expiession f2»yy/{dx* +df*) r^iesenting the area of 
the soriace generated, we exclude, that the area of a sur/itee 
of reuoliiiian i9 equal to the produei of the generating arc 
bjf the drcumferenee described by its centre ofgravitf. 

197. Thus, to determine the snrfiM^e of a conic fruatrum 
generated by the revolution of the right line CD {Fig. 95) 
aboat the aacieof *j we ha^e the ordinate EO of the centre of 

gravity equal to — ^ — ; and 2trX — ^ equal to the 

cawumference 4eaeribed by this point : hence, the product of 
this expression by the length of the generatrix OD gives 

AC<4>BD 

ar X — ~- X CDs=ar . GE . CD fcr the convex surface of 

the eonic fiustrunL * 

198. The two preceding theorems may be included in a 
single enmciatieii, viz. : Eperf solid or surface of revohiHon 
is^qual to the product tf Us generatrix by the dtewmference 
described by the centre of greniiyof the generatrix. 

Machines^ 

199. Machines serve totransmit the action of forces in 
directions different from those in whioh tl)e forces ass applied, 
and to modify the effects of those forces. 

The force applied to a machine is called the power, and 
tliat which tends to oppose the effect of the power is called 
the resistance. 

The most simple machines are the cord» the lever, and the 
inclined {dane. To these are sometimes added the pulley, 
the wheel and axle, the screw, and the we^e, which may 
be formed by very simple combinations of tfie first three. 
These machines are usually called the Mechanical Powers. 

> 

Cards. 

r 

200. We shall adopt the hypothesis that cords are perfectly 
flexible, that they are inextensible, without weight, and re- 
duced to their axes. If the extremities of a cord be solicited 

G2 
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by two equal forces P andQ (f!|p. M), whieh tend to stretch 
it, the teasioQ of the cord i^ be meaaured by one of theae 
forces ; for^siaee the aqnilibrioni aabaialai we may r^pard A, 
the middle of the line PQ^ as a fixed pomt^ and drop the con- 
sideration of that portion of the eoid included between A and 
Q ; thu8> the force P, 4MHing aJbnB t^gaiatft the fixed poiBf A, 
will measure the tension of tbe4X>id PA« 

201. When the force Q» exoeeds P, a portioa of Q, ^aqual to 
P is employed ta slietch the cord, while the remaining part 
of the force tends only to move the coid in the direction from 
P towards Q: thoalhe tenatoa will be meaaored by the least 
of these forcea>» 

203. If three cords be united by a knot^ the conditions of 
equilibrium are similar to those which obtain when any three 
forces act on a point. The force acting in die direotion ^ 
each cord must be eq^ual and directly opposed te^ the reatdlant 
of the other two ; hence^tbeeoodilioiisofecjpiiUtaiuiA 
that the throe forces be^ituated in the same.plaxie) and bear 
to each otheor the foUowiog lelaliona (1%. 97^ 

P : Q : R : : sin jt» : sin f : sin r. 

203. This proportion will be insufficient to establish the 
equilibrium, if the cords are united by a sliding knot. For, 
by regarding P and R as fixed points {Piff. 98), to triiich the 
cord PCK is attached, if the force Q, be supposed to act upon 
this cord by means of aring or sliding knot, the point C wiB 
describe an elKpse, the plane of which win pass tfirough the 
points P and R. But the revolution of this ellipse around 
the axis PR will generate an ellipsoid, having its transverse 
aitis equal to PC+CR, and the point C wit! necessarily be 
found upon tfie surfkce of the ellipsoid, or, in other words, 
at some point of ^e moveable dlipse ; but the point O being 
only subject to motion when the force CI has a component in 
the direction of the elliptical arc, the equilibrium will be 
maintained when the direction of the force Q is normal to 
the ellipse. If the line Tt be. drawn tangent to the curve, 
wn shall have^ from the well known property of the ellipse, 

^TCP:=ZRC/; 

find by subtracting th^se angles from the right angles TCN, 
/CN, there will remain 
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ilPCN=ZNC»; 

thtts the angle PCR must be bisected by the ^^rection of the 
force Q, and the proportion 

P:R::sittNCRjsin-PCN 

becomes, in the present ease, 

P : R : : sin NCSl : sin NCR] 

whence,? and d are equal to each othet. 

204. The funicular machine con^i^t^s ef a number of cords 
united to each other at, several kiK)t3^and maintaining an 
equilibrium between the forces applidd to these cords. 

206. When several forces P, R, S, T, ike. (Pig. 99), act 
conjointly at a single knot, their number will be reduced 
by unity, if we substitute for any two forces P and R their 
resultant R'; and by a repetition of the same process the 
entire system may always be reduced to three forces united 
at a single knot. 

206. Let there be several forces P, F, F', F", P^, &c. 
{Pig. 100), acting at the knots A, B, C, <fcc. of the cord ABO. 
The conditions of equilibrium of these forces may be reduced 
to those of a system acting on a single point: for, let R 
represent the resultant of the forces P and P'; since its effect 
must be destroyed by the third force actiisg in the line AB^ 
the direction of this resultant must coincide with the pro- 
longation of AB : but the poinX of application of a force may 
be assumed any where on its line of direction, and hence we 
may transfer the force R to the point B. If it be there de- 
composed into two components parallel and equal to P and 
F, the effect will be the same as if the two forces P and F 
had been transported parallel to their original directions, and 
applied at the point B. In like manner, by transporting the 
forces P, P', F', &c., which are supposed to be applied at B^ 
to the point C, the entire system may be considered as acting, 
on this point. Thus the conditions of equilibrium are,. 
CArt64), 

x(Pcos»)~0,. 2(Pcoa/9)=0, x(Pcosy)=^0^ 

To dfltezmine the ratio of the extreme tensions P and Vw^ 

ft 

we will denote by t and f the tensions of the portions ABand 
BC^aadby 



a the angle PAF, a' the mgle ASP", oT Ae angle BGF'', 
4 the ang^e FAB, 4' the angle P'TBC, ft" the angle P"CP f 

we shall then obtain, Att. 202, 

P: t i:8in& :8ina, 

^ : ^ : : sin ft' : sin a'l 

f* : P' : : sin 6'" : sin a'' ;: 

whence^ by multiplication, suppressing the ftctois wfaxA are- 
common to the two first terms, we have 

P : P* : : sin ft^x sin 6'x sin 6" : sin a Xsin a* Xsin «^. 

We may, in like manner, detennine the relations between 
any other two forces. 

207. If the forces P', F', F", &c. be supposed parallel, we 
shall have 

8+a'=180% 6'+ a '=180^; 

and since the sine of an angle is eaual to the sine of its sup- 
plement, we must have 

ain fr^sin a', sin h' a^sin a" ; 

and the preceding pr<qportion will then leduce to 

P : F' : : sin 6" : sin a. 

If the forces P', P", and F" represent weights {Fig. 101), tfie 
entire system will be situated in the same vertical plane ; for, 
the right line AF being vertical, the plane of the forces 
P, F, and t will be vertical. F\)r a similar reason, the plane 
of the forces #, P", and ^, will be vefrtical ; but the line AB 
not being vertical, it is impossible to pass more than one ver- 
tical plane through it ; hence, the forces P, F, ;, P", and ( 
will be situated in the same vertical plane. The same rea- 
soning may be extended to a greater number of forces. 

208. The extreme forces P and P' being required to sus- 
tain the resultant of all the others, this resultant must be 
directly opposed to that of the forces P and P', and must 
consequently pass through tfie point G, at which the direc- 
tions of those forces intersect. Moreover, its direction must ' 
be vertidal, being parallel to the components P*, F', and F", 
and it wflJ thertfere be repre^nted by die vertical litie GH 
drawn through the ]point G. 

209. If we regard a heavy cord as a funicular polygon, 







fatdbdiVitii «a ia&Kle number-of small iPttghts^it xesults 
fiom whftt precedeffthftt the effect {produced oa the fixed poiiHi 
by the wdght of the cord may be eatimaled by dravring tba 
tangents PG aod CIG {Fiff. 102), and applying at G a weight 
equal to that of the cord ; since if we denote this weight by 
G, we shall then have 

P : Q : G : : sin LGd : sin LGP rsiii PGO. 

Of the Catienar^. 

210. The cateni^ is the curve which a perfectly flexible 
cord assumes when it is suspended from two fixed points 
A and B (Pig* 103), and snbjected to the action of the force 
of gravity. We will suppose that die cord is uniformly 
heavy, and that the force of gravity is exerted on every 
particle : it will readily appear, as in AxL 207, that the curve 
will be situated in a vertical plane. Let the origin of co- 
ordinates be assumed at A, the horizontal line AC being the 
axis of abscisses ; the co-ordinates of a point M will then be 
AP=x, and PM^^y. Through Aie point M, and through the 
origin A, let tangents AH and MH be respectively drawn* 
intersecting at the point H, and through this point draw the 
vertical line HL. If we consider the portion of the cord 
MA, we shall have, by Art 209, 

tiMium^A^ W4igM ofike.jnrtion AM : : mLBM : Bin AHlf (108). 

Let s denote the length of the arc AM ; A the tension of the 
cord at the point A, which is exerted in the direction of the 
tangsnt AH ; and • the angle included between Ihis tangent 
and the horizontal line AC. The quantities A and • will 
remain constant 

The tension at A, being a quantity of the same kind as that 
contained in the second term of the preceding proportion, 
will necessarily be expressed by a weight ; and if we repre- 
sent by p the weight of s portion of the cord whose length is 
equal to unity, sp will express the weight of the part AM, 
and the tcoision at A will be c»f theibrm ep. Thtis the two 
fittt temoM in the above proportion will be replaced by the 
ratio ajp : ^, or by its equal a ; ^ ; hence, 

a : 4^: 8iB LHSLtsin AfiM .... . (104). 



IM fTATICS. 

211. To determine the analytical ezpieaiicAA finf the sines 
ivthich enter into this proportion, \^ remark; itkai in the 
elementary triangle fTiMn, we have ' * « • , - -y^ \ • 

MmXsinwMn=wn, MmXcoswMw^Mn; '/■ 

' 4 



or, 



sm wiMn= TT— J cos mMn^ 



and replacing these elementary lines by their analytical valneSi . 
these equations become 

sin mMn=-j-9 cos mMn=-^ (105). 

as cts \ 

But the angle rnHin included between the vertical and the avc 
of the curve, is equal to the angle LHK Ibrmed by the 
vertical with the tangent at M ; hence, 

sinLHK=^, cos LHK=-^...... (106V 

rPhe first of these equations may be reduced to " ' 

smLHM=4^ (107); 

ds 

for the angles LHK and LHM being supplements of each 
other, we have 

sin LHK=sin LHM. 

Again, the aisles AHK and AHM being supplements of each 
other, we obtain 

sin AHM=8in AHK=sin(LHK-LHA) ? 

and from the well known trigonometrical formula for tiie sine 
of the difference of two angles, we have 

sin AHM=asin LHK cos LHA— siu LHA cos LHK ; ' 

eliminating sin LHK and cos LHK by means of the equations 
(106), we find 

sin AHM=^^ LHA-^siaLHA (108). 

as ds 

The triangle LAH being right-angled at L^ the angles. LHA 
and HAL are complements of each otheii^ and the lattes hav- 
ing been denoted by «, we obt^ 

«(is.LBA=^ins«„ 8inLHA»cos«*. 



212. These values substituted in equation (106) gtva 
sin AIIM»$^sin«-$oo6« (109) ; 

wai Ito eqimiions (lOT) and (100) convert the proiMiniori (104) 
into 

a$ as ds 

From this proporticMi we daduee tiie equntioli 

^sasin*— a^eoflM • » • • . (116). 

This equation contains three variablesi one of wliidi Htktj 
be eliminated bf veana of the rriation 

dssi^{d»*+djf»). 

For, b7 differentiating eqttatu>n (116), regarding dx as eon- 
stant, we iBnd 

ii»=— ac50S»-^: 

efcp ' 

and by equating these values of ds^ and dividing each menh 
ber of the equation by dx, we obtain 

ori by divisioiii 

d'f 

las- *" 



VO+g)' 



This equation will become integraUe, if we multiply its two 
members by 2(^ ; we shall thus obtain 

whence, by integration, 

This equation being mulched by dx gives 

(c ^y)dx^ a cos *^(dx* +dy*) ; 



166 wrjimtm. 

and by lednction 

$^^[(<^-y)'-«»coBi>] (111). 

ax a cos« 



213. Hie oonstant c may be (totemiiiied by the cooflMec- 
ation that at the point A, 

9aO| y=0, and ^^^^c^** 
These values reduce the equation (111) to 

aco6« 

from whkh we deduce 

a taxtgm 008 •m^{€^ ^«*. ooa^ «) : 

but 

tang«co0.«=sin0; 
whence, 

a" sin* «==c* —a* cos* -s 
and consequently 

c" =a* (sin» «+C08* «)=a*. 
Thus the constant c is equal to a, and by substituting^ its 
value in equation (111), we find for the differential equation 
of the catenary, 

*/^ \/[{o^-yY-a* cos* «] .jjg. 

dx a COS* 

214. It appears from a comparison of this equation with 
(110), that the catenary curve is rectifiable ; for, if the pre- 
ceding value of ^ be substituted in equation (110), we shall 

* 

obtain 

^=a sin»— v^[(a— y)*— a» cos»»] (113): 

from this expression tile value of 8 may be readfly found in 
terms of y, when the orastaats a ahd « have been determined. 
216. To integrate the diffjirential equation of the catenary, 
we make / 

a— y=z, a cos «=6 (114) ; 

and we then obtain 

these values substituted in equation (112) give 
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ifc= ^^f^^-r^ (116): 

this expression becomes integraUe by making 

^(t^^b')=:^z-t. (116): 

which by squaring and reducing, gives 

2zt=b' +(*. 
By the differentiation of this equation, we obtain 

or, 

dz A 

This lelaticm^ in connexion with that assumed above (116), 
converts the equation (115) into 

. bdt 

which gives, fay integration, 

xsiblogt-^-e; 

and by substituting for t its value expressed in terms of z, we 
obtain 

ar=6 log [;2r—^(ar*— &•)]+« ; 

or finally, by replacing the quantities b and %, by their values 
given in equations (114), we find 

x^a cos m log j a— y— v'Ko— y) * — a' cos*»] ( +c . • . . (117). 

216. To determine the value of the constant e, we observe 
that at the point A, x^f)^ and y ==0 ; which conditions reduce 
the equation (117) to 

e=~-acos«log {a[l— y^(l— cos« •)](. 
This value substituted in equation (117) gives 

jpes<loos»log[a— y— v^(a— y)'— a«cos*« ] 
—a cos m log [a(l— \^1— cos* • )] ; 
or by reduction, 

•■^ C^?it7i-^y' ) <"«> 

Such is the equation of the catenary. 

217. The i^ues of the constants c and e have been deter- 
mined in functions of a and • ; but these two quantities are 
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still tmkaowti. To determine tlMir values, we will suppose 
that ^ and }f represent the known co-ordinates of the second 
point of suspension B^ and I the length of the curro AMB ; 
these values being substituted in the equations (113) and 
(118), we obtain 

2=a sin •— v^[(«— yO* ""^ <^^* •]> 



ar'asa 



oos.iog(izyj;;^^ 

^V a[l-v^(l-cos»«)] / 



S18. These equations, in connexion with the relation 

COS' •+stn*««l, 

determine the values of a, cos «, and sin «,in functions of i/^y^, 
and 2. But another difficulty still presents itself ; this consists 
in the proper choice of the signs with which to affect cos «, 
and the radicals which in th^ preceding expressions have not 
received the double sign. To resolve this difficulty, we will 
determine the co-ordinates of that point to which the max- 
imum ordinate appertains. The characteristic property of 

this point is that^=0, which reduces equation (112) to 

•[(a-y)'-o« cos«>] ^Q. 
aoos# ' 

and consequently* 

a— ys^acos* ..... (119). 

To establish the condition that this equation belongs to a 
maximum, rather than to a minimum value, we attribute the 

proper sign to the second differential co-efficient -^. 

But by squaring the equation (112), we obtain 

rfy* _ (g-*y)* — g* cos* # , 

ito«^ a*cos'« * 
and by dUlbientialingi and dividing each member by 2<^, we 
find 

^__ g-y . 

rfjp* a*cos«» ' 
MbMituting in this equation the value of a— y deterauned in 
equation (119), we obtain 

rf'y 1 

(£r' a cos* 
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219. Thin equation indicates that the condition of a maxi- 
mum will be fiilfilled by attributing the same sign to a and 
cos • ; but these signs must be positive ; fer, if they were 
negative, the value of y determined by the equation (119) 
would be also negative, which is evidently inadmissible in 
thehypothesis adopted, that the positive ordinates are reckoned 
irom the line AC downwards. From the equation (119) we 
likewise infer, that the quantity a exceeds the maximum 
value of y, and therefore that it exceeds all other values. 
Let EF represent the maximum ordinate (J^. 103) ; it is 
evident that between the limits x=zO and r=AE, as y in- 
creases, the arc of the catenary will likewise increase. But 
it appears from equation (113) that the increase of y will not 
necessarily involve that of the arc «, unless the radical in that 
formula be affected with the negative sign^ For, as y in* 
creases, the quantity a—y will decrease, and the value of the 
radical will therefore decrease ; but the smaller the value of 
this radical, the less it will diminish the positive part of the 
expression a sin «, and the greater will be the value of the 
arc. The equation (113) is therefore in perfect accordance 
with the hypothesis that the co-ordinate has not attained its 
maximum value. But from :r=AE to a;=:AD, the arc s 
should increase while y diminishes, and since tfiis decrease 
in the value of y augments the value of the radical expres- 
sion, the ra^uired condition can only be fulfilled by affecting 
the radical with the positive sign : thus, between the limits 
x=AE and ap=AD, the sign of the radical must be changed 
in the formula (113). 

Of the Lever. 

220. The lever is a bar of wood or metal moveable around 
a fixed point, which is called the fulcrum. To simplify the 
considerations which relate to this machine, we shall regard 
the lever as destitute of thickness, and will therefore represent 
it by a simple line, either straight or curved. Let a lever AB 
{Fif. 104) be soUcited by the two forces P and P ; the eiflfect 
of these £Nrces cannot be destroyed by the resistance of a fixed 

10 
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point Cy unlaw Ibejr aie akoated in a plane peasing throngli 
this point If Ais conditkm be fiilfiUed, the eqailibrinm will 
be maintained, when the snm of the moments tidcen wiA 
reference to tt^ point C ie equal to zero. 

221. If the lever is capaUe of sliding along ks point of 
support, it will also be necessary that the resultant of Ae 
forces acting on the lever should be perpendicular to the lever 
at the point of support.. 

222. When the kver ia stra^iut and die two forces parallel 
to each other, if p and j/ represent the lengths <tf the portions 
AC and BC {FHg. 106^ we shall have from the theory of 
parallel forces (Art 73), 

P: Jf ::j/ :p] 

from which we infer, that when the farces are in eq^iUibrio, 
their intensities will be inversely proportional to the arms of 
the lever* 

223. If the lever be curved, and a right line ED {Fig^. 105) 
be drawn through the fulcrum C, the forces may be conceived 
to be applied at the points E and D taken on their respective 
directions ; we riiall thus obtain 

P : P : : CD : CE, 

224. Levers are divided into three kinds. In thefirst kind, 
the fulcrum C {Fig. 106) is situated between the power and 
the resistance : in the second kind, the resistance R {Fiff^ 
107) is situated between the power and the fulcrum ; and in 
the third kind {Fig. 108), the power is between the fulcrum 
and the resistance. 

The balance and steelyard are examples of the first kind 
of lever ; a bar of iron used in raising weights and having 
its fulcrum at one extremity, forms a lever of the second 
kind; the treddle of a turning lathe is a lever of the third 
kind. 

226. The effect produced by the weight of a lever may be 
readily estimated by regarding it as a force S applied at the 
centre, of gravity of the lever. For example, let P and F 
{Fiff. 109) be two weights suspekided firom the extremities of 
the lever AB, whose centre of gravity is situated at G ; we 
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shall have^lrjr yatae of the prindpls of the momeDts, 

/FxeB+SxCG=«=PxAa 

This equation will determine either P or F; and the weight 
suBtained by the fixed point will be 

P+F+S. 

If the power and resistance act in opposite directions, regard 
must be had to the directions in which they tend to torn the 
lev-er ; thus, in Fig. 110, the equation of the moments be- 
comes 

PxCA+SxCG=FxCB (120); 

and the weight sustained by the fulcnun is 

P4.S-F, 

236. Let the lever CB (F^. 1 10) be supposed homogeneous, 
and of uni&rm weight throughout its leiigth : represent by 
m the weight of itN portion ^ die lerer whose length is one 
foot If X represent the length oi the lever expressed in feet, 
its weight S wUl be expressed by mr, and should be regarded 
as a force acting at its centre of gravity, which corresponds 
is Ibe middle point Grthus, if wa make CA^a, the equation 
(120) wW^ then beeome 

Pa+t«Xma?=Fx«; 
from which we deduce 

p:J?!?+4iw ..... (121). 

If^ therefore, 9 be assumed arbitrarily, this formula will make 
known the value of F; but it may be required to assign the 
value of ^ which shall render F the least possiUe ; we must 
then r^ard F as i^ fonctioh of s^ and make the differential 

eo-effident -r- equal to soro; we shall thus obti|Lin 

wfaenoe, 

By aobstitating this value fai equation (121X we obtain 
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or, bjr reduction, 

2Pa 



n/C 



m / 



227. The common balance is an important application of 
the lever. It consists essentially of a lever having equal arms, 
from the extremities of which are suspended scales of equal 
weight The lever of the halance, which is called the beamy 
is sustained by a horizontal axis perpendicular to its lengdi, 
which rests upon a firm suj^rt, and the substance to be 
weighedi being introduced into one of the scales, is counter- 
poised by the addition of known weights in ttie opposite 
scale. The figure of the beam is so chosen that its centre 
of gravity will be found immediately beneath the axis, or 
centre of motion, when the beam has assumed a horizontal 
position ; and the weights suspended from its two extremities 
are known to be equal when they will retain the beam in 
this situation. If the centre of gravity were fomud upon the 
axis, the beam would obviously rest in any position, and there 
would be nothing to indicate the equality of the weights in 
the two scales ; and if this centre were situated above the 
axis, the beam would have a tendency to overturn if deranged 
in the slightest degree from the horizontal position. 

228. When the balance has been constructed with such 
accuracy that the lengths of the arms are exactly equal, the 
beam will assume the horizontal position if equal weights be 
introduced into the two scales ; but in the fiilse balance, where 
the lengths of the arms are unequal, the weights necessary to 
maintain the beam in this position are likewise unequal. In 
this case, the weight of the body may be obtained by counter- 
poising it successively in the two scales : the true weight toitt 
be a geometrical mean between the two apparent weights. 
For let p and p* represent the lengths of the two arms, and 
W the true weight of the body. Then, if a weight P, sus- 
pended from the extremity of the arm p, be supposed to 
sustain the weight W when suspended from the extremity 
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of the aim p\ the conditions of equilibriutti in the lever 
(Art. 220) wiU giTO 

Pp=Wp'. 

Bat if the weight W be transferred to the extremity of the 
arm p, it will be necessary to apply a differ^it weight P to 
the extremity of the arm p\ in order that the equilibrium 
may be preserved. Thus we shall have 

and by multiplying the corresponding members of these two 
equations, we obtain 

Wpp'=zYf*ppi 

or, by reduction, 

. . W=v(PF); 

hence, the truth of the proposition enunciated becomes appa- 
rent 

239. It is firequently necessary that the balance employed 
should possess great sensibility ^ or should be capable of indi- 
cating very minute diffei^ices in the weights of the substances 
placed in the two scales. The sensibility of the balance is 
measured by the smallness of the weight necessary to produce 
a given inclinaticm of the beam, when the scales are charged 
with a given load. 

The sensibihty depends upon the following particulars* 

V. The beam should be as Ught as is consistent with a 
proper degree of strength, in order that the friction at the 
axis, which is proportional to the pressure, may oppose the 
least possible resistance to the motion of the beam. 

For the same reason the axis is constructed of hardened 
steel, and has the form of a knife-edge, or triangular prism^ 
the lower edge of which rests upon polished sleel or agato 
planes. 

2P. The lengths of the arms should be as great as posnble^ 

other things remaining the same, since the moments of the 

wei^ts introduced into the scales, taken with raferenee to 

the cmtie of motion, will be directly proportional to these 

lengths. Thus, the same weight, jdaced at twice the distance 

from the centre of motion, will exert a douUe effort to turn 

thebeam« 

H 
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3". The sensibility wdl be increaaed by difninishiny th« 
distance between the centre of gravity of the beam and the 
centre of motion. For,. when the beam has been deranged 
from the horizontal position through a giyen angle (jF^. lll)b 
the weight of the beam W, which acts at its centre of gravity 
G, will exert an effort to restore it to its former position, 
which effort will be directly proportional to the moment o( 
the weight W, taken with reference to the centre of motion 
D^ this moment wiU be expressed by Wx^i^". But the 
derangement of the beam having been made through a given 
angle, the distance dg will evidently be proportional to D6, 
the distance between the centre of gravity of the beam and 
the centre of motion. Thus, in proportion as the distance 
DG is diminished, the tendency of the weight of the beam to 
counteract the derangement whidi would be produced by an 
inequality of the weights in the two scales will likewise be 
diminished, or the sensibility will be increased. 

4^. The line joining the points of suspension of the two 
scales should pass through the centre of motion. For, if the 
centre of motion be found at C above the line AB, and the 
beam be supposed to have assumed the inclined position 
represented in Pig, 111, the effective arm of lever CE' of the 
scale F will evidently be greater than the arm CE of the 
scale P. Thus the beam may have a tendency to return to 
the horizontal position, although the weight F be less than P. 
And if, on the eontrary, the centre of motion be placed at a 
point O below the line AB, the lever-arm C'F of the scale P 
will exceed that of the scal6 F, and the beam would therefore 
have a tendency to overturn, although the weights in the 
scales were equal to each other. When the centre of motion 
is situated at the point D, the equality of the two anns will 
be preserved, whether the beam be in a horizontal or inclined 
position. 

6^. The eensilAlity of the balance will be increased by 
diminishing tbe load with which the scales are- charged, since 
the friction at the axis will be diminished in the same fito- 
portion. 

230l a very accurate balance will be sensibly affected by 
the addition of la^ ?^^ ^^ ^^^ ^^^ with which the scales 
are charged. 
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231. The ^eelyardj represented in Fig. 112, is a balanee 
haying unequal arms, and is so constructed that a moveable 
Vfflght P, applied successiyeljr at different points of the longer 
arm, shall sustain in equilibrio different weights suspended 
from the extremity of the shorter arm. The longer arm 
6B is so graduated as to indicate the we%ht which will be 
supported by the moveable weight P, when placed at each 
of these divisions* . 

232. To discover the law according to which this arm 
should be graduated, we will denote by 

W, W, W", &c., the weights suspended successively 
from the extremity of the shorter arm , 

Pi P\ P'i ^'y ^^® corresponding distances at which the 
weight Pmust beplaced tomaintainthe equilibrium, 

r, the length of the shorter arm y 

iff, the weight of the beam, 

r^, the distance of its centre of gravity from the fulcrum. 
Then, if the centre of gravity of the beam be supposed to lie 
on the side of the longer arm, as usually happens, the con« 
ditions of equilibrium will give 

Wr=«7r'+Pp, 
W'r=trr'+Pp^ 

W'r^w'+Pp'*, 
&c. &c. &c. ; 

and by subtracting each of these equations from that which 
follows, we obtain 

(W'-'W)r=(p'— p)P, 

If the weights W, W, W", &c. be supposed to increase in 
arithmetical progression, we shall have 

W— W=W"— W'=W'''— W"=&c. ; 
and therefore 

p'— p=:p"— />'=ija'"— 2>"=&c. ; 

thus the distances p, p', Tp*\ d&c will likewise increase in 
arithmetical progression. 

I( for example, the moveable weight P when placed at a 
point F should be found to support a weight of 10 pounds, 

H2 
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and if when placed at the point E^the weight supported shouM 
be found equal to 20 pounds, we might divide the distance EF 
into ten equal parts, and the points of division will cor- 
respond to the weights 11 pounds, 12 pounds, 13 pounds, &c. 
The zero of the scale will evidently be found at that point 
from whidi the weight P is suspended when it merely serves 
to counterpoise the weight of the lever. The steelyard is 
frequently constructed in such a manner that the two arms 
of the lever counterpoise each other : the zero of the scale 
will then coincide with the fulciium. 

Of the PtMey. 

233. The pulley is a wheel having a groove cut in its cir- 
cumference for the purpose of receiving a cord which par- 
tially envelopes it : when a motion is imparted to this cord it 
is immediately communicated to the pulley, causing it to turn 
about an axis which passes through its centre, and is usually 
supported by a curved piece of iron terminating in a hook 
(Fig. 113). 

Pulleys are distinguished into two kinds, the fixed and the 
moveable. In the fixed pulley, the hook is attached to an 
immoveable point, as in (Fig. 113) ; and in the moveable 
pulley the resistance R (Fig. 114) is applied to the hook. 

234 The conditions of equilibrium in the fixed pulley 
require the equadity of the power P, and the resistance Q, 
(Fig. 113) ; for, if the intensities of these fi>rces were unequal, 
the greater of the two would prevail. 

This property may also be demonstrated in the following 
manner : we prolong the directions of the two forces which 
act tangentially, until they intersect at the point E i their 
resultant will pass through this point ; and since the effect of 
this resultant is destroyed by the resistance of the axis of the 
pulley at O, the resultant must likewise pass through this 
point. But the triangles EPt), Ed'O being identical, the 
angle FEd^ is bisected by the direction of the resultant; 
whence it follows that the force P is equal in intensity to 
the force d. 

236. Let there be now taken the equal parts Eg and Ek, 
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aad coBsmict Hhe parattdbgrnm Bfffh ; the foKtsP aad d 
being represented by the Jines Bff and EA, their resultant R 
wiU be represented by Ef ; we shall thus have the proportion 

P : a : R : : Eg- : EA : E/; 

and from the similarity of the triangles Egf and P'OQ', 
whoee sides are respectively perpendicular to each other, we 
obtain 

FO : OQf : FQ,' i.EffiEhiEf; 

heoce, 

P:Q:R::FO:Oa':FQ': 

from which we conclude, that in the fixed ptdlejf, each of 
I the forces is to the resultant, or the jn-essure upon the point 
of support, as the radius of the pulley to the chord of the arc 
with which the rope is in contact. 

The equaUty of the forces P and Q having been demon- 
strated, it follows that the advantage of the fixed pulley con- 
sists only in changing the direction of the power. 

236. Let the cord ^ABP {Fig. 114) be supposed to em- 
brace the arc AB of a moveable pulley, one extremity of the 
cord being attached to the fixed point Q ; and let a power P 
be applied to the other extremity, for the purpose of sustain- 
ing a resistance R. The reaction exerted by the fixed point 
Q will be similar in its effect to a force Q, and the conditions 
of equilibrium between P, Q, and R will be the same as in the 
case of the fixed pulley^ except that the resistance which was 
then denoted by Cl,will in the present case be represented by 
R. Thus, the relation between the power and resistance will 
be determined from the proportion. 

P : R : : radius : chord of the arc AB, 

As the intensity of the power may be less than that of the re- 
sistance, the moveable pulley may efiect a gain of power. 

When the cords are parallel, die preceding proportion be- 
comes 

P : R : : radius : diameter : : 1 : 2; 

and the power is then equal to one-half the resistance. 

If the chord of the arc be equal to the radius, the power and 
resistance will become equal ; and when the radius exceeds 
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the ohordftbe 11M of the nuiVMdile pnlky wfll Biil^ 
{x>wer. 

237. B7 the cooabiMlioh of a number of mowablfi poUe]^ 
we may succeed in raising enormous veigfats by the ajq^lica- 
don of a very small force : the pulleys nuty be arranged in the 
following manner : 

The weight R {Pig' 116) is suspended from the hook of the 
moveable pulley ABD, around which a cord is passed having 
one of its extremities attached to the fixed point K, and 
the other to the hook of the pulley A'Bfiy. This second 
pulley is in like manner supported by a cord, attached at one 
end to the point K', and at the other to the hook of the pulley 
A^'B"D" ; and the same arrangement is continued to the last 
pulley, which is embraced by a cord connected at one end with 
a fixed point K", the force P being applied to the other. If 
an equilibrium subsists throughout the system, the tensions 
of the cords AE, A'E', &c. being denoted by T, T*, &c., we 
shall have, by supposing there are three pulleys, 

R:T:;AB:AC, 

T:T'::A'B':A'a, 

T' : P : : A"B" : A"(y . 

These proportions bemg multij^ed together give 

R : P :: ABxA'B'xA"B^ : ACxA'0'xA"Cr ; 

from which we conclude, that the power is to the resistance 
as the continued product of the radii of the pulleys is to the 
continued product of the chords of the arcs embraced by the 
ropes. 

When the ropes are parallel these chords become diameters, 
and the proportion is reduced to 

R : P : : 2« : 1 ; 

and, in general, for a number of pulleys denoted by n, 

R 5 P : : 2" : 1. 

238. This arrangement of pulleys is seldom adopted, on 
account of its requiring too great a space. For, if the^ ropes 
be parallel, as represented in Fig. 116, and the centre of the 
pulley BOC be raised through a height denoted by A, the 
line BC being brought into the position be, each branch of the 
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eotd jyVBX must be shortened by Ae quantity Bfr=:Cc=:A, 
and the whole rope will therefore be shortened by the quan* 
tity 2^ : consequently^ the pulley AE will rise through the 
distanoe 2&; for a similar reason, the third pulley will rise 
through a distance 4A, equal to twice that described by the 
second ; the same may be said of any number of pulleys : 
and the power P applied to the extremity of the last rope 
must rise through twice the distance which the last pulley 
ascends; Thus with a number of pulleys represented by n, 
the power will rise throi:^ a distance expressed by 2^Ay and 
we therefore bse in the space described^ in the same propor* 
tion that we gain in power. 

To estimate the pressures sustained by the fixed points D^ 
JVj D", &c., we will represent them by Q, Q', Q"; then, calling 
S and X the tensions of the cords SA and XB, we shall have 

p=Q, s«a% x=a''; 

which values substituted in the proportions 

P : S : : 1 ; 2, 
S : X : : 1 : 2, 
give 

a'=2P, a"=4P. 

239. The muffle is a combination of several pulle3rs, all of 
which are disposed in the same' block, and have a common 
cord passing around their respective circumferences* 

To determine the relation between the power and the 
resistance in the muffle, represented in JR^. 117, we remark 
that tfie several branches of the rope must be equally stretched^ 
and that these tensions acting conjointly must produce 
an equilibrium with the resistance R, which may therefore 
be regarded as solicited by six equal and parallel forces. The 
force CI will be measiured by the intensity of one of these 
equal forces, and will consequently be equal to one-sixth of 
the redstance. Or, in general, the power urill be to the resist- 
ance asunUy to the number of cords which support the resist- 
ance. 

240. In the use of either sjrstem of pulle3rs, a certain force 
will be necessary to overcome the weights of the moveable 
pulleys. The value of this force may be readily estimated 
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by regarding the weight of each pulley as an additional force 
applied to its hook. Thus, in the system with separate ropes 
represented in Pig. 116, the weight of the pulley BOC may 
be considered as applied to the hook, and will be equally sup* 
ported by the cords BX and CD'' : and since the addition of 
every moveable pulley reduces the power one^half, it follows, 
that the power will support one-half the weight of the uppw 
pulley, one-fourth of the weight of AE, and one-eighth of the 
weight of BC. In the muffle {Fig. 117), the weight of the 
moveable block being equally distributed among the cords, 
the power will sustain one-sixth of this weight. 

Of the Wheel and Axle. 

241. This machine is composed of a wheel firmly con- 
nected with a cylindrical axis. To the drcumference of the 
wheel a cord is attached, by means of which we can impart 
to it a motion of rotation, the effect of which is immediately 
communicated to the cylinder ; a second cord being wrapped 
around the cylinder in a contrary direction, conmiunicates 
motion to the resistance which is to be overcome. The axis 
is supported at its extremities by two cylindrical pivots which 
are of less diameter than the cylinder itself, and permit it to 
turn freely about the points of support. 

242. To investigate the relation between the power and 
resistance in this machine, let us suppose its axis AB {Fig> 
118) to have a horizontsil position, and let a horizontal plane 
be drawn through this axis, intersecting the direction of the 
power P at the point F. Represent the intensity of the force 
P by the portion FP of its line of direction, and decompose it 
into two forces PLs=F acting in a horizontal direction, and 
FK=P' acting in a vertical direction. The direction of the 
force V being prolonged will intersect the fixed axis, and the 
effect of this force will be destroyed by the reaction of the axis. 

If motion be communicated by the force P, the point of 
application F of the vertical component F' will descend, and 
the resistance R will ascend, while the point M, the intersec- 
tion of the line HF with the axis of the cylinder, will remain 
immoveable. The point M may therefore be regarded as the 
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iulcram of a lever HF, to the exlremitiee of which the farces 
R and P' are apptied ; we shall consequently have^ by the 
property of the leyer, when an equilibrium subsists, 

P':R::MH:MP. 

Again, the planes of the wheel and of the section EOH being 
perpendicular to the axis of the cylinder, the triangles HIM 
MCF are right-angled and similar : hence, 

MH : MP : : HI : CF, 

From these proportions we deduce 

P':R::HI:CP. 

Let p represent the angle FPK {Fig. 118 and 119), we shall 
have 

FPK=r=DFO=^, 
and omsequently, 

FK=PPxsin^, DOssCFxsin^; 
or, 

F'«Psin^, CF=-5^; 

smf 

these values being substituted in the preceding proportion, 
give 

Pxsin«^:R::HI;4^; 

^ sm ^' 

whence, 

PxDC=:RxHI: 

and from this we deduce the following proportion, 

P:R::HI:DC (122). 

It thus appears tl(at the conditions of equilibrium in the 
wheel and axle require that tkepinoer shall be to the resist* 
once as the radius of ^ cylinder to thai of the wheel. 

243. The pressures siistained by the pivots A and B arise 
from three distinct causes, viz. : the power, the resistance, 
andjthe weight of the machine. If T represent the value of 
this weight, the centre of gravity of the machine being situ- 
ated at the point O, we may r^;ard the weight T as sus- 
pended from the point G : die machine being symmetrical 
with respect to its axis, this point will be situated upon the 
axis. Then, if the power P be replaced by its components 
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F and P', it will be nmplj necossuy to oabstitate in dM 
four forces F, F, R, and T, two others applied at A and B 
lespectivelj. 

The forces R and T having been determined hy ezperi* 
ment, F andF' may be ezpreseed in functions of R. FoT| 
we have {Fig. 118 and 119) 

F=PL=PcoePPK, F=FKc=p8inFPK; 
or, 
/ F=Pco»^, F=:Psm^ (123). 

But the angle p being equal to the angle GFD, we obtain 

l:coB^::CP:DP, 1 : sin^: : CP : CD; 
whence, 

^ DP . ^ CD 
cos^:=^, «nf«gp,. 

Substituting these Talues in e(iuations(123), there results 

*^-*^CP' *^ CP^ 
and replacing P by its value given in the proportion (122)| 
we obtain 

- Do.cp ' *^ "" cp ; 

The vertical forces R and F' being regarded as acting at the 
extremities of a lever whose fulcrum is situated at the point 
M, their resultant will pass through this point, and its value 
will be expressed by R+F'. 

If Z and Z' denote die effects produced by this resultant 
upon the points A and B, their values will be determined by 
the proportions 

AB :BM::R+F':Z, 

AB : AM ::R+F:Z^ 
Representing in like manner by U and U', the components of 
Tacting onthe points of support, we shall have 

AB:BG::T:U, 
AB:AG::T:U'. 
The forces U and U' being vertical, they must be added to 
Z and Z respectively. The horizontal v force F, which acts 
at C, the centre of the wheel, being likewise decomposed into 
two components T and T' applied at the points A and B, the 
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Tilaes of these components T and T' wiU nsuli fiom the 

INToportions 

AB:CB::F:Y, 

AB:AC:;I^:Y'. 

Thus, having constructed two rectangles, the first of which 
shall have a height Z+U and a base Y, and the second a 
height Z'4-U' and a base Y', the diagonals of these rectangles 
will represent the pressures on the points of support ; and the 
angles formed by the diagonals with the sides of the rectangles 
will make known the directions in which these pressures are 
exerted. 

244 If regard be had to the thickness of the cords, we must 
consider the effects of the powers as transmitted through the 
axes of the cords ; thus, the radius of the cylinder and that 
of the wheel must be increased by the semi-diameter of the 
cord, and we shall then have the proportion : ihepower is to 
the rensiance ast the sum ^ the radii of the cylinder atnd 
cord to the eum of the radHofthe whed end oord. 

346. The capstan is a variety of the wheel and axle, in 
which the axis of the cylinder has a vertical position. 

246. Let it now be supposed that we hsLve a system of 
wheels and axles arranged in the following order : 

The power P applied to the circumference of the wheel 
AD {Pig. 120) communicates motion to the cylinder BG, 
firom which the motion ia transmitted to a second wheel 
AD', by means of the cord BA'. The wheel A'D' turns the 
axle O'By to which is attached the cord B'A", and a similar 
arrangement is continued to the last axle, from which the 
resistance R is suspended. 

When the system is in equilibrio, if we denote by T, T', T'', 
&C., the tensions of the cords BA', B'A'^, ^., we shall have 

For the first wheel and axle, P : T : i OB : O A, 
For thd second . . , • T : T':: aB : O'A', 
Forthethird . . • . . T xR tiO^BT i(yA\ 
These proportions being multiplied together, there results 

P : R: : OBxOlB'xO"B" : OAxO'A'xO''A"; 
whence, 

p OBxcygxcrB'\ 
■S"*OAx(yA'x(yA''' 
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from which we conclude that the power is to the resistaneo 
as the continued product of the radii of the axles to the conr 
tinned product of the radii of the wheels. 

If the radius of each axle be supposed equal to the n^ part 
of the radius of its wheel, the preceding proportion will 
become 

OA O'A' 0"A"* 
P : R : :^x^^X^=^-^ i OAxO'A'xO'A", 
n n n 

which reduces to 

P : R : : 1 ! n». 

247. The different parts of a system of wheel-woric are 
frequently caused to act upon each other by means of teeth 
projecting from the several circumferences. These t^th 
perform the same office as the cords in Fig. 120. Each 
tootfaed-whee) is traversed by an axis bearing a smaller wheel 
which is called a pinion^ and the teeth of this pinion are 
called leaves. The first wheel turns its own pinion, both 
being firmly connected with the same axis, and the leaves of 
the pinion catching into the teeth of the second wheel, com- 
municate a motion to it in a direction contrary to that of the 
first wheel. In a similar manner, the pinion of the second 
wheel transmits a motion to the third wheel, and the same 
arrangement is continued throughout the system. The 
pinions replace the axles of the preceding combination, and 
hence the condition of equilibrium is, that the power shall be 
to the resistance as the continued product of the radii of the 
pinions to the continued product of the rcuiii of the wheds. 

248. Let D, D', D", &c. represent the numbers of teeth in 
the wheels A, A', A", &c. {Fig. 121), and d^ dj dT^ d&c. the 
numbers of leaves in the pinions a, a', a'\ &c ; and let us 
suppose that while the wheel A makes N turns, the wheels 
A', A", &c. make respectively N', N", &o. turns* At each 
revolution of the wheel A, the pinion a will engage in suc- 
cession all its leaves in the teeth of the wheel A' ; so that in 
N revolutions it will engage with A', a number of teeth ex- 
pressed by N(2 : in like manner, the wheel A' making N' turns 
must engage with the pinion a, a number of teeth expressed 
by N'ly, and since the numbers of teeth and leaves wl^ch the 
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irlwel A' and the piiiion a mutually interlock are equal to 
each other, we mi^ necessarily have 

N'D'=Nrf; 

for a similar reason, the other wheels will furnish the 
equations 

N"D"=N'd', N'^iy'^N^er, &c. 

These equations being multiplied together, there results 

N'"D'D"D'"=NAi'd"; 
whence, 

"" D'D"I>"' 

For example, if it were required to determine the number of 
teeth which should be employed in order that the wheel A''' 
should make one revolution while the wheel A performs 60,. 
we should have 

N"'=l, N=60, 1=60^1; (124). 

The numbers dy df and c2" being assumed arbitrarily, we wilt 
suppose (2=4, <f =6, d"=7 ; this supposition will reduce the 
last of the equations (124) to 

ly X D" X iy"=60 X 4 X 6 X 7=8400. 

The number 8400 being divided into the three ftctots 12, 25; 
and 28) will evidently furnish a solution to the problem, since 
the quantities D', I>', and !>" may be made respectively 
equal to these factors. The problem obviously admite of aa 
indefinite number of solutions. 

The quantity N'" imist be assumed less thaa N^ since we 
have supposed d<Ty,d'<jy, rf'^^D"', and the wheel A'" will 
therefore make a less number of revolutions in a given time 
than the wheel A. 

249. The theory of the jack*screw is likewise to be referred 
to that of the wheel and axle. There are two varieties of 
this machine, the simple and the compound. The simple jack 
is composed of a toothed bar of iron AB {Fig> 122) which 
shdesinacase CD. The teeth of this bar work in the leaves 
of the pinion EF, which is put in motion by means of a 
crank O ; thus, the teeth of the bar being subjected to a 
pressure from the leaves of the pinion, the bar will move^in 
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the direction of its length, and will overcome a lesiitanoe at 
A. In this machine, the crank and ]pfiipn perform the 
offices of the wheel and the axle in the common machine, and 
the conditions of equilibrium may therefore be stated thus : 
thepcwer is to the resistance as the radius of the pinion to the 
radius of the crank, 

250« In the compound jack-screw, the motion is commu- 
nicated by means of a crank to a pinion, the leaves of which 
work into the teeth of a wheel ] the axis of this wheel carries 
a second pinion, which in its turn communicates motion to 
a second wheel, and the same arrangement is continued to 
the last pinion, whose leaves act on the teeth of the iron bar. 

The condition of equilibrium in this machine obviously is, 
thcU the power shall be to the resistance as the continued pro- 
duct of the radii of the pinions to the continued product of 
the radii of the wheels and the radius of the crank. 

Of the Inclined Plane. 

251. This machine consists of a plane inclined to the 
horizon : its object is to support in part the weight of a body 
placed upon it. 

Let M represent a body {Mg. 123) the weight of which is 
supposed concentrated at its centre of gravity, and exerted in 
the vertical direction MP. In order that this body may be 
sustained in equilibrio upon the inclined plane by the appli- 
cation of a force d, it is necessary that this force d, and the 
weight of the body represented by P^hould have a single 
resultant ; this condition can only oe fulfilled when the 
directions of the forces intersect at some point M : but the 
line MP being vertical, and passing through the centre of 
gravity, the plane of the forces PMQ, must likewise be ver- 
tical, and must contain the centre of gravity. Thus the first 
condition of equilibrium requires that the direction of the re- 
sultant be situated in a vertical plane passing through the 
centre of gravity of the body. The second condition is, that 
the resultant MN of the two forces P and d shall be destroyed 
by the resistance of the inclined plane, which condition can 
only be satisfied when the direction of this resultant is per- 
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pendknilartotfie jiaim, andinteTsects it at some point vithin 
the polygon formed by comiecting the extreme points of con- 
tact of the body and the plane. 

262. The preceding omditions being fulfilled, we wiU sup- 
pose KL to represent a body {Fig. 123) retained in equili- 
brio upon an inclined plane by the aj^lication of a force 
d. Let the lines ME and MF be taken proportional to 
the weight P and the force Q, and let the parallelogrmn 
FMER be constructed : the diagonal MR will represent the 
pressure exerted by the body against the plane, and if this 
presisure be denoted by R, we shall have 

a : P : R : : sin PMR : sin OMR : sinPMa (126). 

The triangles APOand OMN being similar, the angles PMR 
and GAB will be equal to each other, and therefore 

sin PMR=sin Ass-tt^ ; 

AO 

this value being substituted in the proportion (126)^ we ob- 
taiu 

a : P : R :: CB : AOxsinttMR : ACxsinPMd. 

263. If the direction of the power be parallel to the plane 

{FHg. 123), the triangles MER and ACB will be similar, since 

the angles C and E are then equal to each other, and we have 

the proportion 

ER:ME::CB:AC; 

fi'om which we conclude that when the power acts parallel 
to the plane, the power Ciis to the weight P as the height of 
the plane is to its length. 

264. When the power becomes parallel to the base of the 
plane (FHg. 124), the similar triangles MER and GAB give 
the proportion 

ER : EM : : GB : AB, 

or, 

Cl:P::GB:AB; 

thus, in this case, the pwoer is to the weight as the height of 
the plane is to the base. 

1^6. The angleAbeing supposed equal to46^and the power 
applied parallel to the base, the weight and power will be- 
come equal ; if the angle A be less than 46^, the weight will 
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be greater than the power, and if A be greater than 46% the 
power will exceed the weight, or the use of the machine will 
occasion a loss of power. 

266. If a body be sustained in equilibrio between two in- 
clined planes, the conditions of equilibrium will require that 
the weight of the body be susceptible of being resolved into 
two components which shall be respectively perpendicular to 
these planes, and shall intersect them at points situated within 
the polygons formed by joining the points of contact of the 
body with each plane. The line of direction of the weight 
being vertical, the plane of its components will likewise be 
vertical: and since these components are respectively per- 
pendicular to the inclined planes, their plane will be perpen* 
dicular to the common intersection of the inclined planes : 
hence, this intersection must be a horizontal line. 

The pressures sustained by these planes may be readily 
determined by constructing the parallelogram of forces, whose 
diagonal shall represent the weight of the body, and whose 
sides §&all be perpendicular to the inclined planes.. 

Of the Screw* 

267. Let the sides of the rectangle AM' {Fig. 126) be 
divided into equal parts by the parallel lines BB', CC', &c., 
and let the diagonals AB', BC, &c. be drawn. If the rectan- 
gle M'A be then applied to the Exxr&ce- of a right cylinder 
with a circular base, the circumference of which is equal to 
the line AA'^ in such manner that the right lines MA and M'A' 
shall be caused to coincide, the points A, B, 6cc. will fall upon 
the points A\ B', &c, respectively, and the diagonals will trace 
upon the surface of the eylinder PCINM {Fig. 126) a curve 
PRSTUV ice, which is caUed a helix. 

268. Tlie characteristic property of this curve is that the 
tangent ^t every point is equally inclined to the element of 
the cylinder passing through that point : this is obvious fiom 
the manner in which the curve is generated. 

The distances mn, mfnf^ m"n"j &c (Fig. 126) being equal, 
their equality will be preserved when the rectangle is appUed 
to the suJsCace of the cylinder : consequently, if we assume 
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mn as the base of an isosceles triangle nrnOi the plane of which 
passes through the axis of the cylinder, and cause the triangle 
to move around the cylinder, in such manner that the points 
m and n shall constantly remain on two adjacent helices, the 
plane of the triangle continuing to pass through the axis of 
the cylinder, there will be generated by this motion a project- 
ing fillet which will completely envelop the cylinder MGL. 
The cylinder and fillet taken conjointly constitute the screw, 
and the latter is usually called the thread of the screw. This 
thread is sometimes generated by the motion of a rectangle^ 
instead of a triangle. 

259. The nut is composed of a hollow piece, having a 
spiral groove cut in its interior, in which the threads of the 
screw work. It may be regarded as forming the mould of a 
portion of the screw. 

The screw can be readily turned within the nut, and at 
each revolution passes over a distance in the direction of its 
length equal to the distance between the threads. 

Since the conditions of the problem are precisely the same^ 
whether we regard the nut as turning on the screw, or the 
screw as turning within the nut, we will adopt the first 
hypothesis. 

260. To determine the conditions of equilibrium in this 
machine, we will suppose the nut to be placed on its screw, 
and the axis of the screw to have a vertical position. Let 
the nut be divided into any number of particles, whose weights 
are denoted by m^ m\ mf', &c., each of which rests on some 
point of the screw ; and let us determine the fi)rce necessary 
to sustain any one particle m {FHg. 127). 

The partide m, being connected with the axis of the screw 
in such manner that its distance from the axis shall remain 
invariable, must, if unsupported, descend along a helix, every 
point of which will be at the distance mC from the axis. 
Urns, by regarding this helix as an inclined plane, the height 
of diis plane will be the distance between the threads, and 
its base will be the circumference described with mO as a 
radius. 

Let us suppose a horizontal force P (Fiff* 128) to be ap- 
plied imm^atdy to the particle n^ for the purpose of 

I 



190 9TATIGB. 



flUBCaioilig it in equilibrio upon the indiaad plane. By qoo- 
structing the ri^t-angled triangle KBm^ whoee height dull 
be the distance between the threadi» and its bate the circum- 
ference described with the radius mC, we shall obtain by the 
principle of the inclined plane (Art 2S4), 

P:m:: height: KH; 
or, 

P : m : : mH : circumfemice Cm (!%}• 

But if the point of application of the power be transferred 
from the point m to the point D, the extremity of the lever 
CD, the force Q, which applied at this point will produce the 
aame effect as the force P applied at m, can be determined 
from the following proportion, 

Q,:P::Cm:CD; 
or, 

d : P : : circumference Cm : circumference CD. 

And by comparing this proportion with (126), we obtain 

Ct : m : : mH : circumference CD. 

Thus, for the particle m, the power is to the wught as die 
distance between the threads is to the circumference described 
by the power. 

This proportion being true, whatever may be the distance 
of the particle m from the axis of the cylinder we shall obL 
tain for the other points in the surfiice of the screw, whidi 
support the weights m\ m", iccy by means of the ^oroes 
Q,', Q,", icCf applied at the same distance CD, 

Q! \fnl : : mH : circumference CD, 

d" : m" :: mH : circumference CD, 

QT : fn!" : : mH : circumference CD, 

&c. &c. &c. 

From these proportions and the preceding, we deduce 

""ciroumt CD' circum£ CD' ^circumf. CD' ' ^ '* 

Tiiese values are independent of the distances of the points 
n^ m', !»", 6cA^ from the axis of the cylinder ; and since the 
forces d, QCy ft") dCrC, were supposed applied at equal dis- 
tances from the axis, they will coinmunicate to the nut the 
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same mockm of rotation as would be impartad by a single 
force equal to their sum, and acting along the line Dd. 
Thus, b7 adding the equations (127), we find 

mix 

and since the sum {m+m'+m"+&c.) represents the entire 
weight M of the nut, we shall have, after replacing the stxm of 
the forces ft, d', ft", &^f by a single force ft/, 

M i-k ^ drcumf. CD^ 

wfaencoi 

ft/ : M : : tnR ; circumference CD : 

or, the power is to the weight cts the distance between the 
threads is to the circumference described by the power. 

It thus appears that the machine will be rendered more 
powerAil by applying the force at a greater distance from the 
axis, or by diminishing the distance between the threads 
of the screw. 

Of the Wedge. 

261. The wedge is a triangular prism, one of whose edges 
is introduced into the crevice of a body, for the putpose of 
enlarging the opening. 

All cutting instruments, such as knives, scissors, razors, 
&c., may be regarded as wedges. 

262. The power is usually applied by communicating an 
impulse to the back of the wedge, in a direction perpendicular 
to it : if the direction of this impulse be oblique, it may 
always be resolved into two components, of which one shall 
be perpendicular to the back of the wedge, and the other shall 
coincide with it. The first will produce its entire effect^ the 
second will only tend to move the pbint of application of the 
power along the back of the wedge. « 

Let ABO {Fig. 129) represent a profile of the wedge ; 
AC and BC are sections of its feces, and AB a section of its 
back, upon which the power is applied in a perpendicular 
di^rection. 

12 



/ 



13S . BTATICfl. 

To determine the relation between tbe power applied to the 
back of the wedge and the preesuQw exerted at the&ces, we 
will suppoee the power F to be represented by the line DE, 
and draw DM and DN perpendicular to the iassm AD and ^ : 
then, by constructing the parallelogram DIEK, the eon^)o- 
nents DI and DK will represent the pressures exerted against 
AG and BC. Denoting these pressures by X and Y, the 
similar triangles ABC and IDE give the proportion 

DE:DI:IE::AB:AC:BC; 

or, 

P:X:Y;:AB:AC:BO; 

and by multiplying the three last terms in this proportion by 
Che line GH {Fig. 130), we have 

F : X : Y : : ABxGH : ACxGH : BCxGH. 

The products ABxGH, ACxGH, and BCxGH express the 
aur&ces of the back and faces of the wedge, and we therefore 
conclude that in this machine, the pcwer F applied to ths 
back, and the efforts X and Y exerted by the sides^ are respect- 
ively proportional to the surfaces of the back and sides of 
the wedge. 

The power of the wedge will evidently be augmented 
.either by decreasing the back of the wedge, dt by increaaing 
the lengths of its fitces. 

FHciion. 

263. If a body be placed upon a horizontal plane, the action 
of gravity exerted upon it will be entirely counteracted by 
the resistance of the plane, and die least possible impulse 
will communicate a motion to the body, if it be not retained 
by physical causes which oppose motion. The most efficient 
of these causes is fiiction. This term is applied to the force 
which tends to prevent a body from sliding along the sur&ce 
of a second body, and which arises from the slight inequalities 
in the two surfaces ; the projecting points of one surface en^ 
tering the cavities of the second give rise to a passive foroe 
whidbi tmds to assist or oppose the power, according as this 
power is employed to sustain or move the body. 
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The eSEect t>f frictf^m is found to be sensibly pn^rticmal 
to the pressure, so long as this pressure is retained within 
moderate limits. Thus, if we <fenote by / the friction ex- 
erted by a homogeneous body AB {Mg^ 131), the weight of 
which is equal to unity, and if AB' be supposed equal to twice 
AB, the corresponding friction will be expressed by 2/*; if 
AB^ be triple AB, the friction will be equal to 3/) &c. ; so that 
if P denote the friction exerted by the body AM, which con- 
tains a number N of units of weight, we shall have 

P=N/ (128> 

264 The friction may be measured in the following 
manner: 

Let Afi (f^g* 132} represent the body which exerts by its 
weight the unit of pressure on a horizontal plane LK. To 
the body is attached a thread CDE, which passes over a fixed 
pulley, and sustains the weight M : this weight being grad- 
ually increased, its intensity at the moment when it is about 
to overcome the resistance which the body opposes to motion, 
will measure the friction /, corresponding to the unit of pres- 
sure. 

265. There is another method of measuring the friction, 
which results from the following theorem : If a body MN be 
placed upon an inclined plane AC {Fig. 133), and if the 
angle A which this plane forms toith the horizon be grad- 
ually augmerUed until the body is about to commence sliding 
upon the planej the numerical value of the unit of friction 
mil then be equal to the tangent of the angle which the 
inclined plane forms with the horizon. 

To demonstrate this fact, let the lines GD and GK be 
drawn, respectively perpendicular to AB and AC ; the centre 
of gravity of the body being supposed situated at the point 
G. Represent by GD the weight of the body, and decom- 
pose GD into two forces GH and GE, parallel and perpen- 
dicular to the inclined plane :' we shall then have 

GH=DK»GD sin DGE, 

GK«GDcosDGK; 
12 
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but the angles DGK wd CAB aie efsal to odiodier; and 
h m ct^ the piaoedinff eqnationa may ba wiittra thoBi 

OH=rGDxflinA, 
GK^GDxcosA; 

or if N ex px esge g the weight of the body, 

GH=N8inA, 
GK=N COS A. 

The pressure sustained by the inclined plane being expressed 
bjr GK=N cos A, the corresponding friction will be expressed 
by N cos A/; but since Ae effect of friction is to counteract 
that tendency which the body has to move along the plane 
when there is no friction, it follows, that an equihbrium will 
subsist between the force of friction and the component of' 
the force of grayity, GH=:N sin A, which acts in die direc* 
tion of the plane ; whence we obtain 

N cos A ./=N sin A. 

From this equation we deduce 

/«tangA (129). 

266. The angle thus determined is called the angle of 
friction ; its value will remain constant only when we adopt 
the h]rpothesis that the friction yaries proportionally to the 
pressure. For, the relation expressed in (129), has been 
deduced by employing (128), whidi expresses this law; and 
the law, as has been already remarked, exists only for mode- 
rate pressures. 

267. Since different substances have pores of very unequal 
magnitudes it happens that the friction is not the same for all 
bodies ; hence, experiments have been instituted for the pur- 
pose of determining the friction peculiar to each. 

The following results which express the relation betwem 
the friction and the pressure, have been obtained by Coulomb : 

Iron against iron . , • • . /=:0.28, 

Iron against brass .... /s().26, 

Oak against oak /=s0.43, 

Oak against fir /»0.66, 

Fir against fir /«0.66, 

Elm against efan /^0A7. 
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ThBie last nsoltB wtm obtained wImi Ae friotian was 
ejurted in the duectiDn of the ibres ; hot wh«i the direetioti 
«f the Sbtm jfoimed a right angle with that of the motion^ 
the frictioa wva found to be much lees, hat still in a constant 
ratio to the pressure ; the results in this ease were as follows: 

Oak against fir • /sO.lSS, 

Fir against fir /»0.167^ 

Elm agauist elm /=s0.100. 

It also appears firom the experiments of Coulomb^ that 
the fiiction exerted by a body m motion is very nearly inde- 
pendent of the velocity of the body. 

Hie polish of the body and the introduction of an unc- 
tuous substance between the tubbing surftoss conthbate to 
lessen the efiect of the fiiction. 

268. When one body is caused to voU upon another, a cer- 
tain d^ee of resisUmce i» stiU oflsced by ficidion, but this 
resistance is much less intense tbaa in the case of a sliding 
motion. This result appears to he a oonsequeace of the dis- 
engagement of the inequalities in the suriaces, which the 
motion of rotation tends to efiect. 

969. The general laws of friction, as deduced from the 
experiments of Coulomb, may be summed up as follows : 

1*. Prietum wries with the poKsh of the surface : Thus, 
tile resistance opposed by firiction may be reduced by diminish- 
ing the asperities of the rubbing sur&ces. 

V. The friction between bodies of the same kind is greater 
than between bodies of different kinds, 

3^. FViction does not depend on the extent of surface in 
eopitact, the entire pressure exerted between the bodies remainr 
ing the same. 

4°. FHction is proportional to the pressure. 

5^. Prietum is diminished by interposing a substance of 
em unctuous nature between two surfaces which slide upon 
each other. 

6^. The frietkm is greatly diminished by substituting a 
rMingfor a sliding motion, 

270. The adhesion which takes place between the surfiuses 
of bodies is another physical cause opposed to their motion. 



136 nxriok 

It is difficult to eitknatei in. a pnaeiae nuuuier, Ihe proper 
measure of this e&ct, in oonseqaenoe of its beings liable to a 
very great incredse with time in thoee miBehi&es wfaieh are aC 
rest ; and* on the contrary, to undergo occasional changes in 
those which are in motion* 

The law which this force usually follows is that of being 
sensibly proportional to the extent of the adhering surfiioes. 
Thus, by denoting the adh^ioh of a superficial unit by the 
quantity ij^j the adhesion of a Surface whose area is a will be 
expretted by a^. 

Effects of Pridion in certain Machines. 

271. Lei P and 8 {Fig. 134) represent two forces applied 
to a material point which rests in equilibrfo on an inclined 
plane AB, and let m and « denote the angles which the direc- 
tions of these forces make with the plane. If we disregard 
the eflfeets of friction and adhesion, die conditions of equi* 
librium will require the relation 

P cos«=S cos • (130); 

but if friction and adhesion be considered, since these two 
forces are opposed to the motion which the power P tends to 
impress in a direction from m towards B, it will be necessary 
to add these forces to tlie component of S in the direction ct 
the plane, which is expressed by S cos « . To determine Ih^r 
values^ we remark that the pressure exerted upon the inclined 
plane is produced by the normal components of the forces 
P and S. These components are expressed respectively by 
P sin « and S sin »' ; and their sum will be equal to the entire 
pressure which is denoted by N in equation (128). Thus, the 
force arising from friction is expressed by (P sin «+S sin m)f. 
If we denote by a the area of the surfi9kce in contact with the 
plane, the adhesion will be represented, as has been before 
stated, by the quantity a^^. Consequently, by adding these 
forces to the second member of the equation (ISO), we shall 
obtain for the condition of equilibrium 

P cos«i=^S cos* 4-S sin nZ+P sin«/*+ii4'; 
from which we deduce 
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278. I^ on the contrary, the power be only required to 
retain in equilibrio the point m, the friction and adhesion, 
being still opposed to motion, will tend to assist the force P, 
and the algebraic signs of these quantities must therefore be 
changed Representing by P the force necessary to support 
m> upon this hypothesis, we shall have 

cos#+/sm« / ^ 

It is evident that the equilibrium may be preserved by the 
application of any force P' in the direction Vm, provided the 
intensity of this force be intermediate between the intensities 
P and P given by equations (131) and (133). 

273. The efiect of friction in modifying the conditions of 
equilibrium in the lever and pulley will now be considered. 

Let the lever be perforated by a circular hole, through 
which is passed a cylinder having a vertical position. Since 
the circumstances will be the same, whether we regard the 
lever as turning about the cylinder, or the cylinder as turning 
within the lever, we shall adopt the first hypothesis, and con* 
aider the point m of the lever {Fig. 136), which, being in 
contact with the cylinder, is subjected to the action of the 
force of friction. Let the cylinder be intersected by a ban- 
zontal plane passing through m, and let this plane be assumed 
as the co-ordinate plane of 2:, y. For the purpose of simplify- 
ing the question, we shall suppose the resultant R of all the 
forces applied to the lever to be situated in the plane of :r, y. 

The intersections of the cylinder and lever by die plane of 
Xy y will be represented respectively by the circle mBE, and 
the plane curve GIL. The cylinder being inmioveable, the 
point f7» can be subject only to a circular motion about the 
point C, at which the axis of the cylinder is intersected by 
the plane of jt, y. If the point m remain immoveable, the 
equilibrium must result from the omibined actions of the 
resultant R of the several forces applied to the lever, the fric- 
tion, and die resistance opposed by the axis. The direction 
of this resistance being nonnal to die sur&oe of the cylinder, 
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we may drop the ccmsideration of the fixed cylinder, and con- 
sider the point as perfectly fiee, and sustained in eqoilibrio by 
the three following forces : 1^. the normal force, which acts in 
the direction from C towards m ; 2^. the friction, which acts 
along the tangent mD ; 3"". the resultant R of all the forces 
in the system. 

274 It should be remarked that although two of the three 
forces are applied at my the third force may be applied at any 
other point, provided its line of direction passes through m. 

If we regard the point of application of the third force as 
unknown, the conditions of equilibrium of the three forces 
will be expressed by the equations (62), (63), and (64). 

276. To expresstheseconditions, we will suppose the origin 
of co-ordinates to be placed at C, and represent by N the nor- 
mal force, which forms with the axes angles equcd to « and /»: 
denote by F the friction, the direction of whidi forms with 
the axes the angles « and 0, and by h the radius of the cylin- 
der which is supposed to be nearly of the same size as the 
circular hole through which it passes. The components of 
the force R, parallel to the two axes, will be represented by X 
and Y respectively, and the perpendicular distance of this 
force from the point C by the letter r. 

This being premised, the condition 'expressed by equation 
(62) requires that the sum of the components parallel to the 
axis of X shall be equal to zero ; hence, 

N cos -+X-f P cos a'=0 (133). 

For a similar reason, the components parallel to the axis of 
y give 

N cos |8+ Y+F cos /9'=0 (134). 

And the third equation of equilibrium, which expresses the 
relation between the moments, gives 

Rr+PA=0 (136); 

which becomes, by substituting for F its value deduced from 
equation (128)| 

Rr+N/fe=:0...,.(136); 

276. Before employing equations (133) and (134), it may 
be remarked that any mie of the four quantities cos <% cos «' , 
cos^ cos /3', which appear m those expressions, will serve lo 
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deteimme the romaining tfiree. For, the ai^Ie fOs 
186) being equal to a right angle, we shall haye 

cos iSsssin « ; 

and if we draw the line FK parallel to Cm {Fig, 136), we 
ghall obtain 

mFH=wFK+KFH; 
or, 

*'=:90°+*; 
consequently, 

cos *'=cos 90° cos *— sin 90° sin *=— sin •, 

cos /ft'sssin ii'sssin 90° cos «+cos 90° sin «=co8 «u 

By means of these values of cos fi, cos «', and cos fi\ we reduce 
the equations (133) and (134) to 

N cos *4-X— F sin «=r0 ) n'yr\ 

N sin -+ Y+F cos -^O \ ^ ^' 

277. These equations admit of a fiirther reduction, from 
the consideration that the friction exerted at the point m is 
proportional to the normal pressure N ; thus, by replacing F 
by its Ycdue N/in the equations (137), we find 

X=N/sm.-NcosO ^33^ 

Y=— N/cosa— N sm« ^ 

But X and Y being rectangular components of the force R, 
we must have the relation 

Substituting in this equation the values of X and Y found 
above, we obtain 

R« =:N«(sin« •+O0s» •)+N*/i(sin» •+cob« «), 

or, 

R«=N«(l+/i) (139). 

From this equation taken in connexion with (136), we find 

r=± /* , (140). 

This value of r wiU always be less dian diat of A, since the 

/ 
fraction — rf — ^^ is less than unity ; but h represents the 

radius of the cylinder, and hencO' it follows that the equi- 
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librium ia only poniblA when die dJufmee r of the pnnt G 
from the direction of the vegoltant doei not exoeed the racKus 
of the cylinder. The direction of the resultant will there- 
fore intersect the sur&ce of the cylinder. This conditicm, 
without which the equilibrium of the lever, maintained by 
the effect of friction, becomes impossible, is not alone suffi- 
cient ; for the value of r must not exceed that determined by 
equation (140) ; otherwise the condition of moments could 
not be fulfilled. 

278. It may be remarked, that the equation of the moments 
expresses the condition that the friction and the resultant of 
all the forces applied to the lever, acting conjointly, will pre- 
vent any tendency to rotation. For since the direction of 
the normal force passes through the origin, it can have no 
tendency to produce rotation. If, therefore, an equilibrium 
subsists, it must be produced in ocmsequence of the forces 
R and F exerting equal efforts to turn the system in con- 
trary directions. But this is precisely the condition expressed 
by the equation (135), since the moments of the forces are 
equal and have contrary signs. 

279. We can also determine the relation which must sub- 
sist between the power and the resistance. For this purpose 
the preceding results must undergo certain modifications. 

Let P and S represent the power and resistance (Pig. 
137), which form with each other an angle ^ ; the result- 
ant of these two forces will be determined by the equation 
(Art. 30) 

R« =P« + S» -f 2PS cos 0. 

By substituting this value of B> in equation (139), it becomes 
P« +S«+2PS cosi=N«(l+/») (141). 

280. Let the value of N be now expressed in functions of 
the quantities P and S. For this purpose, let the perpen- 
diculars p and ^ be demitted on the directions of the forces 
P and S respectively ; the moment Br of the resultant can 
then be changed into Pjp— S«, or S«— Pp, according to the 
direction in which the resultant tends to turn the system; 
thus the equation (136) will become 

±(Pp-.S5)+N/A«0 
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(tV-.S>)« . 
and by sobstituting this value in equation (141), we find 

This lesoh may be simplified by making 

P=S2r, and i^=&« (142). 

The quantity S* will then disappear, being a <3ommon fac- 
tor, and the aquation will reduce to 

«» +22 COS ^+l=Yr(p«— *)*. 

From this equation we deduce 

z^h^ +22rA' cos f+A« =:Jfc« (p«z> — 2pz5+5«) ; 
and by trimsposition, 

(it*/>*— A«)5r«— 2(/wA:« +A* cos ^>r +*:»*» —A*«=»j 
or, by division,' 

^, 2(|?^A;«+A«cosi )^ ^'^'-*' ^(X 
*»/>« — A» *«p" — A« "^ 

The value otz deduced from tliis equation is the ratio of the 
power to the resistance ; and since z has two values, it is 
obvious that the first will apply to the case in which the 
power is about to overcome the resistance, and the second to 
that in which the resistance is about to overcome the power* 
By resolving the equation, we find 

_p*il«+A«C08^± N/[(»*ifc«+A«C06 ^)«—(A»p«— »«)(*«*»—*»)]. 

iky— A» ' 

and by developing and reducing die terms contained under 
the radical signs, we obtain 

iMtfe* +A»cos^±Av^[A«(p«+2p5COsl+^»)— A«(l— cos*l)], 

jfci^i —A" ' 

and finally, by substituting for z and 1*- cos' ^ their respect- 
ive values, we shall have 

P yafe>+A»cos#± Av^[*«(p« +2ipgcos#+^)— A' sin« #] 
8"^ *«p»— A* 



2S1. If the radius of the cylinder be very small, ita mpmf 
A« may be neglected, and the preceding ratio will then become 

P _s ,hy/(p* +5^p«coer+*») 

sp kj^ 

If the perpendiculars p and s, demitted from the point C on 
the respective directions of the power and resistance, become 
equal to each other, the results will apply to the case of the 
pulley ; and by stiQ neglecting the quantity A*, we shall find 

P l^VP(t+cosi)] 

S kp ^ ' 

282. Finally, when the power luul r eaistanee act in par* 
allel directions, the angle becomes equal to zero ; whence, 

sin#s:0, COS^rsl; 

and the equation (143) then reduces to 

P , 8& 
6 ^^kp' 

283« The same principles will serve to determine the con- 
ditions of equilibrium in the other mechanical powers, when 
r^[ard is had to the effects of friction ; but the results obtained 
would in general prove much more complicated. 

Of the Stiffness of Cordage. 

284. In employing the cord as a means of transmitting the 
effect of a force to a machine, we have hitherto supposed the 
cord to be perfectly flexible. But as this hypothesis is inad- 
missible in practice, it becomes necessary to estimate the ad- 
ditional force that will be necessary to overcome the rigidity 
of the cord. 

Let P and Q, {Fig. 138) represent two weights which are 
applied to the extremities of a cord passing over a fixed pul- 
ley : if the weight P be supposed to prevail, and the cord be 
regarded as perfectly rigid, the extremity Q^will evidently be 
brought into a position Q.', such that the vertical line Cl'O 
will intersect the horizontal line CO drawn through C, at a 
distance 00 from the centre, greater than the radius CO. 
The extremity P will at the saois time assume the position P, 
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ndh that the vertical line dmim through P will interaeet 
the radius CF. Hence the arm of the lefver to which the 
force Q. is applied will now be longer than that of the force 
Pi and the condition of equilibrium will therefore require that 
the force P shall exceed Q,« 

286. If the cord be suj^posed imperfectly rigid, similar 
effects will be produced, though in a less degree ; and in 
practice, it is found that die decrease in the arm of lever, to 
which the preponderating weight is applied, is wholly insen- 
sible. Hence, in estimating the efiects produced by the rigid- 
ity of a cord employed in a machine, it will sinqdy be neces- 
sary to increase the arm of the lever to which the resistance 
Q.is applied, by a proper quantity q. 

286. To determine the value of 9, we remark that the re* 
sistance to flexure opposed by a given cord arises from two 
distinct causes, — ^viz. V. The tension of the cord, or the force 
a which is employed to stretch it ; and, 2°. The materials 
used in the construction of the cord, and the degree of twist 
which has been given to it. The resistance arising from die 
tension of the cord is found to be proportional to this tension, 
and may therefore be represented by an expression of the 
form bO^ in which b represents an indeterminate constant 
The resistance produced by the second cause may be repre- 
aented by a quantity a. 

Thus, for the same cord bent over the same pulley, the 
expression (a + bOi) may be supposed to represent the effort 
necessary to bend it But if we suppose the diameter of a 
second cord to be greater, the force necessary to bend it will 
become greater, and we can assume that this force will 
iocrease according to some power n of the diameter D. The 
force will also increase as the curvature increases, or as the 

radius of the pulley is decreased, and hence (a+b(i) may 

be taken as an expression for the force necessary to overcome 
the rigidity of the cord. This expression represents the 
increment that must be given to the power P, in order that 
it may be on the point of overcoming the resistance ft : but 
we also have 

P^^CKr+j) ; 
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and since tbe forces 1^ and<l become equal when Accord is 

supposed destitute of rigidity, P—Q. or Q ? will also express 

r 

tbe value of thb increment. By making these values equal 

to each other, we obtain 

D-(a+*a)=Qj; 

whence, 

?=^(a+5Q) (143 a). 

287. This equation should only be regarded as furnishing 
an approximate value of the quantity q^ since the above rela- 
tion has been obtained by considerations of a very general 
character. It moreover contains certain unknown quantities 
a, 6, and n^ which vary with different cords. 

For the purpose of verifying the truth of the preceding 
formula, and at the same time determining the values of the 
unknown constants, we proceed as follows. 

Having selected a cord, we pass it over a fixed pulley, and 
attach to its extremities two equal weights : we then increase 
one of these weights until it is about to prevail over the other, 
and the difference k will give one value of the quantity 

By repeating the experiment several times, changing the 
weights, the cord, or the puUey, we can obtain a number of 
similar equations, in which the quantities a, ft, and n will be 
the same, and the quantities D, r, and Q, although different, 
will be known by observation. Three such equations will 
serve to determine a, ft, and n, and their values being sub- 
stituted in the general relation expressed by formula (143 a), 
the accuracy of the formula can be tested by comparing it 
with the results furnished by other experiments. 

The quantity n was found by Coulomb to be usually about 
1.7 or 1.8 ; and the resistance to flexure must therefore vary 
nearly as the square of the diameter of the cord : but the 
quantity n is itself subject to some variaticm, becoming nearly 
1.4 when the cord has been long used. 

The following results, expressed in French poundsi wete 
obtained iu the experiments of Ck)ulomb. 
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On the BesiHmnce of Solids. 

288. The particles of every solid body are found to oppose 
a certain re^stance to any force which tends to separate them. 
This resistance arises frorathe mutual actions exerted by the 
particles upon each other i and if the nature of these actions, 
as well as the arrangement of the particles which compose 
the body, were accurately known, it might be possible to 
estimate the force necessary to separate the psarticles, or to 
produce a given change in the figure of the body. But as we 
are entirely ignorant of these particulars, it becomes neces* 
sary to adopt some hypothecs relative to the manner ia which 
bodies are constituted, and the nature of the actions exerted 
by the particles upon each other. Then, by reasoBMig upon 
mich hypothesis, we can obtain results which, compared with 
those derived from experiment^ will serve to test the accuracy 
of the supposition. 

289. Thehypothesesmostgenerallyadoptedare— P. That 
of OcUileo, which supposes all solid bodies to be made tip of 
fibres, disposed parallel to the length of the body, and sus- 
ceptible of being ruptured without undergoing flexure, ex- 
tension, or compression ; or, 2^. That of LetMiz^ modified 
by Bernoulli and others,, which regards the £bres of ail bodies 
as elastic y being susceptible of exstmsion and coinpcestton,and 
capable of opposing a resistance directly propoitional to their 
extensions or compressions. The force required to produce 
a given extension is, moreover, supposed to be equal to that 
-which is capable of producing an equal compression. 

290. It is very certain that neither of these hypotheses is 
strictly correct ; but as the results given by the latter differ but 

K 13 
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little from the truth, when the extensions or compressions are 
inconsiderable, we shall adopt it, and apply it to the investiga- 
tion of the resistance which a solid will oppose under different 
circumstances. 

291. The kind of resistance which the body offers will de- 
pend in a great measure upon the manner in which the force is 
applied. Thus, the force may exert an effort to extend or 
compress the solid in the direction of its length, or it may 
tend to produce a flexure of the solid, or it may operate as 
a force of torsion ; and in each of these cases it may be 
required to determine the force necessary to produce a rupture 
or separation of the particles, or simply that necessary to 
effect a given change in the figure of the solid. 

The cases which more generally occur are, 1^. That in' 
which the solid sustains an extension or compression in the 
direction of its length, without undergoing sensible flexure ; 
and, 2^. That in which flexure is produced by the applica- 
tion of a force perpendicular to the length of the solid. 

As it is the object of the present article merely to exhibit 
the genera) methods in which the hjrpothesis assumed may 
be applied to the determination of the strength of bodies, or 
the resistance which they are capable of opposing, we shall 
confine our investigations to the consideration of these two 
cases. 

292. The resistance of a body to a change of figure de- 
pends upon its force of elasticity^ which is measured by the 
effort necessary to compress or extend the body by a given 
quantity. Its resistance to rupture depends upon its force of 
tenacity^ or upon the effort necessary to rupture or crush the 
body. 

The values of these forces having been determined experi- 
mentally for a body composed of a given substance, and 
having a simple form, we can calculate the compression, ex- 
tension, or flexure produced in another body, of the same 
substance, by the application of a given force. The methods 
of effecting this calculation will now be explained. 
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Of the Besistance to Compresiien or Extension. 

293. When a solid is stretched or compressed in the direc- 
tion of its length, being at the same time prevented from 
experiencing flexure, the lengths of its fibres are found to 
undergo very slight variations, and we can therefore assume, 
in conformity with the hypothesis adopted, V. That the 
extensions or compressions of all the fibres will be equal to 
each other, and uniform throughout the extent of each fibre ; 
and that the force necessary to produce a given extension will 
be capable of producing an equal compression. 2^. That 
the variations in the lengths, and the resistances opposed by 
the fibres, are. constantly proportional to the forces which 
produce them ; and that this proportion obtains even for those 
forces which rupture or crush the body. 

294. Let a cubical mass of any substance be placed upon 
a horizontal plane, and subjected to the action of a weight 
which rests upon its upper suriace, compressing the substance 
in the vertical direction. Denote by 

a, the length of one of the edges of the cube ; 

of J the quantity by which its vertical dimension is coph 

pressed, and which is always extremely small in 

comparison with a ; 
P, the force which produces the compression. 

Then, since the compression of each fibre is supposed uni- 
form throughout, or since the particles which compose any 
one fibre are supposed to approach each other equally at every 
point of 3uch fibre ; it is obvious that the entire compression 
a^ sustained by any fibre, will be directly proportional to its 
length a. For example, if the length of another solid be 
supposed equal to 2a, its transverse section remaining the 
same, and if the same force P be applied to its upper surface, 
the number of particles in the length 2a will be twice as great 
as the number contained in a ; and each pair of consecutive 
particles being caused to approach each other to within the 
same distance, in order that the resistance of the fibre may 
be uniform throughout, the whole variation in the length 2a 
will evidently be twice aa great as that which was produced 

K2 
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in the length a, and will thereibre be expressed by 2a'. And, 
generally, the corapreeaum of the solid, whose length is nOf 
and whose transverse section remains the same^ will be ex- 
pressed by no', when the same force P is applied to its upper 
snr&ee. Let the quantity a be supposed equal to the linear 
unit, — one foot, for example ; then n will express the number 
of feet contained in the length of the second solid, and na^ 
will express the variation produced in the length of a solid 
whose transverse section is equal to one square foot, and 
whose length is equal to n feet. 

296. The preceding remarks have been confined to the 
case in which the solid suffers compression, but from the 
nature of the hypothesi$,they must apply with equal foree Id 
the case in which the effort is exerted to extend the body^ 

296. If the transverse section of a second solid, whose 
kngth is likewise equal to n, be supposed greater than that 
of the first, the number of its fibres will be increased in the 
same pr(^rtion, and the total eflbrt exerted by these fibres 
when compressed to the same degree will evidently be pro- 
portional to their number: thus, if P represent the force 
necessary to oomfHress a prism whose length is n, and whose 
transverse section contains n^ square feet, by a quantity equal 
to no, we shall have the proporti<m 

section 1 : section m ; : P : P ; 
whence, 

F=f»P. 

297« If the force F he increased, the solid will undei^ a 
greater compression, and the quantity by which the length n 
of the fibre is compressed will no longer be represented by 
na', but by an unknown quantity mi". To determine th^ 
quantity, we recur to the hypothesis which assumes that the 
compressions are proportional to the forces which produce 
them ; hence, by calling F' the value of the force which pio* 
duces the compression na", we shall have 

no' : n«" : : F : F*, 
•nd therefore, 

F'=F^ 



nm" 



no" 
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OTi xeplaciDg F by its vmlue mP, we have 

p, P^fi*^ (143 6). 

an ^ 

p 

298. The quantity — , is called the coefficient of the doe- 

a 

Hciiy : its value will depend only on the elastic force of the 
substance of which the prism is composed, and will therefore 
be independent of the dimensions of the particular prism 
under consideration. If we denote this coefficient by A, we 
shall obtain, for the entire compression of the prism, 

TnA. 

This expression will determine the quantity by which a given 
prism will be compressed under the influence of a given force, 
when the coefficient of the elasticity has been previously 
ascertained. It should be remembered, however, that this 
formula is only applicable when the compressions are exceed- 
ingly small ; and that the solid is ruptured or crushed before 
its length undergoes a very sensible change. 

299. The preceding expression is equally applicable when 
the force F' tends to stretch the solid. 

300. To determine the force necessary to rupture a given 
prism, when exerted in the direction of the length of the 
prism, we shall denote by B the force necessary to rupture 
a prism of the given substance whose transverse section is a 
square foot. Then, if the transverse section of the given 
prism be supposed to contain m square feet, the number of 
its fibres will be m times greater than the number contained 
in the prism whose section is equal to one square foot ; and 
since each fibre in the two prisms must oppose the same 
resistance at the instant of rupture, we shall determine the 
force P' necessary to rupture the given prism, by the propor- 
tion 

section 1 : section m : : B : P^ ; 
whence, 

F'=mB. 

301. The quantity B is called the coefficient of the tenaciiy^ 
and depends only on the nature of the substance imder consid- 
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eration. Having determimd tin qnantilf by expetimeiit, v* 
can readily calculate the force neo^ssaiy to rupture a give& 
prism of the same subetance^ This iarestiiration is equally 
applicable whether the force be exerted to compress or extend 
the solid. The methods of determining experimentally the 
coefficients of the elasticity and tenacity vijl be explained 
hereaiker. 

OfAeRMsisianceafaSUidt^FtexureandFVaeiurepr^^ 
by a Borc^ acting at right angles to the direction of tha 
Fibres. 

302. When the length c^ a solid body bears a certain pro- 
portion to its thickness^ the body is found to undergo a cer- 
tain degree of flexure before breaking. This flexure becomes 
more perceptible as the length of the solid is increased : thus 
a bar of wrought iron whose length does not exceed twelve 
or fifteen times its thickness gives very slight indications of 
flexibility ; but when its length is increased to forty or fifty 
times its thickness^ it yields readily to an efibrt exerted to 
bend it, and becomes susceptible of taking a very consider- 
able flexure before breaking. 

303. IT a force P be applied in a direction perpendicular 
to the length of the solid AB (Fig* 139), which is supported 
at its two Extremities, and if this force be supposed to produce 
a certain degree of flexure in the solid, causing it to assume 
the form represented in /^. 139 a, the fibres aaj &c. situated 
on the convex side will be extended, their lengths being in- 
creased, and those situated on the concave side will suffer a 
compression, and wilt undergo a diminution in length. Thb 
effect is rieadily observed : for, if the force P be gradually 
increased until it become capable of breaking the solid, the 
rupture will be found to commence at a point D on the con- 
vex side, thereby indicating that the fibres aa on that side 
have been most extended ; and if some of the fibres situated 
on the convex side be previously separated by cutting them 
through transversely, it wilt be found that a smaller foree 
than P will be required to firacture Ae solid. But if, on Aa 
contrary, the fibres bb situated near the opposite side of the 
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•olid be cot trmsmtmity to a certain depth EF {Fig. 139)^ 
and if a thin plate of some unyielding substance be intro- 
duced into the cut EF, so as to fill it entirely^ it will be found, 
upon subjecting the solid to the action of the force P, that 
the thin plate vrill be retained by a strong pressure tending to 
compress it, and that the strength of the solid will not be 
diminished, the rupture commencing at the convex side, 
when the force P has been increased in the same degree as 
was necessary to rupture the solid before serering any of its 
fibres. 

As we proceed from the convex towards the concave side 
of the solid, the extensions of the fibres wUl gradually dimin^ 
ish, and at a certain distance from the surfiioe^theif lengths 
will undergo no variation ; beyond tfus distance the exten- 
sions will be changed into compressions, and these will again 
increase until we arrive at the omcave side* 

304. The flexure of the fibres being supposed to take place 
entirely in planes parallel to the axis of the solid and the 
direction of the force applied, it is evident that the diange of 
figure expmenced by the solid will require that those fibres 
whose lengths undergo no variation should be contained, 
previous to the flexure, in a plane perpendicular to the direc- 
tion of the force which produces the flexure ; and that, after 
the flexure, these fibres will form a cylindrical surface, 
whose elements will be parallel to the same plane. More- 
over, the fibres situated at equal distances firom this plane 
will undergo equal extensions or compresmons. 

305. Let us now conceive a right prism AB to be firmly 
fixed at its extremity A, in such manner that its axis shall be 
horizontal, and that a vertical plane passing through the axis 
shall divide the solid into two symmetrical parts. Let a 
WMgfat P be applied at the other extremity of the solid, 
causing it to undergo a certain degree af flexure, and to 
assume the form represented in Fig. 140. If two planes, 
otio, </iiV, be drawn infinitely near to each other, and normal 
to the curve AuufB assumed by the fibres whose lengths re- 
main invariable, such planes will include between them an 
elementary portion of the solid, and if the system be sop- 
posed in equilttiio, the state of equilibrium will not be 
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tarbed by regarding the portion of the solid indudod between 
the sections ACD and uav as absohitely immoveable, and 
the portion of the solid included between the sections BEF 
and uav as constituting a distinct system. The conditions 
of equilibrium in this system will evidently require that the 
force P, together with the force necessary to retain the part 
DCAuav in its position, shall be just capable of sustaining 
the efforts arising from the compressions and extensions of 
the fibresj or, in other words, that all these forces should reduce 
to two that are equal to each other and directly opposite. 

306. If we assume any two rectangular axes Ajx and Ay 
mtuated in the vertical plane passing through the axis of the 
solid, we can resolve each of tfie several forces into two com- 
ponents respectively parallel to these axes ; since these forces 
are all situated in planes parallel to the plane of the axes. 
Moreover, since the solid has been supposed to be s]rmmetri- 
cally divided by the vertical plane passing through the axis, 
the forces of elasticity arising from the extensions or com- 
pressions of the different fibres will be symmetrically disposed 
with respect to this plane, and the conditions of equilibrium 
will therefore be the same as though the forces were all situ- 
ated in this plane. These conditions are, V. That the sum 
of the components parallel to each axis shall be equal to zero ; 
and, 2®. That the sum o( the moments of all the forces taken 
with respept to any line perpendicular to the plane of the 
forces shall be equal to zero. 

307. We shall assume the origin of co-ordinates at the fixed 
extremity A of the solid, and refer the points in the curve 
Auu* Bto the axes of x and y, which are respectively hori- 
zontal and vertical. 

308. The normal plane aufo intersects the cylindrical sur- 
face which contains the fibres of an invariable length, and the 
vertical plane passing through the axis of the solid, in two 
lines au and tn?, at right angles to each other ; and the points 
in the section auv will be referred to two rectangular axes, 
one of which au will be called the axis of u^ and the other, 
parallel to uv, and passing through the origin a, will be desig- 
nated as the axis of v. Thus the two co-ordinates of the 
point m will be ao=i^, and om^v. The nM«aents of the sev- 
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«nl fMToes wiH be Mfeittd to Ihe Iim «ti, which k fraquoiidy 
lailed the -earn of eqnilibriutti. 
3d9. This being premised, ve diall denote fay 
A and B, the ooefficieats ctf elasticity and tenacity (Answ 

296 and 301), 
R, die radius of coryature nr, of the carre of flexure, at 

the point M, 
Sj the length of die arc Au of the curre of flexure, 
X and y, the co-ordinates Ap and jni of the point n xt^ 

feried to the or^;in A, 
x^ and y', the coordinates of the point B, referred to the 

same origin, * 

U and U', functions of the absciss oosti, ezprening the 
values of the corresponding ordinates U and et of 
the curve of intersection, reckoned from the axis 
of equilibrium an, towards the convex and concave 
aides of the solid, 
a, the dimension of the solid estimated along the axis 

of equilibrium, 
Y, the greatest value of Uor U^or the distance from the 
axis of equilibrium lo that fibre which is most 
stretched or compressed at the instant of rupture. 
Then, if we consider an elementary portion of the solid, in- 
cluded between the consecutive normal planes, whose base ia 
represMited fay the element mm" ^du.dv^ of the normal secticm 
0U9j its original length will be equal to uu^ssds ; and after 
the flexure, this length will be increased or diminished, 
according to its position with reference to the axis o! equili- 
brium, and will be represented by mm' or m%' (Fig. 141). 
But from similarity of the figures rmmfj nm!^ mn\ we have 
the proportion 

ru : mt : m : : mi' : mml i nn! ; 
or, 

R : R+ir : R— v : : im' : mm' : nn' ; 
and therefi>re, 

n^Mice, 

iwm' — uu'astm'— nn'sa-^— = -TK-. 
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This expression will reprosent the variaticm in the leogth of 
the element whose base is equal to dm.dv (Fig. 140) aad 
whose original length was equal to ds. To dot«miine the 
resiiitance opposed by this element nfhen thus extended or 
compressed, we employ the expression (143 6) in which we 
replace na"y the variation in length, by mm'^uu'f or uuf^nn' ; 
the transverse section m, by du.dv] and the length n, by 
d$ : we shall thus obtain an expression for the resistance P' 
opposed by the element, 

and the mdhient of this resistance taken with reference to the 
axis of equilibrium oti, will be 

^vdvduXv:==v^dvdu (143 cQ. 

A MX 

310. The other elementary portions of the solid included 
between the consecutive normal planes will give similar 
expressions for the resistances and their moments ; and by 
taking the sums of these expressions, we shall obtain the 
value of the entire resistance, and that of its moment with 
reference to the axis au. To determine the value of these 
sums,, we must integrate the expressions (143 c) and (143 d) 
throughout the limits of the section omv. This integration 
is effected, first with reference to one of the variables, v for 
example ; and its value being then substituted in terms of «, 
we integrate a second time with reference to the other varia- 
ble. The limits of the first integration will evidently be 
v=0, and vasU, for those fibres which suffer extension ; and 
i7=:0, v^U, for those which suffer compression. The limits 
of the second integration will be us=0, and tts=a. 

311. This being premised, the sum of dM resistances 
arising fi:om the extensions of the several fibres will be ex- 
pressed by 

tr^j^^^ (i^«).' 

* An azpnMiaii of Um kumf'iu is intended to indioate that the intognlof 
diiUtobotakMilMtWMntlMliBiitaii=30,uidi(3s^ Inlikomannor,/* «ivflf- 
nifiM that tlM intognlof «iv ahoaldbo talmi botwoon tho limits «=0, andvssU. 
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and (he samofthe resistances arising fifomthecompressioiis of 
Ihe fibres will be 

The sum of the moments of these resistances, taken with 
reference to the axis on, will be 

312. For the purpose of resolving the resistances (143 e) 

and (143/) into components parallel to the axes of x and y, 

dx du 
we must multiply them respectively by --=- and ^, the cosines 

as ds 

of the angles which their directions form with the axes : but 

as the curvature assumed by the solid is always found to be 

exceedingly small even at the instant when the rupture takes 

dx 

place, the expression -j- will be very nearly equal to unity, 

ds 

and the components in the direction of the axis of x may there- 
fore be assumed equal to the entire resistances.. These being 
the only forces in the system which have components par- 
allel to the axis of Xy the condition of equilibrium which 
requires that the sum of the components parallel to this axis 
shall be equal to zero, will be expressed by the equation 

duj vdv—J duj vdf)—0 ..... (143 A). 

The negative sign is given to the resistances offered by those 
fibres which suffer compression, because they are exerted in a 
direction contrary to the resistances of the extended fibres* 

This equation will determine the position of the axis of 
equilibrium au when the figure of the transve'rse section is 
known. 

313. A similar condition may be obtained for the com- 
ponents parallel to the axis of y ; but as it will not be required 
in the succeeding steps of this investigation, it will be unne- 
cessary to express it anal3rtically. 

314. The moment of the force P taken with reference to 
Ihe axis au will be expressed by V{af—x\ and since this 
force tends to turn the system about the axis au, in a direc- 
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liim eontniy to that in iHiidi tiie ranrtances of the fibres 
would cause it to turn, the condition that the algebraic sum 
of the moments of all the forces taken with reference to the 
axis of equilibrium shall be equal to zero, will be expressed 
by the equation « 

^{fl^f^^'^+f^^f^"^^) -P(*'-«)=0 .(143,). 

315. When the radius of curvatnie becomes equal to unity 
ttie expression (143 f) becomes 

k^^f^duf^n^do-^J^duJ^v^d^ (143 A). 

This quantity is called the momeni of elasticity of the solid, 
and wDl depend upon the elasticity of die substance, and the 
figure of the transverse section. Its value will evidently 
determine that of the force P, which, acting at the extremity 
of a given arm of lever, will be necessary to produce a 
given curvature in the solid ; thus, the moment of elasticity 
becomes a proper measure of the resistance to flexure opposed 
by the solid. 

316. If the flexure of the^olid be supposed such that the 
extreme fibre, or that which undergoes the greatest extension 
or compression, is about to be ruptured or crushed, the resist- 
ance opposed by this fibre will be that due to the tenacity of 
the substance : hence, if dudv denote, as in Art. 309, the base 
of an elementary portion of the solid included betwe^i the 
consecutive normal sections, and if the distance of this de- 
ment of the solid firom axis of equilibrium au be equal to T, 
that of the fibre which is most extended or compressed, die 
resistance opposed by such element will be expressed by 

Hdvdv] 

B denoting the coefficient of the tenacity. 

This dement being at the distance Y firom the axis of 
equilibrium, its original length ds will undergo a variatioti 
represented (Art 309) by 

Yds 
and the correnionding variation in the length cb of the ele» 
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meat, whose distance from the same axis is denoted bjr ft 
will be 

vcb 

But the resistances opposed by the two elements being by 
hypothesis (Art. 293), proportional to their extensions or com- 
pressions, we shall have the proportion 

J?" denoting the resistance opposed by the element at the 
distance v from the axis of equilibrium. From this propor- 
tion we deduce 

317. Similar expressions may be obtained for the resistances 
offered by the other elements; and by taking their moments 
with reference to the axis of equilibrium, and adding them 
into one sum, we shall obtain for the moment of the entire 
resistance, at the instant when a fracture commences, 

* t(/ */"*•''''+/ */"*•''*) • • • • • ^^*^ ^- 

This expression is called the moment of rupture, and will 
depend upon the tenacity of the substance, and the figure of 
the transverse section. This moment must evidently be 
equal to the moment F{j/—x) of the force P, which is just 
capable of causing rupture. Thus, we shall have 

?'(yo*^^"^*^^'t/«''^^ ^'^0 =P(^ — ar) . . .(143m). 

The value of the moment of rupture will serve to determine 
that of the force P, which, acting at the extremityof a given 
arm of lever, will be just capable of producing fracture. 
Thus, the moment of rupture becomes a proper measure of 
the resistance to fracture opposed by the solid. 

318. By comparing the expression (143 Ar), fer the moment 
of elasticity, with (143 Z), which represents Ate moment of 
rupture, we shall perceive that the latter may be deduced from 

(he Ibnaer by merely substituting •=? for A. 

41 ^ 
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319. When the transrerae section can be divided sym* 
metrically by a horizontal line, that line will be the axis ot 
equilibrium, since the equation (143 h) will evidently be satis- 
fied by regarding that line as the axis of tc The moment 
of elasticity will then be expressed by 

2Af duf v'dv] 
•/a •/ 

and the moment of rupture by 

^ f'dupv'dv, 

320. In other cases, it will be necessary to determine the 
position of the axis of equilibrium by the condition (143 A), 
and then to calculate separately the two integrals which enter 
into the expressions for the moments of elasticity and rup- 
ture. 

321. To apply these principles, we shall determine the 
moments of elasticity and rupture for those solids whose 
transverse sections are such as are more commonly adopted 
in practice. 

322. Let the transi^erse section be a rectangle {Fig. 142), 
whose breadth and height are denoted respectively by a and 6. 
The value of the moment of elasticity will then become 

2k f^ duf v^dv. 
•/o i/o 

and by integrating with reference to v^tnn^ between the limits 
1^=0, and v=o^ss^, we shall obtain double the sum of the 
moments of all the elements, whose bases constitute the ele- 
mentary rectangle o^. Performing the integration, we have 

2A/**dtt X^'=2A/**rfu X ^! ^i^kh^Pdu. 
«/o ot/o 3 ^.0 

Integrating a second time, with reference to ti, between the 
limits u=0 and 1^=0, we shall obtain for the moment of 
elasticity ^s 

«s=^Aa6' (143 »). 

Hence it follows that the resistance to flexure opposed by a 
solid whose transverse section is rectangular, will he propor- 
tional to the breadth, and the cube of the depth. 

B 

323 If we replace A in this expression by — , we shall 
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obtain the moment of rupture of the rectangle; andsinoe 
y is in the present case equal to ift, we shall have 

/|:=iBaft«.....(143o). 

Thus the resistatice to fracture is proportional to the breaddi 
aqd the square of the depth. 

324 If the solid be disposed in such manner that the 
dimension a shall become vertical, and the dimension b hori- 
zontal, the expressions for the moments of elasticity and rup- 
ture will become respectively 

and by con^mring these expressions with those obtained, 
when the dimension a was supposed horizontal, we shall 
deduce the proportions 

« : •' : : 06* : 6a* : : 6* : «», 
' fi : fi! :i a6« : ba^ : : 6 2 a* 

It thus appears that the resistance .to flexure when the broader 
face b is placed vertically, will be to that exerted when the 
narrower face a is vertical, as the square of the broader face to 
the square of the narrower. But that the resistances to frac- 
ture in similar cases are proportional simply to the first powers 
of the same quantities. 

325. If in the expressions (143 n) and (143 0), we make 
a=fr, we shall obtain for the moments of elasticity and rup- 
ture of a prism with a square base, 

•z^iVAaS /B=iBa* (143;?). 

326. Let the transverse section of the solid be a rhombus, 
{Fig- 143), whose diagonab are represented by 2p and 2qj 
and let the diagonal 2q be placed vertically. If we first 
determine the moment of elasticity of the triangle aBC, that 
of the rhombus can be immediately deduced by simply multi- 
plying by the number 2. The limits between which the first 
int^ration with reference to the variable v^am^shovdd be 
dSected, are «»0, and vsaot. But from the similarity of tri- 
angles, we have the proportion 

aoiotx: oD : DC, 
or, 

uiotiip :qi 



I 
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whence, 

V 
and the limits of the first integration will therefore be ^b^, 

and 17=-?. Making' these substitutions in the gener^ for* 
mola for the moment of elastieity, we shall obtain 

Integrating a second time, with reference to the variable u^ 
between the limits te=o, and n,=^f^ the mom^it of elastidtf 
of the triangle aBC becomes 

and by doubling this expression, we find for the moment of 
elasticity m of the rhombus, 

g 
327» If in this expression we replace A by :^, wo shall ob< 

tain the value of the moment of rupture /s^ which,^ since 
V=y, will become 

328. If we make j9=9, the rhombus will become a square^ 
and the values of a and ^ wi]l reduce to 

or if the side of the square be denoted by Oy we shall have 
the relation a^^^2^^y and therefore 

and by comparing these expressions with those obtained 
(Art« 329) fiir the moments of elasticity and rupture of a 
prism with a square base, when the sides of the base are 
respectively vertical and horizoi^taU we shall find that the 
resistance to flexure wi]l be the same whether the diago- 
nal or side of the square 'be disponed vertically; but that 
the resistance to fracture when the side is vertical, will be 
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greater than when the diagonal is Teitical, in the ratio of 
v^(2) to 1. 

329. When the section is a circle whose radius is equal to 
r, the integration with reference to the variable v must be 
effected between the limits i;=0, and v==^{2ru—u*)] and 
the second integration, with reference to m^ between the limits 
tt=0, and tt=2r. Thus, the expression for the moment of 
elasticity will be 

For the purpose of effecting the second integration, we 
make r~M=2r, which gives 

Substituting these values in the expression for «, and observ- 
ing that the limits u=0, and w=2r, correspond to the values 
j»=+r, and ;»=--r, we shall obtain 

J (2ru'-u^ydu^ —f\r^ —z' )^dz = 



or. 



/* (^'-t$*)^du=^^z^(r»^z')^dz 

-Jjr'ir^ -z»)^dz ,.. . . , (143 r). 

The first term of the second member, being integrated by 
parts, gives 

y^ z« (r« ^z' ^dz^f'^r* -«' y%zdz^ 
-(ri-z«)*.|+i/^V-^')*<te • • . . . (143 s\ 

The quantity (r*— 2?«)»3 will reduce to zero, when;K=+r, 

or jr=— r, this term will therefore disappear; and the last 
term being resolved into &ctors will reduce equation (143 «) 
to 

J^z\r^ — z» )*rf«=J^(r« -«»)*r» —\f^{r^ -z»)h»dzt 

whence, by transposition and reduction, we obtain 

L 
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Hiis iridue being substituted in (143 r) gives 

y* {2ru—u»ydu^''ir^J^^{r»-^z')^dz. 

But the Integra] / (r'^z'ydz represents the area of a 

semicircle whose radius is equal to r. This area being ex- 
^esaed by J«r*, we shall have 

and by substituting this value in the expression (143 q) for 
the moment of elasticity «, it will become 

330. To determine the moment of rupture ^ we replace 

B B 

A by Tjr or — , and thus obtain 
V r 

331. By comparing these values with the expressions 
(143/7), we shall find that the moments of elasticity imd rup- 
ture of a square are to those of the inscribed circle as 

332. The moment of elasticity of a tube or hollow cylin- 
der whose exterior and interior diameters are represented by 
r' and r"', will be determined by taking the difference of the 
moments of the exterior and interior sections* Thus we 
shall have 

-=:iAir(r'*— r"*), 

and the moment of rupture fi witt be found by replacing A by 

B B , 

y or-; hence, 

r' 

333. If the section of the hollow cylinder be supposed 
equal tothat of a solid cylinder, the radius of the latter being 
denoted by r, we shall have the relation 
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and the resistances to fraetuie opposed by the two will be to 
each other as 

. :(r^«— r^'^)Vras ^ : (r^«— r^^«)* -, 
replacing^ r'* — r"» by its ralue r«, this jratio will be reduced to 

r 

Thd first term of this ratio must always exceed the second i 
thus the resistance to fracture opposed by the hollow cylinder 
will always be greater than that offered by the solid cylinder ; 
and since the value of the first term may be increased indefi- 
nitely without affecting that of the second, it follows that 
the resistance of the hollow cylinder may likewise be in- 
creased indefinitely without changing the area of its section. 
334. Let a and b rejpresent the breadth and height of a 
rectangle inscribed in a circle whose diameter is denoted by 
D : we shall have the relaticm a* +6^ =D< ; and therefore^ 

«6««a(D«— a«). 
But the moment of rupture of a rectangle being proportional 
to the breadth and the square of the depth (Art. 323), if we 
wish the resistance to fracture to be a maximum, we must 
differentiate the preceding expression with referenee to a, and 
place the first differential coefficient equal to zero : we shall 
thus obtain 

da 
and therefi>re) 

Hence, the strongest rectangular solid which can be cut firom 
a given cylinder will be that in which the diameter of the 
cylinder, the depth of the rectangular section, and its breadth^ 
shall be to each other as the square roots of the numbers 3^ 
8,andl. 

L2 
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Of the Figure of the Solid after Flexure. 

336. We will now consider the form of the carve Ai^t/B 
{Fig. 140) assumed by the fibres whose lengths remain invar 
fiable. For this purpose, let AM {Fig. 144) represent the 
solid which is firmly fixed at its extremity A, and subjected 
to the action of the weight P, applied at the other extremity, 
in a direction perpendicular to the original direction of the 
axis of the solid. Then denoting by m the moment of elas- 
ticity, the equation (143 i), which expresses a condition of 
equilibrium, when the solid merely undergoes flexure, with- 
out being ruptured, will become 

^^PCaZ-a;); 

or by substituting for the radius of curvature R its general 

value J — ^ , this equation will reduce to 



dx* 



d^ 

=?(*'-«) (143 <). 



336. In like manner, when the solid is about to be rup- 
tured, if we substitute j6 for the moihent of rupture, in equa- 
tion (143 m), we shall obtain 

fi^V{x'-x).....{\iSu). 

337. Let c denote the horizontal distance AB between the 

extremities of the solid, 
/, the ordinate BM, 
^, the length of the arc AmM^ 

«, the angle included between the tangent to the curve 
at the point M and the horizontal line. 
Then, since the curvature is supposed to be extremely small, 
even at the instant when fracture takes place, the expression 

^ which represents the tangent of the angle formed by the 
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dement of the curve with the axis of x, will also be extremely 
small, aud its square may therefore be neglected in compari- 
son with unity. Thus the equation (143 1) will be reduced to 

Multiplying by dxj we obtain 

ax* 
and by intq[Tation| we have 

The arbitrary constant introduced by integraiion is equal to 
«ro; siuce. when x=0, |, which tepreaenl. the tangent of th. 

angle included between the element of the curve and the axis 
of abscisses, is likewise equal to zero. 
Multiplying again by ctx we have 

•-i^rfa?=5P| cr— ^ |ctr: 
dx \ 2/ ' 

and performing a second integration, diere results 

the constant will be eqasi to zero, since xszO gives y=0. 

33& If in this expression we make x=:Cj the ordinate y 
will become equal to/; hence we shall have 

In Jike manner, by making x=zc in equation (143 1;), we shall 

Iiave r?^ tang «, and therefore 
dx 

P 3/ 

or, r^lacing -- by its value -^ deduced from the 

equation, we have 

tang*=^ (143 ar). 



166 8TATIC8. 

339. To determine th& length s of die ux^ AmM, we take 
the general expression for the element ds of this lure, 

which, being developed, rejecting all but the two first terms 
as inconsiderable, gives 

and by replacing -J^ by its value (143 v\ thid equation 
becomes 

Integrating we obtain 

and by making x=c, the value of the entire arc AmM becomes 

,P»/«* c*.c'\ j^P*^c* 

pa 

or, replacing — by its value deduced from equation (143 1^), 

this expression reduces to 

*^c+^.....<i43y). 
oc 

340: When the weight P is just sufficient to fracture the 

solid, the rupture will take place at the supported end ; since 

the moment P(c— a;) of the force P will be the greatest when 

3r=0 : the equation (143 u) will then become 

|8=^Pc. ....(1432r); 

dv* 

or, if the curvature be still supposed so small that JL, may be 

neglected in comparison with unity, the equation of the curve 
will be the same as when the flexure was extremely slight, 
and we shall therefore have 

/ST 
341. Let it now be supposed that the solid is loaded with 
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weights distributed unifonnly throughout its length. Denote 

by z the absciss of any point between M and 9n> and by p the 

weight supported by a portion of the soUd which corresponds 

to a unit of length of the absciss : then since the distribution 

of the weights is supposed unifonxii we shall ha?e the 

proportion 

Xxpw dz\ pdzy 

(he weight supported by the element of the solid whose pro- 
jection on the axis of :r is represented by dz. The moment 
of this weight, with reference to the point m^ will be 
pdz(z--x)<i and the sum of the moments of all the weights 
supported between M and m, taken with reference to the 
same point m^ will be 

•fp{z—x)dz. 

This integral should be taken between the limits z^c and 
z^x^ the quantity x being regarded as invariable : thus we 
shall have 

/**p(z— ir)rfz=p^-^^ — p3r(c— a:) (143 of). 

But the condition of equilibrium requires that the sum of 

these moments shall be equal to «i-j-^,the sum of the mo- 

ax 

ments of the resistances offered by the several fibres. Hence, 

we obtain 

•-^=p I — g — j — par(c— ar)=4pc> — pcr+ipar«. 

Molliplytiig by dx^ and integrating, we obtain 

J^^p{\c^x^\cx^+\x^) ; 
dx 

and multiplying a second time by dxy and integrating, there 

results 

Making x^Cj y^fy and y^^tang •, we find 

/=|(ic*-.*c*+ic*)=|.^ ..... (143 h% 
tang i,=£(4c»-Jc»+ic»)»^. 
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342. When the weights distributed along the solid are just 
capable of pioducing rupture, the fracture will take place at 
the supported end, since the expression (143 a*) which repre- 
sents tl^ sum of the moments of these weights will evidently 
be the greatest when z^O, This sum being then equal to 
the moment of rupture /s, we shall have 

^«ipc«, cp^^ (143 0; 

.c 

the expression jic represents the entire weight distributed 
along the solid. 

343. If we make <y=P, and compare the values (143 fc*) 
and (143 w) of the ordinate /, it will appear that the depres- 
sion of the point M below the horizontal line Ajt, produced 
by the action of the weight P applied at the point M, will be 
greater than the depression produced by an equal weight 
distributed uniformly along the solid, in the ratio of 8 to 3. 

s 
And by comparing the values of -^inequations (1430^) and 

c 

(143 z) we shall perceive that the weight necessary to frac- 
ture the solid, when distributed uniformly, will be double that 
required when it is applied at the extremity M. 

344. It frequently occurs that the weight of the solid forms 
an important pari of the load which it is required to sustain. 
The effect produced by this weight is readily calculated by 
regarding it as uniformly distributed throughout thesoUd. 
Thus, if the solid be loaded with its own weight P=/>c, and 
a weight P applied at its extremity M, the sum of the 
moments of the weight P, and the weight of that portion of 
the solid which lies to the right of the point m, taken with 
reference to that point, will, by Arts. 337 and 341, be 

P(c— jt) '\'p{l c« —car + Jar«) ; 

and in case of equilibrium, we shall have 

•0=P(c-*)+p(4c>--cr+}2r*) (143 cP); 

or, if the solid be supposed on the point of being ruptured, 
the fracture taking place at the point A, for wlttch «=0, the 
condition of equilibrium will be 

/S=Pc+lpc«. 
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34S. The expressioii (143 cf) gives, by two successive 
integfaKkms, 



and by making ar=c y ==/, and ^= tang «, we obtain 

CUT 



c» .« . . . c» 



tang-«^4P+*pc)«3f^.y, 

. /i=c(P+4pc)=c(P+iF) 

346. When the solid is supported in a horizontal position 
al its two extiemities M and M' {Pig. 14S), and loaded with 
weights at its middle point A, the results obtained Arts. 337- 
340 will apply to each half of the curve assmned by the 
solid ; for we may regard either half as perfectly immoveable) 
and suppose the other portion to be solicited by a force acting 
at its extiemity and equal, to the resistance offered by one of 
the points of support. Hence, if wedsoote by 

2P, the weight suspended at the middle point, 
2c, the distanee between file points of support, 
2sj the length of the curve^ 
/, the sagitta CA, 

«, the angle included between the line MM' and the 
tangent to the curve at M or M' ; 

the resistance exerted by each fixed point in the vertical 
direction will be equal to P, one-half die weight ap^ied at 
A, and the formulas (143 w% (143 si (143 y), and (14»;9) will 
become immediately applicaUe to the present case. Hencci 

^^^+% 

^l=s«P (143/> 

15 



^ 
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The value of / indicates that the depression at the solid at 
the middle point, or the sagitta AC, will be proportional to the 
weight 2P, and the cube of the distance between the points 
of support. 

347. The expressions deduced in the preceding article have 
been obtained upon the supposition that the resistances op- 
posed by the fixed points were exerted in a vertical direction ; 
whereas, the resistance is actually exerted in the direction 
of the normal to the curve at the point M or M ' ; and in 
some instances the inclination of this normal to the vertical 
line is too great to be neglected. This circumstance will 
seldom occur except in the case of fracture, the curvature 
of the solid being then greater than in the case of a mere 
flexure. If we represent the resistance exerted at M' by the 
line M'F, and resolve this force into two components which 
shall be respectively vertical and horizontal, the latter com- 
ponent ME will be equal and opposite to the similar compo- 
nent of the resistance at the point M, and the vertical 
component WD will be equal to P, or to one-half the weight 
supported at the middle point of the soUd. The value of 
the horizontal component M'E may be readily found ; for we 

have 

M'E=DP=:M'D Xtang DM'P=P . tang #. 

When the equilibrium subsists, and the solid is on the point 
of being ruptured, the moment of rupture must be equal to 
the sum of the moments of the vertical and horizontal com- 
ponents. The moment of the former, with rrference to the 
point A, has been found equal to cP ; that of the latter will 
obviously be Ptang # xACssPtangi» ./; thus, the con- 
ditions of equilibrium will become 

/is=Pc+Ptang#./; 
or, if we suppose the curve to be represented by the same 

equation as in Art 337, in which case tang #&sX^ this rela- 
tion may be written 

348. If the weight be uniformly distributed throughout the 
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length of the solid, we may regard eadi half as firmly fixed 
at the point A, and solicited at the same time by a system of 
parallel forces applied at erery point of the solid, and acting 
downwards ; and by a single force equal to their' sum, or to 
die resistance offered by the point of support, applied at the 
extremity of the solid, and actmg upwards. Thus, the case 
will be the same ad that considered in Art. 344, with the ex- 
ception that the forces arising from the weights uniformly 
, distributed along the solid are exerted in contrary directions. 
The equations obtained in that case will therefore become 
applicable to the present one by simply changing the signs 
of the moments of these forces, and replacing P by j9c ; we 
shall thus obtain 

^^cp{cx'^ix^)^pHc^x-^icx»+ix^) (143 5^-; 

«y=cp(ic3r«-Jar»)— ;?(Jc«x«-iGr>+^ar*) (143 A*); 

/i=:cp . c— qi . |c (143 i') ; 

making :rssc, yas/, ^a tang «, we obtain 

/=f(i--*-i+*-Vx)c*»^".^, 

tang-.=J(l-i-.i+i-i)c«=i?^=g 

l^^cp.ic (143*0. 

By comparing this value of/ with that obtained in equa- 
tion (143 V), it will appear that the depression of the solid at 
its middle point produced by a weight 2pc uniformly dis- 
tributed throughout the solid, will be less than that produced 
by the same weight suspended at the middle point, in the 

ratio of 6 to 8. And by comparing the values of — given by 

c 

equations (143 A/) and (143/0 we shall perceive that the solid 

will be equally liable to firacture by the action of the weight 

2pe distributed uniformly, or by half that weight applied at 

its middle point. 

349. The preceding expressions, like those in Art. 346, 

have been obtained upon the supposition that the resistances 

offered by the fixed points are exerted in vertical directions. 
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in the case of rapture, the Hue of dkectioB of the resist- 
ance may deviate so far from the vertical as to render the 
above supposition inadmissible. We then resolve this resiat- 
ance, as in Art. 347, into two components respectively vertical 
and horizontal ; the former will be represented by pe^ and the 
lattw by pc. tang ». In ease of equilibrium, k wtU simply 
he necessary to add to the seodnd member of equatioD (143 1^ 
the m€»nent pc . tang sf x/> of the hcdrisontal eomponent ; thus^ 
ve shall have 

|B«<5p . c- cy . ic+cp . «ang « ./=cp(ic+/ tang ifX 
or, by replacing tai:i^» by its value ^, we hav« 



,l=q,.Jc(l+^), 



and therefore^ 



2cp=: ^ 



i^-m 



we here suppose that the equation of ttue i^rve zemains th* 
same as in Art. 337. 

350. If the solid be loaded at the same tilne with a weight 
2P at its middle point, and its own weight 2pe=2P' uni- 
formly distributed, the cajse will be similar to that considered 
in the two preceding articles, with the exception that the 
force applied at the extremity of the solid will new be repie. 
seated by P+pe=P+F : thus, when we 8U|^)08e the resist- 
ances exerted by the fixed points to act vertically, we shall 
obtain, by substituting P+pc for pc in the first terms of the 
second members of equations (143 A') aQ4 (143 i'), 

|B=:(P4.pc)c— cp .ic (143 l") ; 

which give, by making ar=c, y=/, and pc=F, 

861. But, if regard be had to the oblique direction of 
the resistance, as may be necessary in the case of rupture, 
ve must add the moment of the horizontal component 
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to the second member of equation (143 f), which thus 
becomes 

i«=(P+pc)c-cp . ic+(P+pc) tang m ./; 
and thereibrey 

gp_ ^-P(g4-2/tangi>) 
c+/ tang. 

The equation (143 g^ likewise ^ves, by replacing pc in the 
first term of the second member by P+jvCi-and tnairfng 

g=tang., 

3P+2P 4^. 

and this value of /oi^ 4» may be regarded as sensibly equal 
* to that employed in the preceding expression for the value 

of2P. 

352. To apply the several results which have been ob- 
tained to particular cases, it will be necessary to substitute 
the values of the moments of rupture and elasticity apper- 
taining to the figure of the transverse section. We must 
likewise assign to A and B the coefficients of elasticity and 
tenacity, their particular values which depend upon the nature 
of the substance, and which are supposed to have been pre- 
viously determined by experiment 

363. The best method of determining the values of A and 
B consists in supporting a prismatic solid at its two ex- 
tremities in a horizontal position, loading it with weights at 
its middle point, and observing the sagitts which correspond 
to difierent weights ; or simply, the weight and sagitta at the 
instant when the fracture is about to take place. 

If the transverse section of the solid be a rectangle, 
whose breadth and height are denoted respectively by a and 
6, we shall have (Arts. 322 and 323), 

and if we neglect the weight of the solid (Arts« 346 and 347), 

and by eliminating • and ^ we obtain, for the case of simple 
flexure, 
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and for that of firacture 

2c beiBg the interval between tfie supports^ and 2P the weight 
with which the aoUd is loaded. 

The values of A and B are thos expressed in functions of 
quantities whieh are readily determined hj observation. 

354 If the weight of the soUd 2P be likewise taken into 
consideration, it will simply be necessary (Art. 360) to add 
f . 2P to 2P in equation (t43 m'), and to replace equation 
(143 1/) by the formulas of Art 361 : we shall thus have, in 
Ae case of flexure, 

and for that (^ fracture, 

66 _ (2P+2PXc4/.taHg^)-^Pc 
ab' iab* * 

3P+2P 4r 

366. If the solid be loaded with a we^t 2Q, and if the 
corresponding sagitta be denoted by f, we shall obtain a 
value for/ similar to that of /in the preceding article : thus 
we shall have, 

and by taking the difference between/ and /, the weight of 
the solid 2P will disappear, and we shall obtain 

/-/=(2ci-2P)^, A=(aa-2P)^^«-^. 

Thus, it will only be necessary to observe the increase /— / 
in the sagitta, which corresponds to a given increase 2Cl— 2P 
in the weights suspended at the middle point* 
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Of Solids of equal Resistance. 

• 

356. When a solid having the prismatic form ia subjected 
10 an effort which tends to break it, there will always be a 
particular point at which the fracture will be most likely to 
take place. For, the moment of rupture will be the same at 
every point, whilst the moment of the force applied will da* 
pend upon its distance from the point with reference to which 
the moments are taken. Hence, if the strength of the solid 
be sufficient at that point where a rupture is most likely to 
occur, it will be unnecessarily great at other points. 

357. It becomes an object, therefore, to determine the 
figure of the solid which shall be uniformly strong through* 
out, since the adoption of such a figure may frequently effect 
a material reduction in the quantity of materials employed. 
Solids having such figures are called solids of equal resist* 
ance. " 

358. As an exaodple, let a body ABM (i^. 146), whose 
upper surface AB is horizontal, and whose two lateral faces 
are vertical, be firmly fixed at its extremity A, and subjected 
to the action of a weight P suspended firom its other extrem-* 
ity. It is required to determine the form of the under surfiice 
BmM such that the solid may be equally strong throughout, 
or that the moment of the weight P taken with reference to 
any point in the length of the solid, shall be equal to the mo- 
ment of rupture of the transverse section at the same point. 

Denote by a the breadth of the solid, b the height AM, c 
the length AB, x the variable absciss Bp, and v the corre- 
sponding ordinate pm : the moment of rupture of the section 

ab* 
AM will be (Art 323) B-— ; and since this must be equal to 

the moment of the force P, we shall have 

In like manner, the moment of rupture of the secEioQ pm 
^will be B-7- f and the moment of the force P with reference 
to a point in this sectiMi will be Vx, These moments being 



176 8TATIC0* 

equal by the conditions of the problem, the gesnenl lelatioii 
between the quantities v and x will become 

6 c 

This equation evidently appertains to a parabola, the axis of 
which will be the line AB. , 

359. To determine the figure of the curve assumed by the 
solid when bent, we observe that the moment of elasticity of 

the section pm will be (Art. 332) A-^ssA --. Hence, if 

^^ 12c* 
y denote the ordinate of the curve of flexure corresponding to 
the absciss Ap=e— jr, the conditions of equilibrium in case 
of flexure will be (Art 337) 

12c* ^ 
Performing two successive integrations, and remarking that 

when x=c, -^=0, and v=0, we obtain 

dy P 24c'/' * i\ P 24c*/'. t ♦ . . I\ 

and by making x=0, and y =/, we find, for the depression of 
the extreme point B, 

By comparing this expression with that obtained in eqaa* 
tion (143 %D\ii will appear that the depression /is twice as 
great in the present instance as when the solid had the pris- 
matic form. 

360. If the weight supported by the solid be distributed 
uniformly abng its length, each unit of length being sup- 
posed to support a weight p, the sum of the moments of 
these weights, taken with reference to the point A, will be 
(Art. 342) pc.|c; and the condition of equilibruun will 
therefore be 
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Jb Mke manner, the sum of the moments of the weights sap- 
ported between the points p and B, taken with reference to 
the point j», wall be px . ^r. Hence, we shall have 

TiOtr* , bx 

B-x-=px.lx^ ort7=— , 
o c 

the equation of a right line. 

361. The preceding examples \ will be sufficient to illasr 
trate the manner in which the form of the solid of eqnal re- 
sistanoe may be determined when the distribution of the load 
is previously known. 



Of the Principle of Vbtwd VelocMes. 

362. The principle of virtual velocities, which was dis- 
covered by Galileo, and very fully developed by John 
Bemouilli and Lagrange, may frequently prove of great 
utility in stating the analytical conditions of statical problems. 
Indeed, it is riegarded by Lagrange, who has adopted it as the 
basis of his '^ Mecanique Analytique," as so essential, that he 
considers all the general methods which can be employed in 
the solution of questions relating to equilibrium, as being 
nothing more than applications more or less direct of this 
general principle. 

363. A virttud velocUy is the path described by the point 
of application of a force, when the equilibrium is disturbed 
in an infinitely small degree. Thus, by supposing that the 
point of application m of a force JP (Fig. 147) is, by an 
instantaneous derangement of the system) transferred to n, 
the small line mn which it describes is called the virtual 
vdocity of the point m, 

364. If this virtual velocity be projected upon the direction 
of the force, it will occupy thereon the small space ma^ and 
the product of the force P by this projection rna is called the 
moment of this virtual velocity, or, sometimiBs, the moment 
of the force ; it should however be observed, that the term 
moment is here employed with a very different signification 
from that usually implied^ 

T%e principle of virtual velocities^ as will be demonstratedi 

M 
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oonsists ia this, that when the system is in equilibrio, the sum 
of these mcMnents is equal to aero ; thus, if P, P, P*, d&c^ 
represent different forces applied to a system, and p, p', p'', 
&c., the projections of the virtual yelocities on the directions 
of these forces, we must have in case of equilibrium, 

Pp+Pf '+P'>''+&c,=0 (144). 

It is necessary to remark that when any one of these pro- 
jections p, p', p", d&c., fiiUs upon the prolongation mb 
(Fig. 148) of the force P, applied at m, this projection must 
be regarded as negative ; and since the forces P, P, P^, dec, 
are all considered as having the positive sign, the moment 
corresponding, to this negative projection, must likewise be 
affected with the negative sign ; thus, the equation (144) will 
express that the algebraic sum of the moments is equal to zero« 
365. This principle will first be demonstrated for that case 
in which the forces are applied to a single point Let P, P, 
P', &c., represent any number of forces applied to the point 
m (Pig* 149), and sustaining it in equilibrio ; if, by the effect 
of an infinitely small derangement, the point m be trans- 
ported to n, the line mn being infinitely small, may be 
regarded as a right line. Let the axis of ar be supposed to 
coincide in direction with the line mn, and denote by «, « , «', 
Slc., the angles formed by the several forces with this axis ; 
we shall have, since an equilibrium subsists in the system, 

P cos a+P cos /-f-P' cos «"+&€. =0 : 
multiplying the several terms of this equation by the line mn, 
which will be denoted by z, we shall obtain 

Fz cos «+Pj2?' cos «'+PV cos ."-f&c. =0 (145). 

But it is evident that 2? cos •, or mn . cos nml, is equal to the 
small line ml, the projection of mn on the direction of the 
force P. Thus z cosm represents the same quantity as the 
letter p in equation (144). The same remarks being appli- 
cable to the other forces, the several products a? . cos «', jzt cos «', 
&c., may be replaced by p', p'', d&c, the projections of the 
virtual velocity of the point m upon the directions of these 
forces, and the equation (145) will then become 

I^+Pp'+P'p^+dcc.^O ; 
firom which we conclude that the principle of virtual velocities 
is true when the forces are applied to a single point 
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366» The most general case of this principle which usually 
presents itself, is that in which the several forces P, F, F', 
&c, are applied to different points of a body or system of 
bodies: these points preserving their distances invariable, 
may be regarded as connected with each other by inflexible 
right lines. Before examining the general state of the system 
when the equilibrium has been slightly disturbed, we will 
consider singly one of these inflexible right lines mim!^ at the 
instant when the point m has been brought into the position 
denoted by n. The other extremity m* of this right line 
will at the s^ime time change its position, and may be situated 
either above mn* (Fig. 150), or beneath it (Fig. 151) : let 
it be first supposed above mm\ and the line mmf will then 
assume the position nn' {Pig. 152) : the lines mn and mW 
may be regarded as infinitely small when compared with the 
lines mm' and nn\ since the derangement of the system is 
supposed infinitely small. If the points m and n* be con* 
nected by a right line we shall form a triangle fmn'n', in which 
the side m'n* being infinitely small, the angle n'mm* will like- 
wise be infinitely small, and the arc n'o, which measures this 
angle, may therefore be regarded as a right line. But this 
arc being described with a radius moj if we assume fnb=:fna 
{Fig. 153), the angle bn'a being an angle in a semicircle, will 
be equal to a right angle, and may be considered equal to the 
angle mn'a. For, since the angle nfma is infinitely small, the 
angle mn'b must be so likewise^ and the angles frn'a, mn'a, will 
therefore differ by an infinitely small quantity. Thus, the 
triangles mn'a and nfla {Fig. 152) ^being right-angled and 
having a common angle a, will be similar, and we shall there- 
fore have the proportion 

ma : n'a : : n!a : la. 
But n'a being infinitely small with respect to ma^ la must be 
infinitely small with respect to n'a ; and since n^a is an in- 
finitely small quaintity of the first order, la will be one of the 
second ordor. Hence, the quantity la may be neglected, and 
mn may be r^;arded as equal to ml ; thus we shall have 

tnn'=zmm'+m'L 

la a similar manner may it be proved that if with the point n' 

M2 
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as a centre, and radius n'm^ we describe the arc f?ia',we shall 
obtain 

and b7 placing these values of inn' equal to eadi other, we find 

but the right line mm! being supposed inextensiUe, it must 
preserve its length invariable in its new position; hence, 
fMm'zsnn' ; and by suppressing these equal terms in the pre- 
ceding equation, we obtain 

iLgain, the lines mm! and nn' form with each other an infi- 
nitdy small angle ; for, if they intersect at a point o (FHg. 164), 
we shall have a triangle tnfan', two of whose sides are of finite 
extent, the third side m'nf being infinitely small ; thus, the 
angle o will likewise be infinitely small. It results firom the 
preceding remarks, that if the perpendicular nk be demitted 
on the side mmf (Fig. 152) we shall have 

nk=zmk'j 

and by substituting this value of nA in the preceding equatioi^ 
we find 

which proves that the projections mk and m'l of the virtual 
velocities mn and m'nf of the points m and m' are equal to 
each other. 

367. Let us now suppose that the point m (Fig* 166) is 
tranqK)rted to n, and that the extremity m' fiJIs at n' below 
mm'. It may be proved as in the former case, that the angle 
o is infinitely small, and consequently that the projections ol 
and oh may be regarded as equal to on' and on ; whence^ 

anfszom'+m% on=om — mb] 

by the addition of these equations, we obtain 

an'+ofiT^om'+om+m'l^mk ; 
or, 

but fin' and mm' are equal to each other, and therefore 

m'l^mht 
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which prov^ that the projections of the virtual velocities are 
still -equal. 

368. In this demonstration it has been supposed that the 
derangement of the system is such as to preserve the lined 
fMn! and nv! in the same plane, inus restriction is however 
entirely unnecessary. For,if we suppose that nwnl and nn! are 
not contained in the same plane, we can draw through the 
points n aiid vl {Fig- 152) planes perpendicular to the line 
mm\ intersecting this line at the points k and ^ the projections 
of n and n'. Then, if a line be drawn through any point of 
fwml parallel to nv!^ and terminated by the perpendicular 
planes, such line will evidently be equal to nn\ and its ex- 
tremities will likewise be projected on the line mm!^ at the 
same points k and Z. Hence, if' the property be true for the 
parallel line which intersects ifn/m\\t will likewise be true for 
the line nr^. 

369. It should be observed, that in each of these cases, the 
projections will be affected with contrary signs, one falling 
upon the line mm', the other upon its prolongation. 

This appears from an inspection of the figures 152 and 
155, and it likewise results from the consideration that if the 
two projections fell upon the line or upon its prolongations, 
the length of nn' would necessarily be greater oi' less than 
that Qtmm\ which by hypothesis, is impossible. 

370. It follows from the preceding remarks, that if we sup- 
pose two equal and opposite forces to act in the direction of 
the line mw! on the points m and m', and denote by t? and t/ 
the projections of the virtual velocities mn, and mV on the 
line of direction of the forces, we shall have 

and consequently, that if we represent by {jnntl) each of 
these equal forces, we shall obtain 

which proves that the forces represented by {nvmf) being 
applied at the extremities of the right line, and being regarded 
as sustaining those points in equilibrio, the sum of the 
moments of die virtual velocities of these points will be equal 
lozero. 

371. By the aid of this proposition it will be easy to 

16 
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estaUisb the principle of Tirtaal yelocities in the cats of any 
number of forces applied to different points. For, let P, P, 
P', 6cc. {FSg. 166), be several forces aj^lied to the points 
mj m\ m'\ dec If we regard these 4>oints as firmly con- 
nected by inflexiUe right lines, these lines may be considered 
as the directions of equal and opposite forces acting on the 
points m, m\ fn", Slc., and if we denote these forces by (f7»in')» 
(m'm'% &c.y the equilibrium will be maintained 

at the point wi, by the forces {mm% (mm"), {mm"% and P, 
at the point m'^ by the forces (m'm), {jn*m% (wW"), and P', 
at the point m'\ by the forces (m"f»), (^'m% (m' W) and P', 
at the point m'", by the forces (m'"m), (m"'m'), {m"'m'% and P", 
&c. &c. d&c. 

Since the equilibrium subsists at each of these points, the 
equation of the moments obtained in Art. 365, will manifestly 
be satisfied. Let the following notation then be adopted, viz : 
t;=projection of the virtual velocity of one of the points m 
m', m", &c., the point to which this velocity refers being 
designated by the manner in which v is written in the ex- 
pression for its moment ; thus, v(jnm') represents that v in 
this moment applies to the point m, while v(m'm) denotes 
that V applies to m'. 

The character v will thus represent quantities which may 
be equal or unequal, according as the projections of the 
virtual velocities fall upon the same or upon different lines. 

372. Having adopted this notation, the equations of the 
moments as given by Art. 365, may be expressed as follows : 

for the point w, Fp+v(mmf)+v(mm")'^v(mm"^=Of 
for the point m', Pp'+t7(m'w)+t7(mW)+t7(mW")=0, 
for the point m", P>"+t?(m"wi)+t7(m"7ii')+v(«*"m'")=0, 
for the point m"\ l?'y"+v{m'''m)+v{m'"fnf)+v{m"'m'')=0. 

The sum of these four equations being taken, we remark 
that the moments appertaining to the same right line mutu- 
ally destroy each other ; thus, the term v(mfn/) will cancel 
the term t;(m'm), &c., and by continuing the process, the sum 
will be reduced to 
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The same demonslnitioE is eyidently ajj^licaUe to a greater 
number of forces. 

373. As an .example of the manner in which the conditions 
of Qi|uilibfium in any machine may be inferred iirom th^ 
principle of virtual velocities, we will suppose the relation 
between the power and resistance in the lever to be unknown. 
The forces exerted upon the lever are the power P, the 
resistance P, and the reaction of the point of support. If a 
alight motion be communicated to the lever, causing it to turn 
about its fulcrum, this fulcrum will remain immoveable, and 
the moment of the reaction exerted by this point will there- 
fore be equal to zero, ilenoe, the princiirfe of virtual velo- 
cities will give 

or, 

Pjp=;=-Pp' (146). 

This being premised, let the values of the quantities p and p' 
be now determined. Let C represent the fhlcrum of a lev» 
mm' {Fig. 157), which being sKghtly removed fh>m its po- 
sition of equililnrium has assumed the position nn' ; the angles 
at C being equal to eadi other, the arcs mm, m'n' will be pro- 
portional to the radii with whidi they are described, and we 
shall therefore have 

mn : wV : : Cm : Cm' (147). 

But if through the points n and n' perpendiculars, be drawn 
to the directions of the forces P and P, we shall have 

the negative sign being prefixed to py because it falls on the 
prolongation of the force P. The arcs being regarded as in- 
definitely small right lines, the right-angled, triangles mm, 
mVit' will be similar ; for the isosoelea triangles mCn, mVn' 
give 

angle 7imG=angle nVG : 

and by subtracting these equal angles fiom the right angles 
rmC, r^mfC^ there will remain 

angle iTiinasangle r'mfn'. 
Thus, the triangles rma, r^V will be similar, and will give 
the proportion 
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■wirm'n'rrmrrmV; 
or, 

mm :m'«' :: — /) :p'\ 

and theiefore the proportion (147) may be eonverted into 

Cm : Cm' ::— p :p\ 
But the equation (146) which expresses the principle of vir- 
tual Telocities gives rise to the proportion 

P:P:: —pif] 

whence, by the equality of ratios, 

Cm : Cm' : : F : P, 

or the forces are in the inverse ratio of the anns of the lever. 

Of the Position of the Centre of Gravity of a System when 

in EquUibrio. 

374. Let m, m', m" &c*, be the centres of gravity of different 
bodies which are connected together in an mvariable manner ; 
let perpendiculars Zy z'j sf'^ &c., be demitted from these pomts 
on the plane of jry, supposed to be horizontal ; the weights 
P, P', P", (gx^ of the several bodies, which may be regarded 
as suspended from the points m, m', m", &a, will act along the 
directions of these perpendiculars. If %i denote the co* 
ordinate of the centre of gravity of the whole system, we 
shall have (Art. 166) 

Pg+P';g'+F';g"4-ifce- 

When the sjrstem of bodies changes its' position, the ordi- 
nate j2r becoming 2r+A, or z — A, the incrementof jz? will afi^t 
the values of Zy z", sTy dx., since the points m, m', m", &c., 
being connected in an invariable manner, the value of z 
cannot diange without the values of z\ z^y <fec^ undergoing 
a corresponding alteration. Although we are generally nnac< 
quainted with the law of dependence which exists between 
the positions of the different bodies composing the system, 
the preceding equation nuiy nevertheless be written under 
the form 

^' P+P+F/+&C. ' 
in which ^, F, &a. denote certain indeterminate fimctions. 
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If the value of 2?/ be a maximum or a minimum, the dif- 
ferential of the secGod member will be equal to zero, hence 

Pcte+FA>5?+F'dP;y+&c.=0 ; 

or, 

Prfz+Fc£«'+F'cte^+&c.=0. 

But this equation is necessarily satisfied when the system 
receives an infinitely small derangement firom its position of 
equilibrium. For, when the centres of gravity m, m\ m\ &c., 
change their positions and are transferred to n, n, n", &c., 
the paths described will be the lines miij m'n, fnn', &c. If 
therefore, these paths be projected on the primitive directions 
z, z, z^f &a, of the forces P, P', F', &c., we shall obtain the 
values of the projections of the virtual velocities. Thus, 
fnh (Fig- 158) the projection of mn upon the co-ordinate z, 
is equal to nk, the increment which the value of z has re- 
ceived in consequence of the derangement sustained by the 
system : the sign of this increment may be either positive or 
n^^ative. We shall therefore have, without reference to the 
signs, p=^dz ; and by applying the same considerations to the 
other co-ordinates, it appears that the differential l?dz+ 
'P'dz'+P"dz'' +&C.J vrill represent the same quantity as the 
expression P^^-fFp'-J-Fy +&c. ; and since the latter quan- 
tity becomes equal to zero when the system is in equilibrio,. 
according to the principle of virtual velocities, we must like- 
wise have 

Pdj2?+Frfz'-i-F'd2;"-h&c»=0 ; 

hence, dz,=Oy which proves- that the centre of gravity is in 
g-eneral situated at the highest or lowest point, when the 
system is in a state of equilibrium* But this proposition 
vriil not always be true, since dz=0 will not alwap indicate! 
the existence of a maximum or minimum. 

375. The converse of this proposition is always true, vizr 
If the centre of gravity of the system be situated at the 
hiffhest or lowest pointy the system wU necessarily be in equir 
Ubrio ; for, dz, will then be equal to zero, and the sum of the 
moments of the virtual velocities wiU also be equal to zero. 
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PART SECOND. 



DYNAMICS. 

OF THE LAW OF INERTIA. 

376. Dynamics has been defined to be that part of Me* 
chanics which treats of the laws of motion of solid bodies. 
We shaU, in the first place, establish as a principle the general 
law of nature, that every body will continue in the state of 
rest or motion in which it may be placed, unless it be acted 
upon by some external force. This indifierence of matter to 
a state of motion or rest is called inertia. It is a conse- 
quence of this principle of inertia that one body when struck 
by another, exerts an effort of resistance to the impulsion,, 
whilst acquiring a portion of the motion of the striking body. 
By this same principle, a body having received an impulse^ 
must move uniformly in a right line, if not opposed by any 
obstacle : for there can be no reason why the body should 
deviate to one side rather than to the other, nor that its 
motion should be accelerated rather than retarded. It is 
true, that the nature of the force being unknown to us, we 
cannot foresee whether its effect will be such as to preserve 
the motion of the body invariable : thus, the law of inertia 
should be regarded as a simple result of experience and 
analogy. 

If we do not perceive the motions of bodies to continue 
unchanged, it is merely because diese motions are constantly 
aifected by the resistance of media, by the action of gravity, 
or by other similar causes. The most simple kind of motion 
which- caa be oonceivMl is that which takes place uniformlyi 
and in a li^t line.. 
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Of XJmfonn Bedilinear Motion. 

377. A body is said to have a uniform motion when it 
passes over equal spaces in successive equal portions of time : 
thus, if y denote the space which it describes in a unit of 
time, it will have described a space 2T at the end of two 
units of time, SV at the end of three units of time, &c. Con- 
sequently, if we represent by / the number of units of time 
necessary for the body to describe a space «, this space will 
be equal to /XY ; we shall thus have 

Such is the equation of uniform motion. The coefficient Y, 
or the space passed over in a unit of time, is called the 
vehcUy^ and it evidently expresses the rate of a body^ 
motion. For, if a body M move n times as ni^dly as 
another M^ the space Y described by the first in a unit of 
time, will obviously be n times greater than the space Y', 
described by the second in the same time» 

378. For the purpose of comparing the circumstances of 
motion of two bodies which depart at the same instant from a 
point A, with velocities represented by Y' and Y", we will 
denote by ^ and st' the respective spaces passed over by these 
bodies, at the expiration of the times ( and t\\ we shall then 
have 

y=Yr, sr=TT\ 

whence we deduce 

y'^YY'' 

which proves that the spaces pctssed over euro proportional to 
the products of the times and velocities. When the times are 
equal, this equation reduces to 

*" Y'" 
and the spaces described are then piopcHtioDal to ihe ve« 
locities. 

379. The body may have already passed over a q»ee 8| 
previous to the instant firom which the time t is 
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we shall tiien have the more general equation of uniform 
motion 

in which s represents the distance of the body from the 
mgin of spaces. The quantity S is called the initial space, 
and evidently represents the distance of the body from the 
origin, at the commencement of the time t 

380. By the aid of this equation we can readily solve, all 
the problems of uniform rectilinear motion. 

For example; if the distance of a body from the origin of 
spaces at the end of the time f, be supposed equal to y ; and 
if this distance become s*" at the end of the time f\ we can 
thence determine the velocity Y, and the initial space ; tat 
we shall have the equations 

fiom which we obtain 

381. As a second example, let it be required to determine 
the .time of meeting of two bodies M' and M (fHg-. 169), 
which depart at the same instant from the two points A and B^ 
having the respective velocities T' and Y. Let C be their 
point of meeting : the spaces actually passed over hy the two 
bodies will be 

BO=Y/, and AC=Y7. 

If we denote by b the distance AB between the bodies at the 
commencement of the motion, and reckon their distances at 
the end of the time t from the point A as an origin, we shall 
have the equations 

Each of the spaces s and y will then be represented by the 
line AC ; and by placing the second members of the above 
equations equal to each other, we deduce 

382. Since the space s constantly varies wiAi Ate thne tf 
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W6 can didbieatiale the equation #s:S+T< with lefeienoe to 
these two variables, and we shall thus obtain 

di 

Hence it appears, that in uniibfm nx>tion the ▼eloeit7 is the 
differential coefficient of the space, regarded as a fimetion 
of the time : it will presently appear that the same is tme in 
varied motion. 



Of Varied Motion. 

383. When the motion of a body is such that it passes over 
unequal spaces in equal successive portions of time, the body 
is said to have a varied motion. This kind of motion cannot 
be produced by the action of a single force of impulsion, 
since by the law of inertia the velocity imparted by a sin^e 
impulse should constantly ren^ain unchanged ; and hence the 
motion would continue uniform : whereas, we have in the 
present instance supposed it variable. It therefore becoines 
necessary to suppose that the body, having received the first 
impulsion, is subsequently subjected to the action of a second 
impulse, a third, dsc, which, by constantly changing its 
velocity, produce a variable motion. If the force acts without 
intermission, the impulses will be communicated at intervals 
which are indefinitely small, and the force is then called an 
incessant force* If the force tends to increase the velocity 
of the body, it is called an accelerating' force^ and when it 
tends to diminish the velocity, a retarding farce. 

384. The velocity of the body being supposed constantly 
variable, we can only estimate its value at any particular 
point of the path described, by supposing it to become con- 
stant at this point Thus, to measure the velocity of a body 
which has arrived at B (Pig. 159), at the end of the time /, 
we suppose the action of the incessant force to be suddenly 
arrested, and the body will then move unifonnly with the 
velocity which it has acquired at the point R The space 
BC described in a unit of time, with this uniform motioni is 
the measure of the velocity at the point R 
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385. The second is usually adopted as the unit of time. 
Hence, the velocity of the bod^ at the expiration of the time t 
will be the space which this body would describe in the second 
which succeeds the time t^ if, at the end of the time t, the 
incessant force should cease to communicate new impulses to 
the body. 

386. To determine the analytical expression for the ve- 
locity, we will suppose the body to have arrived at the point 
B, at the expiration of the time t ; the space AB which it has 
already passed over being dependent on the length of time 
which has elapsed, the former will evidently be a function 
of the latter. Thus, we may r^;ard the space « as the ordi- 
nate of a curve whose absciss is equal to t] consequently, 
when t becomes t-^dtj s will become s+ds \ hence, the space 
passed over in the time di will be represented by ds. This 
being premised, let it be supposed that whea the body has 
arrived at the point B, the incessant force ceases to act ; the 
body will assume a uniform motion with the velocity ac- 
quired at the point B, and will describe in the instant dt 
succeeding the time tj the indefinitely small space cb : in the 
next succeeding instant dt it will describe a second space ds^ 
and the same will continue until the body has described a 
space BC, which will correspond to the unit of time. This 
space BC will therefore contain ds as many time& as £b is 

contained in unity ; but -=- will express the number of times 

at 

which the unit of time contains the quantity dt ; hence, the 

1 ds 

space BC will be expressed by dsX-j-^ or by 3-, since thedif- 

cU dt 

ferential k taken with reference to the variaUe t ; but the 

space BC represents the quantity v\vre shall therefore have, 

for the expression of the velocity in varied motion 

ds 
dt 

387. It may also be observed that the space passed ovei^ 
after the expiration of the time ^ will be (Pig. 169), 

Bb^ds at the end of the time dt, 
Bb'z=^2ds at the end of the time 2d(, 
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Bfr"^3cb at the end of the time 3dt. 

BG=mb at the end of the time n.di. 

And since the time elapsed during the passage of the body 
from B to C is by hypothesis equal to unity, we may suppose 

ndt=l; whence w=— . This value being substituted in 

the expression nds^v, the space described in a unit of time 
we shall obtain^ as above, 

v^^ ....(148). 

388. Before investigating the expression for the value of 
the mcessant force, it will be necessary to discover the rela- 
tion which exists between the force and the velocity. 

If a force F be supposed to communicate a velocity v to 
any body, a force n times as great will communicate to the 
body a velocity equal to nv. The truth of this proposition 
might well be questioned, since the nature of forces being 
entirely unknown, we cannot affinn that a double force will 
necessarily produce a double velocity ; or, in general, that a 
single force equal to the sum of two others, will necessarily 
produce a velocity equal to the sum of the velocities which 
the two forces would separately produce. But the feet being 
confirmed by universal experience, we adopt it as a principle. 
Thus, by supposing different forces applied to the same body 
or material point, their relative intensities can be estimated 
by comparing the velocities which they would severally com- 
municate. 

The iNx>per measure of an incessant force will be the 
velocity which it can generate in a given time ; but the in- 
tehsity of the force being constantly variable, we must sup- 
pose the force to become constant at the instant when we 
wish to estimate its value, and the measure of the force will 
then be the velocity generated in the unit of time succeeding 
this instant. The velocity communicated by this incessant 
force during the unit of time, when it is supposed to retain a 
constant value, will obviously be unequal to that which 
would have been communicated by the variable incessant 
force, in the same time. 
•389. The preceding remarks indicate th^ method of 
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I 

uriog the incessant force ; since they determine the ratio in 
which the intensity of the force varies in diflferent times. 

If, for example, at the expiration of the times t and V', the 
incessant force, having become constant, can generate in a 
second of time velocities represented by the numbers 60 and 
20, we infer that the intensity of the force at the end of the 
time i is triple its intensity at the end of the tinie f, 

390. To deduce from the above definition the analytical 
expression for the incessant force, let v represent the velocity 
acquired by the body at the end of the time t ; then, at the 
expiration of the time /+<2lf, the velocity will hexiom^-v+dv ; 
consequently, dv will be the velocity communicated during 
the time di ; but if at the end of the time t the intensity of 
the force be supposed to become constant, there will be com*- 
municated to the body in the instant cb which succeeds the 
time ^ a velocity represented by dv ; and the saaie eflect will 
be repeated during any number of succeeding instants ; so 
that the velocities eommunicated after the expiration of the 
time ^, in the instants dt^ 2dty 3«{/, &c., will be expressed by dv^ 
2dvy 3dvj dpc : and consequendy, the velocity communicated 
in the unit of time which succeeds the time /, will be equal to 
dv repeated as many times as cf^ is contained in unity. This 

number being expressed by ^, it follows that ~ xAr, or ->--, 

dt di dt 

will express the effect of the force^or the velocity generated in 

a unit of time. If, therefore, we denote this force by ^,we 

shall obtain for the second equation of varied motion, 

^=^•...•(149). 

Th6 character ^ will hereafter be used todesignate the inten- 
sity of the force; the force being represented by the effect 
which it produces. 

391. From the preceding equation we obtain 

ptUsxdv] 

thus, if the incessant force be given, the increment to the 
velocity in the time dt can be readily calculated. 

392. By eliminating di between the equations (148) and 
(149)^ we obtain a third equation of varied motion, 

fda^vdv. 

N 17 
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. Of Umformhf Varied Motion* 

393. The incessant force imparting at each instant a new 
impulse to the body, if these impulses are equal in intensity, 
the body will acquire the same velocity in a unit of time after 
the expiration of the time ty as it would after a time f. Let 
this velocity which is constantly generated in a unit of time, 
be denoted hj g\ we shall then have 

Substituting this value in the equation 

dv 

we shall obtain 

dv^gdi] 
and by integrating and denoting by a the constant which wiU 
thus be introduced, we find 

t?=<i+5t (160).* 

We have likewise obtained for the value of the velocity 

do 

hence, if we eliminate v between these two equations, we 
shall have 

ds=^{a'\'gt)dt, 

firom which, by integration, we find 

s^b^at+\gt^ (161), 

the quantity b being an arbitrary constant 

* This eqintioii aBiglit alio hate baoi obtaiiMd fiom the following ooDMder»> 
tioiis : Let it be eup p o i ed that a body in motion has acquired a veloci^ a : if it 
then be solicited by a constant force which communieates to it a velocity g in 
each second of thnoi the velocity of the body inll become 

a^^t >t the end of two seconds, 
•4^1 ^ ^« ^f*^ of three seconds, 



a-^t;^, at the end of t seconds : 
thus, if we repcescnt by « the velocity of the body at the expiration of the time ^ 
we shall have 
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If ^ be supposed positive in this equation, the motion will 
be tmifcnnly acceleratedj but if n^gatiTe, the motion will be 
uniformly retarded. 

394. If we make ^=0, we find ft=« ; thus, b will represent 
the initial space, or the distance of the body from the origiUi 
at the instant from which the time is reckoned. 

The constant a is equal to the initial velocity of the body, 
as appears by making ^=0 in equation (150). 

395. When the initid space and initial velocity are each 
equal to zero, the equations (160) and (151) become 

v=gt (152), 

e^igt* ..... (153), 

and the body then moves from rest, under the action of the 
incessant force. 

396. Let e and y represent the spaces described in the 
times t and f , under the action of a fona ^ ; the. equation 
(153) gives 

#=ig^>, and yssjg'f « (164) ; 

whence we obtain the proportion 

SI 3^ lit* if* (155). 

Consequently, the spaces described by a body in different 
times^ when it moves from rest^ being solicited by a constant 
accelerating' force^ are proportional to the squares of those 
times. 

397. The equation (152) gives 

v^gt^ axidv^^gfj 
whence, 

viif ::t: fj 

and by comparing this proportion with (165), we have 

«:«':: ^s : ^sf. 

Hence it appears that the times elapsed are constantly pro- 
portional to the velocities^ or to the equate roots of the spaces 
described in those times. 

398. If we make <=1, the equation (153) becomes 

In this case, s represents the space described by the body 
in the first unit of time, and it appears that this spaoe is 

N2 
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eqaal to one*half tlie quantitf g^ which repieaents the mea- 
sare of the aoceleratiiig force. It has been foand, for ezamplef 
that a body subjected to the action of gravity, would descrfte 
in the first second of time, in the latitude of New-Yofk a 
distance equal to 

16.0799 feet, or nearly 16^, feet ; 

this value being substituted in the place of 5 in the preceding' 
equation, we find 

^=32.1698 feet, or nearly = 32^ f&e^. 

399. The equation (163) wUl determine the space described 
in a given time ; for enmple, if t^&^^ we shall have 

#«ig^l«;=i(32j^) X36«679 feel ; 

thus a body being elevated to the hmght of 679 feet, would 
require six seconds to fall to die surface of the earth. 

400. The velocity aequired by thb body, when it has reached 
the surface, may be determined from equation (15(^, in which 
we make 

We thus find 

^=32^*^X6=193^. 

401. If it be required to determine the height fixxn which 
a body must fall to acquire a given velocity^ we elimiuale I 
between the equations 

9^\gt^i v^gt\ 

and we thus obtain 

v^^{2g8) (166), 

Let it be supposed, for example, that we wish to determine 
the space through which a body would &11 in aequiring a 
velocity of 386 feet per second ; we shall have 

386*^«-/(2 x32i«- X*)= v^(64i'^ x#) ; 
whence, 

* ^4i^="-6i; ^^^' 

The velocity acquired in falling through a given height is 
called the vdocUp due to that height. 

402. To determine the time in which a body will AH 
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through a given height s^ we employ the equatioii (153), 
which gives 

'-v/(|)- 

403. The general equations of variable motion 

will now be applied to the investigation of the circumstances 
of varied motion under different; hypotheses* This investi- 
gation is reduced to the determination of the relations which 
exist between the time elapsed, the space described, and the 
velocity acquired, since, if the two latter can be expressed in 
functions of the time, we shall be able to discover the place 
of the body, and the velocity with which it moves at any 
given instant. Thus, the circumstances of motion will be 
entirely known. 

Of the Motion of a Body projected Vertically upward. 

404. When the action of gravity is alone exerted on a body, 
we have the relation 

in which v expresses the velocity at the end of the time ti 
but if we suppose the body instead of moving from rest, to 
be projected vertically in a direction opposed to that of gravity, 
with a velocity a, this velocity will have been diminished at 
the end of the time t^ by a quantity equal to the velocity 
which gravity could impart in the same time ; consequently, 
the velocity of the body at the expiration of the time / wfll 
be represented by a--gt ; and if we represent this velocity 
by t7, we shall have 

v^a^-gt (168) : 

ds 
sobstitudng for % its value ^, we find, by integratioD, 

The initial space bong supposed equal to aero, no constant 
has been added in this integratioBb 
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This equntion being plioed under the form 

if we substitute for t its value deduced from equation (168)^ 
we shall obtain 

2 g 
or, 

*---^ (159>- 

405, The equations (158) and (159) make known aU the 
circumstances of the moticm under consideration. Thus^ 
the equation (158) indicates that the velocity constantly de-^ 
creases as the time increases ; and the equation (169) proves 
that the velocity decreases as the space described becomes 
greater : henoCi the velocity constantly becomes less as the 
body rises. When this velocity becomes equal to zero, the 
body has attained its greatest elevation : if we denote this 
elevation by hy the equation (169) will give, by making v=0, 

*=J (!«»• 

To determine the time corresponding to this elevatk>ii» we 
make vs=0, in equation (158), and thence deduce 

■ 

<«=- (161). 

The velocity due to the height A is fbund by making k^^ 
in the formula 

and by substituting the value of A deduced from equation 
(160), we obtain 

«='»/(^xg)=a; 

hence, the body acquires the same velocity in descending, that 
it lost in BseeiidiBga 

406. Let it be required to determine the greatest height to 
which a body will rise when projected vertically upward with 
a velocity of 100 feet per seoenA: we diall &ui from equa- 
tions (160) and (161), that die greatest height is 156,^ feet. 
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and thai the time of iJaing or fidling is equal to 3| fleoonds^ 
nearly! 

407. The preceding equations may likewise be applied to 
the case in which the body is projected downward, by simply 
changing the sign of the quantity g ; we shall thus hare an 
expression for the velocity v, 

v^a+gt. 

Of the Vertical Motion of a Body when acted upon by the 
Force of Gravity considered as variable. 

408. Gravity is a force whose intensity varies at different 
distances from the earth's centre. The law of this variation 
has been discovered to be that of the inverse ratio of the 
square of the distance ; that is to say, that at distances from 
the centre of the earth represented by 2, 3, 4, &c., it becomes 

^. ^. i. ^' of i«« ^'^^ »' *« ^^'^ ^^' Th"-' 

although a body fiJls through a 'distance ot 16^^ feet in the 
first second of time at the surface of the earth, it would fall 
through a much less space in the same time if the distance 
of the body from the centre were greatly increased.. 

409. Let a body be supposed to depart from rest at the 
point A {JFHg^ 160), and let it be required to ascertain the 
velocity of the body when it has reached the point B. Denote 
by g the intensity of the force of gravity at M, the surface <^ 
the earth, and by ^ its intensity at the point B ; by r the 
radius of the earth CM, and by :2r the distance from B to C: 
for the purpose of simplifying the calculation, let the known 
distance AC be assumed as the linear unit The force being 
supposed to vary in the inverse ratio of the square of the 
distance from the earth's centre, we shall have 

g i^ :: x' tr* j 
whence, 

But th* general expression for the inceasant force 



I 



i 



aOO DTNAMICB* 

we shaU obUun, fay placing th6M values of ^ ^iial to eadi otfaeTi 

^=^ w 

Again, the Telocity being equal to the differential of the space 
divided by the differential of the time, it will be represented by 

dt ' 
or by its equal 

*=-t <'^)- 

Multipljriog the terms of this equation by the ooiresponding 
terms of equation (162), we find 



and by integration , 



2 X 



The constant may be determined from the consideraticm thai 
when j?=AO«=l, t7=0; hence, 

This value substituted in the preceding equation gives 



%-^' G-0 ^'^> 



This equation determines the value of the velocity at any 
given point of the line AG. 

410. To determine the time employed by the body in 
describing the space AB, we eliminate t;, between this equa- 
tion and the equation (163), and we thus obtam 

whence; 

and consequently^ 
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hf ^vaegmtionofUm equaia6ii we abaU obUin 



va-') 



To effect the mteg;mtioii which is here only indicated, we 
reduce the fraction to a simpler fonn, thus 

The radical in the denominator may be caused to^lwap^ear^ 
bv firfkinir 

We deduce from this equation, 

These Talues substituted in the preceding formula give 

f-^i^r-^J'^'-^^'^-''^ ^^^"^ 

Integrating by parts, we find 

But we liltewise have the identical equation 

Adding these equations, and dividing by 8, we obtain 

^\z^{l — 5?0 +i ^^ (sins5=«) ; 
consequently, 

^2fdz$/{\--z*)^^z^(;i^x*)--Wi{9ia^z), 

nxA by substituting this value fai the equation (167% we shall 
obtain the integral of (166) ; hence^ the equation (165) will 
become 

I=w±iy/ij2?v/(l— ir«)+ aw (sin=«)] (168). 

The constant will be equal to zero, since :r=l, when /aO ; 
Sknd therefore, is; =9 y^(l— or) =0; this supposition causes the 
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second member of the eqaation to vanish. BloTeovev, the 
time being essentially positive, we use only the inferior sign 
in the preceding equation ; and by observing that z^ r=l — ar= 
the distance AB which the body has described, we shall have, 
by representing this distance by «, 

^=-V^^[\/*\/(l-*)+"'^ (sin=v'*)]. 

41 1. This last equation is much simplified by supposing 
the distances AB and AM to be exceedingly small when com- 
pared with the distances AC and MC ; for, the quantity 
y/(l— ^) may then, without sensible error, be supposed equal 
to unity ; and the arc (sin^y^^j) may Ukewise be considered 
as equal to its sine ; hence, by changing r into unity, the 
preceding expression will reduce to 

and fimn this we deduce the relation 

or, the motion is then similar to that which would take {dace 
if the intensity of the force remained invariable. 

Of the Vertical Motion of a Body in a resisting Medium. 

412. It has been ascertained that a body when moving in 
a fluid experiences a resistance which is proportional to the 
square of the velocity. Thus, by calling m the intensity of 
this resistance when the velocity of the body is represented 
by unity, the resistance will be expressed by mv*^ when the 
body has acquired a velocity v. 

413. This force being opposed to that of gravity when the 
body descendst we shall have, by supposing the intensity of 
gravity constant, 

and by substituting forp its general value ^, we obtain 

dv 
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whence, 

cto=. ^ (169). 

To integrate this equation^ we decompose the denominator 
into &ctor8, and thus have 

If we then mippoae, according to the method of rational fine- 
tions, 

_^L^»rft,/ ^^+ ° ^ \ (170), 

WB shaD find, bjr reducing the terms of the second member 
to a common denominator, and placing the coefficients of 
the like powers of v equal to each other, 

these values substituted in the equation (170), give 
dv ^ \ / dv , dv \ 



Multiplying and dividing the second member of this equation 
by ^m, we shall obtain a value, which substituted in equa- 
tion (169) will reduce it to 

tU-~. 1 { dv^m dvy/m \ ^ 

" 2i/m^g\s/g+v^m y/g--vVfn) ' 
and by integration, we obtain 

^=5^^(log Wg-^vy/m) -log( v'^- Vm)) +C ; 
or, 

/^^pJ-^log^^"^^^^ (171). 

The constant may be suppressed, since when ^=0, v^O. 

414. If the two members of the equation (171) be multi- 
plied by 2y/fng^ and the first member by the logarithm of 
the base a of the Niqperian system, which is equal totnity, 
we shall have 
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or, 

wbA by passiiig to the numbers, we have 

41S» This equation being written under tbe fenn 

1 ^ \/g— <>\/^ (172) 

it is obvious that if / be supposed to increase indefinitely, the 
value of the firet member will approach to zero; and oons^^ 
fiiendy, when t becomes infinite, we shall have 

^g—v^m^a (173) 

From this equation we deduce 

vs^^=a constant quantity. 

Hence we conclude, that as the time increases die velocity 
becomes more nearly constant. 

416. To determine the space described in functions of ths 
velocity, we multiply the corresponding terms of the equatiooi 

dv ^ ds 

and we thus find 

whence^ 

d,=_?^ (174). 

This equation may be rendered integrable by making 

g^— mi;" 3=z. 

Fofi ws obtain by differratiation, 

• dz 

and these values substituted in equation (174), tmasiMi tt 
into 
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Ilia intq[fal of whidi is 

*=— ^logz+Cj 

or, by replacing ji; fay its value g-^mvF^ we have 

The constant G ioaay be detengained by making ^sO, and 
v=sO; whence, 

which value being substituted in the preceding equation, 
gives 

07, finally, 



1 iog(.-ji_y 

2ot ® V^-— f»t)V 



Of ike Mationa of Bodies upon Inclined PUmea. 

417. Let a body be situated upon an inclined plaiie, and 
let the weight of this body, considered as a vertical force ap- 
plied at its centre of gravity, be resolved into two components, 
which shall be respectively parallel aad perpendicular to the 
surface of the plane. The perpen^ular force, being sup- 
posed to pass tfirough a point of contact, will evidently be 
destroyed by the resistance of the plane, while the parallel 
component will cause the centre of gravity to descnbeia line 
parallel to the plane. The question will thus be reduced to 
the consideration of the motion of a material point upon the 
inclined plane. 

418. Let m repi^lsent the material point (Pigl 161), and g 

the velocity which gravity can impart in a unit of time : if 

the force of gravity, represented by the vertical line niB, be 

resolved intotwo coneiponents mD and mC, respectively parallel 

and perpendicular to the plane, the latter will be destroyed by 

the resistance of the plane, and the former will cause the 

material point to slide along the plane. 

18 
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But, sinoe forces are inropoftioDal to die velocities wiiidi 
they commanicate in the same time, if we denote by j^ the 
Telocity commonicated in a anil of time by the ccnnponent 
which acts in the direction of the planoi we shall have 

mB : mD iig ig'' 
The ratio between mB and mD being the same as that be t ween 
the length and the height of the plane> we shall have, by 
representing these quantities by A' and A respectivelyi 

gig' iih' :hi 
whence, 

g'"^ (176). 

419. From this equation it appears, that the velocity g^j 
which is generated in a unit of time by the component of gra- 
vity parallel to the plane, is equal to the velocity g^ multiplied 

by the constant ratio ^ ; and we therefore conclude that the 

force which urges the body along the inclined plane diflfers 
from the force of gravity only in its intensity. Hence, if we 
denote by t the time requisite to describe the entire distance 
inA=A', the same relations will exist between the quantities 
g'i A', and f , as have been already obtained between g^ A, and 
/, in investigating the circumstances of uniformly varied 
motion : we shall therefore have • 

h'^ig'f' (176) ; 

and the velocity acquired by the body at the point A will be 

or by eliminating the time f , we shall find 

If in this equation we substitute for g* its value found in 
equation (176), we shall obtain, after reduction, 

ff^^(2gh). 

The expression for the velocity being independent of the 
angle mAE, which the inclined j^ane forms with the horiaon, 
it follows that if several bodies be allowed to descend from 
the same point m upon different inclined planes jnA, «iA', 
iftA", ice. (Fig. 162), they will all have acquired the same 
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Telocity when they shall have arrifed at' die same horizontal 
plane. 

420. Although the yelocitiee acquired at the points A and 
E are equal, the times of descent will be unequal ; for, if i 
and f represent the times of describing mE and mA, their 
Talues will result fiom the equations 

bat we have 

h<h', 

And from these inequalities we deduce 

2* 2A' 

7 7' 
which proves that the value of f exceeds that of t 

421. In general, if f and f repre^nt the times of describe 
ing two indined planes A' and A", having a common altitude 
A ; and if g^ and g'' represent the components of gravity 
respectively parallel to these planes, we shall have 



whence, 



r=v^, r=^: 



' = '■== Vf'V^i 



or by replacing g' and g" by their values (Art. 418), we 
obtain 

Thus, the times of describing differ^it inclined planes hay- 
ing a common altitude will be proportuMial to the lengths of 
those planes. 

422. The motions of bodies upon inclined planes give rise 
to a remarkable mechanical property of the circle : it consists 
in this, — that if the plane of the circle be supposed vertical, 
the body will require the same time to describe a chord AC 
(Pig* 163), as is necessary to &11 through the vertical diam- 
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eler AB. For, the efoatioa (176) giveB, for U» lime of 
descent through AC, 

eh 
andby mbstitutiiigfor j^jteiidiie^ythis^qiietifmwW be- 
come 

<'=v^ (1^- 

But if the diameter of the circle be denoted by i2^ we ehaD 
have, by the property of th6 circle, 

AB:AC:: AC: AD; 

or, 

d.tCi:he:h\ 

and consequently, 

This ralae substituted in equation (177), gives, after rednctioiij 

but this value is precisely the san^0 as that which has been 
found for the time /, in which the bofly would fiUl through 
the diameter AB : for, the height AB being expressed by d^ 
we shall have 

whence, 

^ g 

« 

Of Curvilinear Motion. 

423. We have hitherto supposed the notion uader ooosid* 
oration to be rectilinear ; but if it be curvilinear, the specs 
described, and the velocity acquired in a giFSftiimei will be 
insufficieiit to dstermine aU the circumstances of the motion : 
it will likewise he necessary to know the B«tuie of the curve 
described by the body, and the point of this curve at which 
the body is fonnd at the end of a given time. 
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424. In the resolution of this problem, we employ the prin- 
ciple of the parallelogram of velocities, which is similar to 
that of the parallelogram of forces. It may be enunciated as 
follows : If tico forces P and d {Pig. 164) communicate^ in 
a unit of time^ to a material point m^ velocities represented 
by 97»B and mC respectively^ the resultant Kof P and Ctwill 
€ommunic€tte to the point, in the same time^ a velocity mD, 
which wiU be represented by the diagonal of the paraUelo- 
gram constructed on the lines niR and mG. The truth of 
this proposition may be thus estaUiished :— Let the force P be 
represented by the line mB ; then, since forces are proportional 
to the velocities which they communicate in a given time, 
the force d will be represented by the line mG. But, by 
regarding mBDC as the parallelogram of forces, the diagonal 
mD will represent the resultant of the forces P and d ; and 
it is required to prove that the velocity resulting from the 
composition of the two velocities mB and mC is the same as 
that which is due to the force R. Let x represent the velocity 
which the force R can communicate to the point m in a unit 
of time ; then, since forces are proportional to the velocities 
which they generate, we shall have 

P : R :: mB : x. 

But from the parallelogram of forces, we deduce 

P:R::mB:mD; 
hence, 

and therefore, 

426. In the preceding remarks the forces P, Q, and R have 
been supposed to act incessantly, communicating new im- 
pulses at each successive instant of time. The results 
obtained will however be equally true if we regard P, Q) 
and R as impulsive forces wfaidi communicate their effects in- 
stantaneously, since the velocities imparted by such forces 
are proportional to the intensities of the forces. 

426. The composition of three velocities by the construc- 
tion of a parallielopiped, results immediately from the pre- 
ceding principle ; for, let P, d, and R {Fig. 16^ represent 

O 
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three f^oes which communicatd the yekichies ffg)^ mq^ and 
mr to the material point m ; let the velocities mp and mq bs 
compounded into a single velocity fnp\ whkh, by the pie^ 
ceding demonstration, will be the same as that communicated 
by the force P', the resultant of tlie two forces P and Q : in 
like manner, the resultant ms of the two velocities nq>' and ntr, 
will represent the velocity communicated by the force S, the 
resultant of the two forces P and R, or of the three foross 
P, Q, and R ; hence, the diagonal of the pEuraUelopiped eon- 
fitnictad on the lines representing the three velocities will 
represent the velocity comniunicated by the resultant of the 
three forces P, d, and R. 

427. We will now examine the circumstances in which a 
material point will describe a curvilinear path. For this 
purpose, let the material point m {Fig* 166), at rest, be sup- 
posed to yield to the eflSsct of an impulsion which causes it 
to describe the right line mA in the time ^, and at the end of 
this time let it receive a second impulsion capable of making 
it describe the line AB in the same time $ ; the material point 
will not entirely yield to the action of this second force, which 
tends to draw it in the direction of the line AB ; since, by the 
law of inertia it would have described the line AC=mA in 
the time 4, if the second impulsion had not been communi- 
cated to it ; but it will describe the diagonal AD of the paral- 
lelogram ABDC. If it should receive at D a third impulse 
capable of moving it over the line DG in a third time I, it 
will, for a similar reason, describe the diagonal DP of a 
parallelogram constructed upon DG, and DE the prolong*^ 
tion of AD, d&c. ; thus, at the «nd of a time equal to nl, the 
material poij^l will have described a polygon having n sides. 

The velooity being constant so long as the material point 
remains on the same side of the polygon, it follows, that if 
at its arrival at the extremity of either side, it be not sub- 
jected to A new impulse, it will continue to nK>Te in the 
direotioci of this side, with a constant velocity. 

428. If the time # b^ supposed iode&iilely small, the ioi- 
pulsions will be communicate in qoqsecutive instants, and 
the polygon will then be tranaformed into a curve. 

The tiiw ^ l^ng supposed indefinitely smaU| it may be 
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repreawted by dt, and the side of the polygon whidi is 
passed over in this time, will become the element of the 
curve: consequently, to determine the velocity, which will 
tNi measured by the space which the body would pass over 
in the direction of the tangent, in a unit of time, if the in- 
cessant force should cease to communicate new impulses, 
we must multiply dsy the element of the curve, by the num- 
ber of times that dt is contained in unity ; that is, we mulr 

tiply ds by-r-, and we thus obtain 
at 

ds 

dt 
429. Let tbe body be supposed to describe the polygon 
«», m\ m'\ m"\ 4^a (Fig. 167), zec^ving increments to its 
velocity at tbe points m, «»', m", m'", &c. Let v, r', tr", t/", 
ifcc, represent the velocities which the body has acquired at 
the points mj m\ w!\ m'"^ &c., and ^, ^, I", #"', &c. the times 
employed in describing the sides mm'j m'm"y m"nil"y &^. 
Since each of these sides is supposed to be described with a 
constant velocity, we shall have, by the principles of uniform 
motion, 

fmnf^vi, mWert^'r, mrm'"=^f\ &c. ; 
and the perimeter of the polygon will therefore be expressed by 

If we project the sides of this polygon on the co-ordmate axes, 
denoting by «, /s, y, « , fif^ y, &/:, the anj^es formed by the 
sides mm'j w!w!\ m"m"% &c. with these axes, the projections 
of the sides will be expressed by 

v$ cos #, v'^ cos •', t/T cos #", &c», on the axis of :r, 

v$ cos/s, t/^ COS/)', xf't Qosfif'y ^., on the axis of y, 

v9 cosy,tff cos y', i/y cos y", &C., on the axis of « ; 

and the projection fvn!n"n"\ d&c. of the perimeter mw!n£*w!"\ 
on the axis of Xy will be expressed by 

t?* cos •+r'l' cos ii'+t/'r' cos«''+&c (178). 

It thus appears that while the material point m describes the 
polygon mim!m"fn!'\ &c., its projection n will describe the space 
nn'n*'n"\ &c. But if the point n were merely solicited by a 
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force X directed along the axis of ^, and of such intensity 
that the point should describe the spaces nnl^ n'n"^ tt^n"', &c^ 
in the times 4, i', ¥\ &c., with the velocities v cos «, i/ cos «', 
vf' cos m"^ d^., the space passed oyer on the axis e( a would 
be expressed by 

V cos -i+i/ COS -'I'+t/' COS -"r+Ac (17^. 

In obtaining the expression (179), no reference has been had 
to the components of the velocity parallel to the axes of y 
and z \ and the identity of the expressions (178) and (179) 
therefore proves that when the point m is transported in 
space, its projection moves on the axis of x, as though the 
other two components of the velocity did not exist. 

The same remarks being applicable to the other two axes, 
and the polygon becoming a curve when the number of its 
sides is increased indefinitely, it follows that when a material 
point solicited by an incessant force describes a curve- in 
space, each projection of the point moves independently of 
the motions of the other two. ' 

Thus, by calling X, Y, and Z the compcments of the in- 
cessant force ^, parallel to the three axes, we can regard 
these components as forces which impress on the projections 
of the material point motions which are entirely independent 
of each other. 

430. To determine the analytical expressions for these 
incessant forces, we remark, that while the material point 
describes the space cb, its projections describe the spaces dx, 
dy^ and dx respectively : the velocities of the projections wilt 

therefore be represented by -^, -i^, and — ; and since the 

ineessant force is equal to the difiereniid coefficient of the 
velocity considered as a function of the time, we shall havsi 
by regardinig dt as constant, 



!f!f=X 
dt^ 

cfe> 
d^z 



) 



di^ 



=Z 



(180) 
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Such are tbe eqnalioiia wfaich solve to delannine the cixcum* 
atanoes of the motbn df a material poioi^ieseribiDg a cunre. 

431, When the iiinctioQs X, Yj aad Z axe given hy Ike 

lature of tbeproUem, and if the lAtijgppab x)i the eqiiatioQ3 

^180) can be obtained, these integrals will give three relations 

between the four variaUee jr, y, Zj and t : the quantity t being 

eliminated, there will remain two relations between r, y, and 

Zj which will represent the -epilations of the trxgedcry^ or 

curve described hy the mcUerial paini tinder tie if^uence of 

the inceeeani foreee. 
When the forces are situated in a single plane, which may 

be takeaaa that of or, y, the traa^ctory wiU he^ntaqied in the 

Mme plane, Mdit will ithea nnly be j^fcessaiy <tp use tbel9c^ 

When, by the nature of the problem, the quantities X and T 
are known, and if the integrals of tibiese efuations isan ba 
obtained, they will contain no other variables than or, -y, And / ; 
thus, by eliminating <, we shall find, a relation between x 
and y, which may be nrritten under the following ibrm, 

this relation will be the equation of the plane curve deapribed 
by the material point 

432. The velocity cxf the material palm at any instant ia 
expressed by 

do ' 

but the element cb of the arc of a curve situated in space, 
t)eing considered as an indefinitely small right line, whose 
projections on the co-ordinate axes are represented by <£r, rfy, 
and dzj the value of this dement will be 

^dg^+d^^+dz*). 
Bahstttutii^ this value in the preceding eqitaAion, we have 

or, iiiice iba di&rentials are taivn with lefemnce to / as a 
wariaUei 
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V 



=v/(^-^^^) (•«.)• 



The angles formed by the direction of die motioit wtA the 
co-ordinate axes will result from the equations 

dx 

dz 

433. The velocity may likewise be deterauned in the 
fdlowing manner. Let the equations (180) be moltiplied 
respectively by 2dXf 2cfy, and 2dz : the sum of these pio- 
ducts will give 

and since the first member is the dif^ntial of dx* +dy* 
-i-dz*, divided by A*, we shall have 

or, replacing dx* +dy* +dz* by its value cb", and intq;Tat- 
ing, we obtain 

^:^2/(ldx+Ydif+Zdz)+C ; 

and by substituting v for ^, we find 

v*^2J\Xdx+Ydy+Zdz)+C (182). 

434 It thus appears that the determination of the velocity 
will depend on the integration of the expression 

JlXdx+Ydy+Zdz) (183> 

When this integration is possible, the int^:ral will be a 
function of the variables Xy y, and », and the equation (182) 
may be written under the form 

i^«2F(ar,y,2r)+C (184). 

To determine the value of the constant, we must know the 
velocity of the moveable point, at a given point of the trajec- 
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loty. ThuS) if T be the Telocity at that point which cor- 
responds to the co-ordinates ara^o, y=i, z^c^ we shall have 

V«=2F(a,A,c)+0. 

The value of C being deduced from this equation, and sub- 
stituted in equation (184), we shall obtain 

I7» — V« =2P(3r, y, z)— 2F(o, 6, c). 

436. The expression (183) is integrable when the move- 
able point is subjected to the action of a force which is 
constantly directed towards a fixed centre. To demonstrate 
this proposition, we will represent the resultant R of the 
several forces acting on the material point by CD, a portion 
of the line CM drawn from the point to the fixed centre 
{FHg'. 168) ; let this centre be assumed as the origin of co-ordi- 
nates, and denote by a the distance of the point M from the 
origin, and by «, /s, y the angles formed by CM with the axes 
of ooK>rdinates : the direction of the resultant forming the 
same angles, we shall have 

X=R cos «, Y=:R co^ /8, Z=sR cos y, 
and consequently 

X COSm Y COS/8 Z_ C0Sy ,-gg. 

Y cos^' Z~*cosy' X COS • ^ 

But if JT, y, and z denote the co-ordinates of the point M, we 

shall have 

jr=Acos«, yssAcos^, zs=iXcosyi 

whence, by division, 

4r_ cos< y__ cos|i z^cosy 

y^GOS^'^ Z cosy Z C08«' 

theee values substituted in equations (185), give 

yX— arY=0, jrY— yZ=0, arZ— jrX=0. 

If in these equations we replace X, Y, and Z by their values 
deduced from equations (180), we shall find 

'*y d'z ^ 

'■^-^»=^' 

dt* dt* 



I 

I 
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Maltipl3riiig the first of these, equirtioiui bjr A, integntdng aid 
mkieiiig^ vn obtain 

y^-^y ^c (186). 

The other two equatbu beiiig tieated in a siaodar mannflr^ 
we find 

zdy^ydz=iGdi^ 
xdz^zdx^O'dt. 

If we nudtiply each of these equationa by the Yariable which 
it doia not containi and take the som of the productSi theie 
wiUieaak 

ov^ 

This equation being that of a plane paasmg throagh the ori- 
gin of co-ordinates, or centre of attraction^ it fellows that tte 
point will describe a {dane curve. 
In the resolution of this problem it will thenfiMe be miae^ 

d*z 
oessary to employ the equation Z =-^7-7) and it will simply be 

neeessary. to iotegxala the equation (186), which may be 
written dius : 

and firom this we deduce 

y^yddp—ardjf) =0/4-0' (187> 

To determine the TSlue of this integral, we remark that ydx 
being the element of a sorfiuse bounded by a cnnre, w« an 
suppose this sar&ce to be indnded within the limits jra=0 and 
zsaOP {JFHg. 169) ; thus, the expression fyda: will be repre- 
sented by the area liOPM. If from this area we subtract 
the triangle CPM, there will remain 

sector LCM—area LOPM— triangle 0PM, 
or, 

sector LCM==/^cir— ^j 
differtntiiOing and reducing, we find 
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d(sector L(M)=?^^=^ ; 

and again integrating, 

2 * sector IfSiH^Jiyda ^xdf/) : 

hence, the equation (187) can be reduced to the following : 

2 • sector LCM=G^ (188) ; 

the constant (7 is here suppressed, since we may always re* 
gard the times as reckoned ftom the instant when the move- 
Able point is situated at the point L, in which case the sector 
will become equal to aeero. 
If we make C=:2A, the equation (188) will become 

sector LCM=A/ ; 

from which we conclude, theU when amatBrialpoini mdicUed 
by a force which is constantly diroUod towards ujixed centre^ 
describes a curve LM about this centroj the area of the sector 
LCM described by the radius vector drawn to the maierial 
point is constantly proportional to the time which the point 
employs in describing the curve. This property is called 
the principle of areas proportional to the times, 

436. The formula (183) is always integraUe when the 
forces are directed towards jBixed centres, their intensities 
being at the same time functions of the distances of the 
material point from these centres* 

Let M represent the place of the material point {Fig* 170), 
which is attracted by the forces P, F, F', &c. towards the 
fixed centres C, C, C", d&c. : denote by 

X, y, z, the co-ordinates of the point M, 
a, 6, c, the co-ordinates of the centre G, 
a', b', cfj the coordinates of the centre (7, 
«", ft", c", (he co-ordinates of the centre C^, 
&c. &c% &c. 

ft P'i P^ ^c-> A« distances CM, CM, CM, &c. ; 
«, $, y, the angles formed by p with the axes of co-ordinates, 
m% fi' y', the angles formed by p' with the same axes, 
t^j IB'', y"j the angles formed by p^' with the same axes, 
&C. &C. &c, &c. 

The total resultant of the attractive forces will have the fol* 
lowing components parallel to the three axes, 

19 
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X=:Pcos«+Pcos«'+F'co««"+&c. ^ 

Y=:P cos^+F cosn' + F' coe/8"-f &c. \ (189). 

Z=Pc08y + Fc08y' + P'C08v"+&C ^ 

The projection of the right line CM on the axis of or being rep- 
resented by BD (Fig. 170), we have 

BD=AB-AD; 

and by obserying that AB and AD are the co-ordinates z and 
a of the points M and C, and that BD, being the projectioa 
of MC on the axis o[s^ is expressed by p cos «, we shall find, 
by substituting these values in the preceding equation^ 

p cos •=ar — a ; 

the same remarks being applicable to the projections on the 
other two axes, we shall have 

p cos tfSSX— a, p COS/lasy — &, p C08y=tJ2r— c 

And in like manner, 

p' cos • =ar— a', p' cos jS'=y— 6', j/ cos y* =z— </, 
p" cos «"=»ar-. a", p" cos j8"=y — ft", p" cos y"=js— c^, 
&c. &c. &C. 

By eliminating the cosines of these angles, the equations 
(189) become ^ 

p p' p^' 

z=p^:=f+P'^+P'^:^'+&c. 
P p^ p" 

These values substituted in the formula (183) give 
yi;X<ir+Y<^+Zrf«)==^(?=^+?^<fy+^=^z) 

+&C. &c. &c (190). 

But the distances of the point M from the centres C, C, CT^ 
&C. being given by the equations 

(:r-a)*+(y-ft)>+(^-c)«=;>% 
(ar-aO"+(y-ftO"+(«-cO*=jp'S 

dDC* &C. &C., 
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we shall obtaini by differentiating, 

P P V 

p' V' y 

and substituting these values in equation (190), we find 
/(Xrfar+ Yrfy+Zrfz)=/(Prfp+Prfp'+F'rfp''+ A^cO-. .. (191). 
But the forces P, P', P', &c. are, by^ypothesis, functions of 
the distances p, /, p", ^-5 *® expression Prfp+Prfp'+ 
Vdp" will therefore contain but a single variable in each 
term, and its integral may be effected by the method of 
quadratures. 

It should be observed that the &ctors dp^ dp\ dp'\ &c. 
may become n^[ative, if the expressions a?-^a, y— 6, «— (^ 
9—d^ d&c. should be transformed into a— ar, 6— y, c--z^ 

437. For the purpose of making an application of the pre- 
ceding theorem, let it be required to determine the velocity 
of a material point which moves from rest, under the influ- 
ence of a fMce of attraction which is constantly directed 
towards a fixed centre, and which varies in intensity in the 
inverse ratio of the square of the distance from the position 
of the point to the fixed centre. Let the direction of the 
force be supposed to coincide with the axis of z : the co- 
ordinate ax;es being disposed as in Fig. 171, the intensity of 
the force and the co-ordinate z will increase together, and we 

shall have 

p=AO— AM=c— 5;, dp^—dz. 

If g represent the intensity of the force at the distance r from 
the centre C, and P its intensity at the distance p^ we shall 
have the proportion 

tirhence, 

r* 
P=r-— • 

but dp being n^jative, the quantity Prfp should be rq>laced 
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by -^^—dp ; integratingi we reduce the equation (191) to 
P 

/[Xdx+Ydf+Zdz)^i^+a 

P 

This value being substituted in ibnntita (IBS) gives 

««=?i^+0 (10^, 

P 

To determine the value of the eonstant C^ we suppose the 

body to conunence its motion at a point whose distance firom 

the centre of attraction is represented by a ; the velocity at 

this point being equal to zero, we have * 

a 

or, 

a 
the equation (192) will therefore become 

If a be regarded as the unit of distance, the vahie ef «* wiU 
become identical with that determined in Art. 409. 

438. To apply the formulas (180) we will first investigate 
the trajectory described by a material point which moves 
under the influence of a single impulse. In this easOi the 
incessant forces being equal to zero, we shall have 

X=0, Y=^0, Z=0; 

and the equations (180) reduce to 

d*x ^ d'f/ r^ d'z . 

A^=^' Ar=0, g^-0,' 

multiplying by A, they become 

d^x ^ d^v o. d'z ^ 

-* =«> ■^=^' -* -«' 

The integrals of these equations are 

dx dv - dz ,^^^^ 

Substituting these values in equation (181), we find 
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t7=y/(a' +6* +c*)^SL constant ; 
and denoting this constant by A, we have 

oonseqnently, v 

and the motion of the material point will be uniform. 

The motion is likewise rectilinear ; for the equations (193^ 
give, by integration, 

sp=^ai+a\ y=6/+6V Zssci+&f 
whenoe, by eliminating t^ 

az , a'c — cm/ iz , Vc—bd 

c c ^ ^ c c 

These equations evidently appertain to the projections ot a 
right line on the planes of t, z and y, z. 

Of the Motion of a McUeriai Point when compelled to 

describe a pariictdar Curve, 

439. When a material point m, without weight, has received 
an impulse K (Pig. 172), and is subjected to the condition of 
moving upon a particular curve, we can resolve this impulse 
into two components, one mH=^K' normal to Ae curve, the 
fiCher »iT=K'' in the direction of the tangent : the normal 
force will be destroyed by the resistance of the curve, and the 
tangential component will produce its entire effect in com- 
municating motion to the material point. 

If we regard the curve as a polygon mmWW, Ac (Fig. 
173), having an infinite number of sides, the angle ttn'm'* 
formed by the prolongation of the side mm' with the consecu- 
tive aide m'm" is called the angle of contact; it will be 
denoted by « ; the plane tmfmf' is the oscttlatory plane at the 
point »/, and in {dane curves caineides with the plane of the 
cnrvew 

The material point m, being solicited by a force E, receives 
a primitive velocity v^ causing it to describe the side mmf ; 
but having arrived at the point m', it is deflected fiom its 
course, and describes the side mW. By this deflectioti it 



BMS BTNAMIC8. 

necessarily uiktogow a loss of velocity wfaidi will now b» 
estimated. 

For this purpose, let the velocity v be represented by the 
line fnfq. This velocity being resolved into two components 
m'n and m% respectively paralld and perpendicular ta the 
side rn'm^y we shall have 

mll^m'q . sin tniwl\ nin^wlq . cos tmlwl'y 

w, 

fn^l=v . sin #y fn'n=v . cos «p. 

The component v.tkkm being destroyed by the resistance of 
the polygon, the velocity v will be reduced to v . oos m \ and 
consequently! the velocity lost, being equal to the primitive 
velocity diminished by the velocity actually remaining, will 
be expressed by v(I— cos #). 

When the polygon is supposed to become a cunrei the 
angle tm'm" becomes infinitely small, and the quantity 
f;(l— cos tf) is at the same time an infinitely small quantity 
of the second order. 

To prove that this is the case, we observe that 1 —-cos m 
represents the rersed sine DB of an angle » (i^. 174), 
measured by the aro BG; and we have the proportion 

AD:CD::CD:DB. 

Bat when the are CB becomes infinitely small^ CD will be so 
likewise ; and since CD is then infinitely small with respect 
to AD, it follows from the riK>ve proportion, that DB most 
be infinitely small with respect to CD, or that it is an infi- 
nitely small quantity of the second order. Thus, the velocity 
lost at each side of the polygon being an infinitely small 
quantity of the seccmd order, it may be neglected, since the 
sum of these velocities, although infinite in number, will oem- 
stitute but an infinitely small quantity of the first order, which 
may be neglected in comparbon with the original velocity «• 
Hence, we oondude, that a material point which is coBipeUed 
to describe a curve, preserves undiminished the velocity 
which was originally communicaled to it^ 

440. The component of the velodty ir.sin «r with which 
the material point is pressed against the curve, and which is 
destroyed by the curve's resistance, varies constantly as the 
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point ehaages its positioo, since sin « is oonstantly variable : 
we may regard this resistance exerted by the- curve as aa 
incessant force constantly acting upon the point and deflecting 
it from the taingent along which it would otherwise tend to 
move. 

When there are several forces acting on the material point, 
we resolve each in a similar manner, and the sum of the nor* 
mal components must then be added to the pressure arising 
from the component of the velocity. 

441. Let it be supposed that a force N equal and directly 
opposed to the resultant of all the normal forces is applied to 
the material point : this force will produce precisely the same 
effect as the resistance offered by the curve, and the latter will 
therefore be represented by N. Let «^ ^ y be the angles 
formed by the direction of the force N with the co-ordinate 
axes ; the components of N in the direction of the axes will 
be respectively 

N cos «, N cos ^, N cos y, 

and should be added to the components of the incessant forces 
in the general equations of motion (180) : we shall thus obtain 

^'£ =X+N cos « 



dt 



■j-a=Z+NC0Sy 



(194). 



dp 

To these equations may be added two others which result 
from the relations existing between the angles «, p^ and y ; 
the first of these equations is 

cos* •+cos^ ^+003^ y=l (196). 

The second is 

cos «.COSa'-f COSjS .C0S/9'+C0Sy .COSy sxO, 

in which •', j8', y represent the angles formed by the tangent 
to the curve with the co-ordinate axes. The cosines of these 
last angles may be expressed as follows : 

. Ax , dy , dz 

cos-'=^, co8^'=-|, c(«y=3-; 
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these values substituted in the preceding equation oanvert it 
into 

^ cos .+^cos ^+^ COS y=0 (196). 

da as as 

442. To determine the velocity of the material point, let 
the equatjons (194) be multiplied respectively by 2rfr, 2dy, 
and 2dz : their sum being- taken, we shall obtain 

2dx^+2dy^ +2dz^^2ads+Ydtf+Zdz) 

4-2N(<fo . cos n+dy • cos fi+dz . cos y) : 
the last term of this equation being equal to zero, by formula 
(196), there remains 

%dx^+%di/^+2dz^=^2(Kdx+Ydy+Zdz) ; 

or, 

&L±^±^^2{Xdx+Ydy+Zdz) : 

whence, by substitution and integration, we find 

^' ^2JXKdx+Ydy+Zdz)+C ; 

or, 

f^^f^{Xdx+Ydy+Zdz)+C (197). 

443. When the material point merely receives an impulse^ 
without being acted upon by incessant fi)rce8, we have 

X«0, Y=0, Z=0; 
and consequently, 

v' =:a constant. 

Thus, when the material point is compelled to describe a 
curve, being acted upon only by an impulse, its velocity will 
remain invariable. This result accords with that which has 
been already obtained (Art. 438), on the supposition that the 
motion is perfectly free. 

444. Let the material point which is supposed to describe 
the curve, be acted on by the force of gravity ;, we shall thea 

have 

X=0, Y=0, Z=g', 

and the equation (197) will be reduced to 

v^=2/ffdz+C. 
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If the vdocily v be supposed equal to Y, when ^^"=^0} we shall 
find 

This value substituted in the preceding equation gives 

whencei 

v=^{2gz+Y^) (198). 

This expression for the velocity bdng independent of the 
relations which may exist between the co-ordinates x, y» and z^ 
it follows that the velocity will be the same for the same 
value of z, whatever may be the form of the curve. 

To determine the expression for the time employed by the 
material point in describing a given portion of the curve, we 

naplaoa t» by its value -p and thus obtain 

1= V(^-+V') ; 



whence, 



<ft=___iL__ (199) ; 



or, by substitution, 

To integrate this equation, it will be necessary to reduce it, by 
means of the equations of the curve, to one which shall con- 
tain but two variables ; thus, if the equations of the curve 
are 

we may, by the aid of these equations, in connexian with 
equation (200), eliminate two of the three variables :r, y, and 
Of ; and it will then only be necessary to integrate an equation 
expressing the relation between di and one of the co-ordi- 
nates of the moveable point, 

446. If, for example, the curve be supposed to become a 
right line, the equations (201) will be of the form 

jr=a2;+«i y^te+zi ,. . « . (202): 
Jjrom which we deduce 

dx^adz^ dtf^bdz] 
P 
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and by sabstitating these valoes in the formula (200), it is 
transformed into 

If the point be supposed to move from rest, its initial velocity 
y will be equal to zero, and we shall have, by division, 

dt dz 

whence, by integration, 

' J-^0iez) (203). 



V'(l+a«+6') g 
The constant introduced by integration becomes equal to zero, 
since, by hypothesis, when ^^0, i^=0, and z^.-.O (Art. 444). 

446. To determine the space passed over in the time tj we 
suppress Y in equation (199), which then becomes 

^^^{2gz), 

and eliminating z by means of equation (203), there results 



da:= 



gt.di 



V(l+a"+*")' 
and by integration, 

^"■^(l+a»+fc»)+^- 
which proves that the motion is similar to that of a body on 
an inclined plane, as might have been anticipated. 

447. The co-ordinates x, y, and z are readily determined 
in functions of the time ; for tbe latter is given by formula 
(203), and this, taken in connexion with equations (202)^ will 
determine x and y in functions of/. 

448. If, as in tfie present instance, the point be supposed 
to describe a plane curve, and if the incessant fiMroes act oi- 
tirely in this plane, we may, by placing the axes of x and y 
in this plane, dispense with the consideration of the third of 
equations (194) ; the formulas (195) and (196) will then be 
reduced to 

dx dm 

C0S*«+00S«|8=1, -r- COS «+^COS |8=0 J 
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and the two equations of the carve will be replaced by the 
single relation 

449. The velocity being given by formula (198), without 
the aid of equations (201), we conclude that the velocity ac- 
quired by the moveable point is independent of the form of 
the curve, being determined by the value of the vertical ordi- 
nate. Consequently, if from the point O {Fig. 175), where 
a?=0, and r=V, we draw the arcs of different curves OM, 
OM^ OM'', Sce.j terminated by the horizontal plane KL, the 
ordinates z of the first and last points of all these arcs being 
equal, it follows that different bodies departing from the point 
O wiA the common velocity T, and describing the several 
curves, will all have acquired the same velocity when they 
shall have arrived at the points M^ M,' M", d^., situated in the 
same horizontal jiane* 

460. In general, whatever may be the number of forces 
acting on the moveable point, if the equation (197) be inte- 
grable, we can determine the velocity v without knowing 
the nature of the curve described. For, the values of the in- 
cessant forces X, Y, and Z, expressed in functions of the co- 
ordinates Si y, and z, being substituted in equation (197), if 
the expression 

J[Xdx+Yd]f+Zdz) 

becomes integrable, we may represent it by 

/(^>y>^); 

and the equation (197) will then reduce to 

If we denote by a, 6, and c the values of x, y, and z which 

correspond to the velocity Y, the value of C will become 

known; thus, 

C=V-^2/(«,6,c); 

and replacing C by this value in the general expression for 
the velocity, we find 

^ =Y«+2/|;4r, y, z)^2f(a, 6, c) ; 

an expression which depends only on the initial velocity, and 

the co-ordinates bf the first and last points of the curve 

described. 

P2 



fnV fw'n' 



is expressed by — -— , or , since no and m'o may be con- 

^ ^ m'o no ' 

aidered equal ; hence, 



2m'n imni 



t 



no no 

If we now return to the consideration of the curve which is 
the limit of the polygon, the side mm' becomes the element 
of the curve, and no the radius of curvature : the preceding 
relation will therefore be transformed into 

d8 



y' 



y denoting the radius of curvature. 

Let p denote the intensity of the incessant force which is 
due to the normal component of the velocity : this intensity 
being in general expressed by the quotient of the element of 
the velocity, divided by the element of the time, and the ele- 
ment of the velocity being represented in the present instance 
by V . sin «», we shall have 

i? . sin • 

or, since the infinitely small , arc may be substituted fi>r ils 
isine, tfiis expression becomes 



^ 
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451. It has been explained (Art 440) that the normal ^ 

pressure exerted against the curve arises in part fiom the nor- 
mal components of the incessant forces, and partly from the 
nonnal force due to the velocity. To determine the value of 
the latter, let perpendiculars on and on' be erected at the 
middle points of the equal consecutive sides mm' and m'm" 
{Pig- 176) of the polygon having an infinite number of 
sides : the angle tm'm"y formed by one of these sides with the 
prolongation of the other, will be the angle which we have 
represented by ». But the angles n and n' being right angle% 
we have 

n<w»'+««*'n'=180°=/mW+»m'»' ; 
and therefore, 

tm'm"='m=^non'^2aMm'. 

The angle wom^ being infinitely small, its sine may be re- 
garded as equal to the arc which measures it ; but this mne 
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vqplacing m by its valtie found above, we have 

vds 1?* 

The nonnal pressure resulting from the other forces may be 
determined by the parallelogram of forces, and this pressure 
must then be combined with that due to the velocity, in order 
to obtain the total pressure. 

452. Let it be supposed, for example^ that the material 
point describes a plane curve, and that the incessant forces 
are directed in the plane of this curve : let these forces be 
reduced to their resultant R, and denote by I the angle formed 
by the direction of the resultant with that part of the nonnal 
which lies on the concave side of the curve : the component 
of the resultant in the direction of the normal will be ex- 
pressed by R cos #, and will act in the same or in a contrary 
direction to the pressure arising from tlie velocity, according 
as I is obtuse or acute. The pressure arising from the velo- 
city being always directed /rom ,the centre of curvature, the 
entire pressure will be e3cprea«ed by 

N«^— Rcosi; 
y 

this pressure will be exerted /ror/^ the centre of curvature so 
long as the quantity N is positive, and towards the centre in 
die contrary case. 

Of the MoHon of a material Point when compelled to move 

vpon a Curved Sttrfaee. 

453. When a material point which is cmnpdied to move 
upon a curved surface is subjected to the action at inoes- 
sant forces, these forces, and that resulting from the velocity 
of the point, will exert a pressure against the surface, which 
urill be counteracted by the resistance of the surface. If we 
denote this resistance by N, the material point may be re- 
grarded as moving freely in space, provided we include the 
components of the force N in the general equations (18Q), 
ijrhich express the drcunostances of motion of a point under 

20 
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the infloenoe of incessant forces. Let m^ /i, and r represent 
the angles fonned by the direction of the force N with the 
co-ordinate axes ; its components in the directions of these 
axes will be expressed by N cos «» N cos /I, ai^d Ncosy: con- 
sequently, the equations of the required motion will be 

=X+N cos « 



df 
g=Y+Ncos, 

gf=.Z+Ncosr 



(204), 



The angles «, ^ and y will become known when the equation 
of the surfieuse L=0 is given, for we have, (Art 62), 

rfL 

dx 



cos 



^(§)'+(f)"-^(§)" 



cos/i=± 



.rfy 
dy 



COSy=± 



^(£)"+(t)'+(S)" 

dL 



the double signs prefixed to the values of the cosines, indi- 
cate that they may refer to the direction of a force which 
tends to pull the point, either along the normal to the sur&oe, 
or along its prolongation. 
If we put, for brevity, 

the preceding equations will become 



cos 



-=^ «»'=^ 






i 
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tbese values substituted in equations (204), reduce them to 






d'z 



:Z+m^ 



(20B). 



If N be eliminated between these equations, Y will likewise 
disappear, and we shall thus obtain two relations, which, 
taken in connexion with the equation of the surfisu^ L=Oy 
will determine the co-ordinates of the moreaUe point in 
fhnctions of the time. 

454. As an example : — lid it be required to determine the 
circumstances of the motion of a material point on the 
surface of a sphere : let the origin of co-ordinates be as- 
sumed at the centre, the plane of x^ y being horizontal, and 
the co-ordinates z being reckoned positive downwards ; these 
co-ordinates will then be affected with the same sign as the 
jforce of gravity. 

The equation of the sphere being 

L=3r«+y«+z«— a«=0 ^), 

we obtain by differentiation, 

dl4-2xdx+2ydy^2zdz^0 (207), 

and consequently, 

^^2x, ^=ay, ~^%z. 

or, 

^ . y z 



A * 

y^(4a?« -|-4y« +iz*)^ ^ 2a 5 



coe*=±^, coe/i=±y cosy=±? (207a). 

a a' a ^ ' 



., the force of gravity being the <mly incessant force 
acting on the material point, we have 



X=0, Y=0, Z=4^; 
these values reduce the equations (20S) to 



1 
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The positive signs should be taken together, and evidently 
correspond to like signs in the values of the cosines of «, #i 
and y ; a similar reoiark is aj^Iicidile lo the a^^ative signs. 
We elimmate ± N between the two first of these equations, 
by multiplying them respectively by y and s^ and taking 
their difference ; we thus obtain, after multipl]ring by A, 

yd«3r->>a^y _^ d(yAr ^gjy) _^ . 

2? ' A ' 

whence, by integration, dt being regaided as constant, 

ydx—xdy^Cdi (209), 

A second relatioa betwjeen the variables may be found by 
multiplying each of the equations (208) by the differential U 
the variable which it contains ; the sum of these products will 

give 

and since the quantity included within tb« brackets is 

equal to zero, by equation (203% the precedUkg Msull wfll be 

reduced to 

dx,d^x+dy .d*y+dz ,d^z _• 
^^ ^^gdxi 

multiplying by 3, and int^ating, we have 

^5 ^2gz^O • . . , . (210). 

If two of the three variables a:, y, and z be eliminated between 
the relations (206), (209), and (210), the result will be an 
equation which, being integrated, will give a rdation between 
the third co-ordinate and the time t x this result will evidendy 
be independent of the normal foroe, which has already disap- 
peared from these three equations. 
466. The equations (207) and (209) being squared, give 

ar»dr* +2arydrrfy+y*rfy*=iz?«dlr», 
yarfr* — 2{rydirdy +**dy« =C»&«. 
The sum of these equations being taken, the middle terms rf 
the first members will disappear, and we shall have 
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substituting for (:rs+y*) its value deduced from equation 
(206)^ there results 

and eliminating dx^ +dv' between ttiis equation and (210)| 
we find 

The integral of this equation, which can only be obtained by 
approximation, will give the value of z in functions of the 
time. 

456. To determine the expressions for the other co-ordinates 
in functions of the time, we will suppose ft to represent the 
approximate value of z determined from the integration of 
the preceding equation : if this value be substituted in equation 
(210), we may, by combining the resulting equation with that 
designated as (209), obtain two relations, the first between x 
and ^, the second between y and t : but as the variables in 
each of these equations would not be separated by this pro- 
cess, we adopt another method of determining the values of 
X and y in functions of L 

Let AC=ar, DC==y, mD=^z {Fig. 177) be the three co- 
ordinates of the point fn on the surface of the sphere ; if for a 
given value of 2r, the angle CAD, formed by the projection 
AD of the right line AM with the axis of ar, were known, the 
corresponding values of x and y might be readily determined 
in functions of z. For, the angle CAD being denoted by I, 
and the radius Am byo^we shall have AD=^(a*— z*); 
and the triangle ACD right-angled at C, will give 

AC=AD . cos CAD, CD=AD . sm CAD ; 
or, 

x—y/{a*—z^) Xcos I, y=v'(«* -^*)Xsin i (212). 

These two equations establishing a relation between or, y, and 
x^ may be considered as replacing the equation of the sphere, 
which can be obtained by taking the sum of their squares. 
An additional variable I is here introduced, but the number of 
relations is likewise increased by unity. 
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From the tqualiani (812) wa obtain bj diihraitiatiiHiy 



xdz "^ 

^ ^ ' V^(a'— 2?") 



(213): 



multiplying the first of equations (213) by. the asoMid of 
(212), and the second of (213) by the fiist of (212), and taking 
their difference, we obtain 

ydr— 4rdy=— (a« — ««)(sin«#+ooe»i)A ; 

or, 

fdx — 4rdy =(z» — a« )dl» 

This value substituted in equation (209), gives 

(ir»— a«)A=CA, 

and consequently, 

or, replacing di by its value deduced horn equation (211), we 

obtain 

'°(z» -a«)^[(a« ''Z'){2gz+C')^C'] 

This equation, being integrated by approximation, will deter- 
mine the value of I : we thence deduce the values of oos 1^ 
and sin I, which substituted in equations (212), determitte the 
values of z and y in functions of «, and consequently in 
functions of the time t 

467. The equation (210) proves that the velocity is inde- 
pendent of the normal pressure ; fear, we deduce firom that 
equation, 

abd consequently, 

To determine the value of the normal pressure, wt must 
recur to equations (208) : these being multiplied respectiTely. 
by X, y, and x, and added, give 



or, 
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'.^f±M^l±^^^±^(a:'+y*+z'Hez (214). 

But the differential of equation (207), xdx+ydy+zdz^&i 
being taken, we find 

and this value substituted in equation (214) giveei after le- 
placing ar« +y« -f 5r« by a*. 



or, 



±N---^^e 



a a 

468. If the moveable point be suppiosed situated at any 
instant below the horizontal plane passing through the 
centre of the sphere, the ordinate z will be positive, and the 
yahie of d:N becomes negative : and since N, which denotes 
the intensity irf a force, is by hypothesis an essentially posi- 
tive quantity, the inferior sign must be taken in order that 
— N may be essentially negative. Hence* it will be neces- 
sary to take the inferior signs in equations (206), and also in 
equations (207 a). The resistance of the surface will there- 
fore be directed towards the centre, or the material point must 
be regarded as situated upon the concave surface of the sphere. 

When the material point rises above the horizontal plane 
of X, y, the ordinate z will become negative, and the quantity 
— t;* — gz may then become positive. In such case, the 
superior signs must be taken in equations (207 a) and (208), 
and the resistance of the surface will be exerted from the cen- 
tre, or the body must be supposed to be on the convex surface. 

The pressure exerted against the sur&ce will be equal and 
directly opposed to the resistance which it offers, and wiU 

therefore be represented by — --^ without reference to the 

sign of AT. 

If the moveable point be retained upon the surface of the 
sphere by an inflexible thread connecting the point with the 
centre, this thread will experience a tension so long as v* +gz 
is positive ; but, on the contrary, there will be a tendency to 
compress the thread whenever v* +gz becomes negative. 
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Ofihe Motion of a material Point on the Arc of a Oydoid. 

459. Let a material point M (Fig. 178) be snpposed to 
move from rest on the arc of a cycloid, under the infloence of 
the force of gravity : the initial velocity being by hypothesis 
equal to zero, the equation (198) is reduced to 



or 



whence we deduce 



^ o 






Let the origin of co-ordinates be assumed at the point E, the 
absciss ED of the point M' being denoted by m, and the absciss 
EG of the point of departure by h\ we shall then have 

CD=EC— ED; 
or, 

«=A— tt. 

This value being substituted in the preceding equation gives 

*=-7fo^ vi (215)- 

This equation contains three variables ; we must therefore 
eliminate one by means of the equation of the cycloid. For 
this purpose, let 2a represent the diameter BE of the gene- 
rating circle, and x and y the co-ordinates AP and PM' 
of the point M', reckoned from A as an origin ; the equation 
of the curve will then be 

But if a denote the arc AM', we shall have the relatiM> 



or, 



^'W{}^%) 



dy*r 
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snbttitatiiigia this equatioa the T«lae of ^ deduced firom 
the lelatum (216), we find 

or, 

Bat from an inspectioa of the figure^ we have 

2a— y=tt ; 
and hence, 

By oahstitutinf theee valnes in (217), we obtaiB 

The di&rentiab of s and h have contrary signs, since the 
first is a decreasing function of the second. 

The preoeding value of ^ will reduce eqjBMition (216) to 

g ' ^{hu^^y 
460. This equation' may be integrated by the formula 



di=^^^.-j!i—^ (218). 



f—^—^^axc (versed sine =^) ; 



^(2a?— ar*) 
for by making x^^^ this formula becomes 

f—^-—^uc (vetsed sine -l) (219) ; 

and consequently, by referring the integral oi equation (21 8) 
to this formula, we obtain 

^= — -y/"' ' ^^ (versed sineaac -^1 +C ..... (220). 

To determine the constant, we remark, fliat since tfie time is 
reckoned from the instant when the body is at the point M, 
we must then have 

/=0, and ws=EC«A ; 

this supposition reduces the equation (220) to 
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Oas— iy^iL . arc (veraed sine bSD+C. 

But tbe arc whose vened sine is equal to 8, being a semi- 
circumferenoe, if we denote by m the semi-ciieumferenoe of a 
circle whoee radius is unity, the preceding equation will 
become 

^ g 

This value will reduce equation (220) to 

<= y/— I a—aic (versed sine s= — V 

This ezpressicm gives the time of descent to the point M',tbe 
absciss of which is equal to tc To obtain the entire time 
of descent to the vertex E| we make u=0, and the value of 
t is then reduced to 

^ g 

This value of the time being independent of die height k 
of the point of departure, we ccmclude that the time necessary 
for a material point to descend to the vertex E of the cydoid^ 
under the in/hience of the force of gravity^ is constantly the 
samef whatever may be the position ofitspobU ofdepartwre. 

Of OsciUdiory Motion. 

461. Let OBC {Fig. 179) represent a continuous curve, 
intersected at the points O and C by a horizontal line, and 
supposed to contain no angular points that might occasion a 
loss of velocity to a body or material point moving upon it 
Let the tangent BT at the point B be supposed horizontal, 
the co-ordinate plane of ^, y being likewise horizontal. If 
the co-ordinates z be reckoned positive downwards, we 
diall have the following equations to determine the circum- 
stances of the motion of a material point sliding along the 
curve under the influence of gravity : 

**-.ft ^'y-n **« 

5F-0. -gji-O, —^g. 
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To determine the velocity of the moveable point, iMre proceed 
as in Art. 433 : multiplying these equations by 2dxj idy^ and 
2dz respectively) and adding) we find 

dp 
and by integration, 

or, 

Beplacmg--^ by its value t?«, th^re will result 

If V denote the velocity at the point O, when ^^=0, the pre- 
ceding equation will become 

and consequently, by substituting this value of C, we shall 
obtain 

i^t^y*+2gz ^1). 

462. Since the ordinates increase from the point O to the 
point B, it appears from equation (221) that the motion will 
be accelerated while the material point is describing the arc 
OB, and that its velocity will be a maximum at the point B : 
the ordinates decreasing beyond this point, the velocity of the 
moveable point will likewise be diminished. This diminution 
must be such that the material point will have at the point 
fn\ the same velocity as it previously had at the point m, 
situated in the same horizontal plane ; for the vertical ordi- 
nates df these points being eqiial, their values substituted in 
equation (221) will necessarily give the same values for the 
two velocities. 

The velocity diminishing constantly with the arc Om, we 
shall find on the prolongation of this arc a point A at which 
this velocity will have been equal to zero ; and the moveable 
point may therefore be considered as moving from rest at this 
point If through the point A a horizontal line AA' be 
drawn, intersecting the second branch of the curve at A', the 
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Tslocity at A' will likewise be equal to zero. Thus, the 
motioQ will cease at the point A', and the action of gravity, 
causing it to descend from A' to B, will augment the velocity 
in the same manner that itvwas before diminished. At the 
point B the velocity will again become a maximum, and the 
moveable point will then ascend to the point of departure A, 
its motion being retarded in the same manner that it was 
before accelerated in descending from A to B. 

The same effects being repeated by the action of gravity, 
the point will continue to oscillate indefinitely. 

If the arcs AB and A'B are similar, the times of descrilnng 
them will evidently be equal. When the osdllationa of a 
body or material point are all performed in equal times, they 
are said to be isochronal. 

463. Let B'OBO' (Fig. 180) represent a curve returning 
into itself, and symmetrical with respect to a vertical axis 
passing through the points B and B' at whidi the tangents are 
horizontaL If the material point descend from a point O, 
with an initial velocity such that upon arriving at B it can 
ascend from B to B' on the second branch of the curve, it will 
descend a second time on the arc B'OB, the force of gravity 
restoring the velocity lost during the ascent on the arc BO'B'. 
The same effects being repeated, the body will continue to 
revolve indefinitely. 



Of the Simple Pendulum. 

464. The simple pendulum is composed of a material 
heavy point M (Pig. 181), suspended by an inflexible right 
line MC devoid of weight, and oscillating about a point C. 
In this motion the point SI describes the arc of a cirele about 
C as a centre, and the velocity of M will be gmn (Art 444) 
by the equation 

r««V*+2g« (222). 

Replacing v by its value —^ we find 



SIMPLfi PENIMJLXJM^ Ml 

The origin being assumed at the point of depaitere, z will 
represent the ordinate M'P {Fig. 182) of the point M', at 
which the material point is found after the lapse of a certain 
time, and Y' will represent the square of the velocity which 
the body has at the point M, where z=iO. If h denote the 
height due to this velocity, we shall have the relation 

V =^ 
and the equations ^22) and (223) therefore become 

-v^[WH-*)l *=;7^^j (224) 

465. To express the quantity z in functions of the co-ordi- 
nates of the circle described with the radius CM, we demit 
the perpendiculars MB and M'D on the vertical line CE, and 
denote by a the radius CE, by h the vertical disteuice EB, 
and by x the absciss ED of the point M' referred to the point 
E as an origin ] we shall then have 

z^VD^h^x. 

And by introducing this value into equations (224), they be- 
come 

.-^[^(A+6-x)i dt^-^^-^^—^^ (226). 

From the first of these relations we obtain the velocity of the 
material point at the point M', corresponding to the absciss 
X ; the second, being integrated, will determine the time em- 
ployed by M in descending to the point M'. To effect this 
integration, we must eliminate one of the variables contained 
in the second member, by means of the relations 

ds^y/idx^A-dy^) ..... (226), 

yic=2ap— «• (227). 

The latter being differentiatedi gives 

ydy^{a—'x)dx\ 
and consequently, 

y 

This value being substituted in equation (226), we find 

a 21 
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or, leplaciiig y' b] 
ducing, we obtain 






whence, 



^__ adx 

The negative sign is here prelGlxed to the second member, be- 
cause the co-ordinate or is a decreasing function of the time /. 
466. If the initial velocity be supposed equal to zero, we 
shall have 

A=0; 

and if at the same time the arc through which the oscillation 
is performed be supposed extremely small, we can neglect x 
in comparison with 2a, and the value of dA will be then re- 
duced to 

^ adx 

*"- v'(2ar)v^[2!g<6-a:)y 

This equation may be put under the form 

cfc— i y/? X ..f" ; , (228). 

The value of t will be immediately obtained by an iotegration 
of the formula 

S-TW^ <*»'■ 

which, by a comparison with (219), gives 

and by substituting these values in equation (219), which is 

y^— P- rr- =aTc I versed 8ine=-^ 1 , 

it becomes 

r-,^ .arc f versed 8ine=iL^ 

=arc f versed sine=-r- 1 . 
Bat, in general, the cosine of the arc corresponding to the 



' 
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Toned sine e and radius ixaityj being equal to l—e, we ahall 
have 

aire f versed sine =:-^ )=*'^ (cosssl — j-j 

This value of the expression (229) being substituted in equa- 
tion (228), we shall find 

^«-i v/-xarc(coe=?^I^) +0 (230). 

467. The constant may be determined firom the consider- 
ation that when i^O, Xszb ; these values reduce the equation 
(230) to 

If IT denote the semi-circumference of a circle whose radius 
is unity, we shall have {Fig' 174) 

arc (oosaa— l)=arc BCA=r ; 

and consequently, 

By substituting this value in the equation (230), we obtain 

'=*\/|['-"«(«»=i-t)] ^^> 



The integral being taken between the limits x=bj which cor- 
responds to ^ssO, and x equal to any assumed absciss, will 
make known the time of descent firom the point M {Fig. 182) 
to the point M' corresponding to the assumed value of jr. 

468. When we wish to obtain the time of descent to the 
lowest point E, we make :r=0, in the preceding expression ; 
and since the arc whose cosine is unity is equal to zero, we 
ahall have 

469. Wh«i the material point arrives at the point E, it 

(12 
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will hav^ acquiied kft maximum veloeitf ; for the velodty 
being expressed by 

it will evidently be a maximum at that point of which the 
ordinate ;? is the greatest, llius, in virtue of the velocity 
acquired at E, the moveable point will describe the arc EN ; 
and since this arc changes its sign in passing through zero, 
we find for the expression of the time requisite for the point 
to arrive at N' 

*=*\/|['+aro(coe =1-^)} (833). 

If from Ais expression we snbtraet that given by (332]^ 
which expresses the time of desceiit from the poitat M to the 
point E, there will remain 

l\/— Xarc /cosb;=l^^Y 

an expression for the time of ascent from E to N' : this time 
is equal to that employed in descending from M' to B, as may 
be proved by taking the diiSbre&oe between equatimis (231) 
and (232). 

Finally, when the material point shall have arrived at the 
point N, situated in the horizontal line passing through M , we 

shall have x=^b, and the expression arc f oos»l— — I w9l 

then become arc (oos ss— l)s:r; thus» the equation (233) 
will be reduced to 

Such wifl be the value of the time required by the moveable 
point to describe the whole arc MEN. This time being de> 
noted by T^ we have 

TC^n^l, (S»4). 

The velocity of the material point upon its arrival at the point 
N will be equal to zero ; for, sincQ the initial velocity was 
supposed equal to zero, we have 

A=:0; « 
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and this value, taken in connexion with that of ir=&, reduces 
the equation v=s^[2g{h+b'~x)] to 

The motion of the material point being entirely destroyed 
when it arrives at the point N, the force of gravity will cause 
it again to descend, and since the circumstances of the 
motion are precisely similar to those presented when the 
point commenced its motion at M, a second oscillation will 
be performed in the same time, and a similar motion will 
continue indefinitely. 

470. The equation (234) being independent of the quantity 
b which expresses the vertical distance MK, it follows that 
if the point of departure had been taken at M'^, instead of at 
M, the time of oscillation would have been the same ; and 
consequently, that if several material points depart from the 
different points M, M', M", <kc., they will all perform their 
oscillations in the same time. It should be recollected, how- 
ever, that this result has only been obtained on the supposition 
that the arcs described are extremely smalL 

471. These oscillations of equal duration are called iso- 
chroncd. But if the length of the pendulum be supposed varia- 
Ue, the time of vibration will likewise vary : for, if I and V 
represent the lengths of two pendulums, whose oscillations 
are performed in the times T and T, we shall have 

hence, 

TiTi\^l:^V (236)* 

Thus, if the time of oscillation T of one pendulum be accu- 
rately known, we can determine by the preceding proportion 
the length V of a pendulum which shall vibrate in an arbi« 
trary time T. 

472. To ascertain with greater precision the time of a 
single oscillation, we will represent by M the number of oscil- 
lations made by the pendulum whose length is 2 m a time i, 
and by N' the number of oscillations of tfie pendulum t in 
the same time # : we shall then have 
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T=*, aiKiT'=i (236>. 

By means of these iralues,the proportion (236) is ledneed to 

whence^ 

When the number of oscillations made by a pendulum of a 
given length, in a given time, has been ascertained from 
observation^ we can calculate the length of the pendulum 
which will oscillate in a second of time. 

If an error be committed in observing the time I, this error 
will be greatly reduced by being divided by the number of 
oscillations, and if this number be taken large, the effect of 
the error upon the time of a single vibration may be regarded 
as insensible. 

473. It is on this principle that the length of the seconds 
penduluip, which makes 86,400 oscillations in a mean solar 
day,in vacuo, and at the latitude o£J^ew-York, ha$ been found 
equal to 

39riai«6-s3'!26e47, neariy* 

474. To determine the value of g, the measure of the in- 
tensity of the !fot<^ of gravity, we employ the equation (834)^ 
which gives 

and by making in this equation 

T=F, I=:39ri0168, and ««3!i416926, 

•'=::9.8G96046; 
wefind , 

5'=:386t9183=32!l698. 
175. If g and g' represent the mtensities of gravity at dif- 
ferent "places, and I and f the lengths of two pendokms 
which osciQate in the times T and T', we shall bave 



T=V1' T'^VIs 



ff' '^8' 
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Itom vhich we dedoAe 

TiT:: v/|: l/|-----(237). 

Let N and N' lepras^it the numbers of oscillations made by 
these pendulums in the time $ ; T and T' will be given in 
functions of I by equations (236), and their values being sub* 
stituted in the prop(»tion (^7), will give, afier reduction, 

11 // /f 

If the same pendulum be used at the two places, I and P will 
be equal to each otheii and the preceding proportion will 
become 



1 1 /I /I 

NN ' V^- V ^' 



whepcei 



ff' 
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Of the Centrifugal Fhrce^ 

476. If a material point be supposed to move around a 
fixed centre G, describing the curve LMK {F^g- 183), and if, 
upon its arrival at the point L, the connexion with the centre 
be suddenly destroyed, the material point will, in virtue of 
^the law of inertia, continue to move in the direction of the 
tangmt LT. But if we conceive the point to be compelled 
to describe the curve, it will leave the tmigent, and will after 
a certain time arrive at the point M. The are LM being sup- 
posed indefinitely small, the angle LCM will be so likewise, 
and tlie lines DO and MC may be considered as parallel. 
Thus, replacing CM by the parallel CM, and ooostructing 
the parallelogram LDMN, it appears that the material point, 
if free, would 'describe the side LD, while by its connexion 
'with the fixed centre it is caused to describe the diagonal 
Ud ; the efiect of the force which draws the point towards the 
centre has therefore been to move it through the space HD. 

The point may be supposed to be retained on the curve 
UHK, either in virtue of a force of attection which is con- 
stantly directed towards the centre C^ or by the resistance 
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opposed by the carve regarded as material ; or, filially^ by 
being connected with the point C, by means ot a cord of 
variable length. 

Whilst the point is describing the elementary arc LM, we 
can regard it as moving upon the equal arc of the oscubtory 
circle, and can suppose it to be retained on this arc by means 
of a thread of an invariable length, attached to the centre of 
the osculatory circle. Moreover, since this thread will ex- 
perience a tension only in consequence of the resistance 
offered by the material point to the force which tends to 
deflect it from the tangent, this tension or the resistance op- 
posed by the point will be precisely equal to the force which 
causes it to deviate from the tangent This resistance is 
exerted in the direction of the radius of curvature, and its 
constant tend^icy is to remove the material point frMEi the 
centre of curvature. Hence, it is called the centrifugal 
force ; and the force which constantly urges a body towards 
any fixed centre is called a cerUripetal force. 

The centrifugal force evidently corresponds to the quantity 

represented by — in Arts. 461 and 462. 

y 

477. To determine directly the expression for the centri. 
fiigal force, we rejdace the infinitely small arc LM by the 
chord of the osculatory circle at the point L {Pig> 184). 
Then, the versed sine LN will represent the space through 
which the point would be drawn in virtue of the action of 
the centrifhgal force, during the time occupied by the point 
in describing the arc LM. From the known property of the 
circle, we have 

LN:LM::LM:LE; 

or, by substituting the arc for its equal the chor^ 

LN : <fo : : cb : 2y : 
heiice, 

TXT ^* 

and by substituting for ds its value vdt^ we find 

LN=^ (238). 
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Asecond expression for the value of LN may be obtained in 
the foUowing manner. The time required tt) describe the 
arc LM wiQ be represented by A, since thie are is itself 
denoted by 49 ; hence, dt wfll likewise represent the tune 
in which the material point would be caused to describe a 
space equal to LN under the influence of the centrifugal 
force alone. Moreover, the cenuifilgal force acta iiusessantly, 
and during the infinitely short time A, its intensity m^y be 
considered invariable. If, therelbre, we regard this force as 
constant, and denote its intensity by/, the cirowastfuooea qf 
motion of the point, under the influence of this force, will be 
expressed by the equations 

dv^^ ds 
HUd by integration, 

But the space LN being that which corresponds to the time 
i<^, if in the preceding equations we make LNa«, t will be- 
come dt ; we shall thus have 

This vahie of LN being substituted in equation (238) gi^es, 
ftfter reduction, 

478. If the material point be snppoaed to have a circular 
motion, — as, for example, when a stone is whirled round in 
a aling, y will become the radius of the oirde deseribed, and 
the ezpiession for the centrifugal force will then be 

/=^ (239> 

Let A represMit the height due to the velocity v ; the fbllow 
ing relation wiU then subsist (Art. 401), 

eliminating v* between this equation and that which pre* 
cedes, we obtain 
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from which we cbnclude, that Ae centrifugal force iatoihe 
force of gravity J as twice the height due to the pelacity is to 
the radius ef the circle described by the material point. 

479. If a semicircle EAP (JF^- 186) be supposed to re- 
volve about its diameter EF=2R, the point A^ the middle of 
arc EAI*',will describe a circumference equal to 2rR; if this 
motion be performed uniformly in the time T, with the ve- 
locity V, we shall have the relation 

vxT=arR; 
and by eliminating v between this equation and (239), we 
find 

/=^ (240). 

In like manner, if f represent the centrifugal force of a point 
which describes uniformly the circumference of a circle 
whose radius is R', in the time T", we shall have 



T'« 



and consequently, 



f'f''^,-^, my 

From this proportion we immediately conclude, that t^en the 
radii R and R' are equals the centrifugal forces will be in the 
inverse ratio of the squares of the times of revohUion ; and 
thai when the times are equals the forces wiU be directly as 
the radii. 

480. The effect of the oentrifiigal force at the equator, 
caused by the revolution of the earth upon its axis, can now 
be estimated. For, the equatorial radius of the earth being 
20920300 feet, we replace R by this value in equation (240)i 
substituting at the same time the values of r and T. But 
we have, approximativefy, 

«-=3.1416926, «•« =5=9.8696046. 

The time T is determined from the consideration that the 
earth performs a. revolution upon its axis in 0.997269 dayS| 
the day being composed of 86400 seconds. Thus we shall have 

T=0.997269 x 86400"=86164''. 
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Substitnting this value and that of R in equation (240)^ there 
results 

/=0?1112 (242), 

481. Having found the value of / we can determine the 
intensity O of the force of gravity which would be observed 
at the equator if the earth were immoveable. For, since the 
force / is directly opposed to the force G, a portion of the 
latter will be destroyed by/; and hence, if g denote the in* 
tensity of gravity as determined by observation, we shall 
have 

or, 

substituting in this expression the value of/ given by equar 
tion (242), and that ofgy which at the equator is 32.0861 ft., 
we find 

G=^32?0861+01112=32J1973 (243). 

To determine the relation between the centrifugal force and 
the force of gravity, we divide equation (242) by equation 
(243), which gives 

/ 0.1112^ 1 , ,^,,, 

^=52l97T-=^ "^^*y (244). 

m 

482, The proportion (241) will furnish a solution to the 
following problem : 

To find the time in which a revohUum of the earth should 
be performed^ in order that the centrifugal force at the equor 
tar fjunf be equal to the force of gravity:*, 

Let T represent the required time of revolution, and/' the 
corresponding centrifugal force j we shall then have, by the 
nature of the problem, 

/=:G,andR'==R; 

these values substituted in the proportion (241) reduce it to 

/ • G •• JL • -L* 

srfience we obtain 
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f 

If the fraction -- be now replaced by its value (244), we shall 

G 

find 

rp rp 



^289 17' 

Thus, if the eartKs rotation were seventeen times nwre rapid 
than it actually is^ the centrifugal force at the equator wondi 
be equal to the gravity. 

483. To find the diminution of the gjayity produced by 
the centrifugal force at any other point on the earth's sur&oe^ 
it will be necessary to determine the effect of the centrifugal 
force in the direction of the vertical BZ (1^. 185) drawn 
through the point under consideration. 

For this purpose, we will regard the earth as spherical, it 
being nearly so : the latitude of the point B being then repre- 
sented by the arc AB, it will be measured by the angle 

BOA=ZBC=i^. 

Denoting by R the radius AO of the earth, and by R' the 
radius BD of the parallel of latitude passing through B, we 
shall have 

R'=R cos OBD ; 



or, 



R'=R cos ^. 

Let the centrifugal force at the point B, which is exerted in 
the diction of the radius DB, be represented by the line BC, 
and resolve it into the two components Eb and Be. The 

4ir«R' 

force BC will, by Art 479, be expressed by -rfq-9 and the 

component f in the direction of the vertical BZ!, which is 
represented by B6, will be given by the relation 

and by substituting in this relation the value of R'^ we shall 
obtain 

4ir'R 

The fibctor --j^ represents the centrifugal force / at Urn 
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equator ; this equation may therefore be transformed into the 
proportion 

fif'^i 1 :cos* ^^; 
from which we conclude, that the dimintUions of gravity ai 
different pltKes on the eartKs stirfixce^ arising from the action 
of the centrifugal force^ are proportional to the squares of the 
cosines of the latitudes, 

484. The latitude of New-York bemg 40^ 42' 40", its 
cosine will be 

0.7680; 

and by multiplying^ the value off (242) by the square of this 
number, or by 

0.6746, 
we find 

/=o!b639. 

If & represent the value of the force of attraction, or that 
which the observed ^avity would have in the latitude of 
New- York, if the earth were immoveable, the gravity actually 
observed being denoted by ^, we shall have, as in Art. 481, 

The observed gravity g^, in the latitude of New-York, being 

32J698, 

we find, by substituting this value and that o{f in the preced- 
ing equation, 

G'=32!l698-|-0^39=32!^2237 (246). 

Of the System of the World. 

485. In discussing the properties of the centre of gravity, 
we have already had occasion to consider that remarkable 
fbrce exerted by the earth, in virtue of which all bodies are 
soKcited in directions perpendicular to its surface. The ex- 
istence of this force was not entirely unknown to the ancients : 
Anaxagoras, and his d^iples, Democritus, Plutarch, Epi* 
curus, and others, admitted the existence of such a force ; and 
similar opinions were entertained by Kepler, Galileo, Huy- 
gens^ Format, Roberval, (Jbc., in modern times. The celebrated 

22 
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Kepler distinctly affirms, in his work De SieUa MaYtiSj that 
the force of attraction is not confined to bodies situated upon 
the surface of the earth, hut that it extends to the most distant 
stars. 

This bold conception remained long unimproyed, firom the 
difficulty of verifying^ its truth. The effect^ of gravity at the 
earth's surface were measured by Galileo. 

Lord Bacon, suspecting that the intensity of this force must 
Tary with the distance from the centre of the earth, endeav- 
oured to verify the truth of this conjecture by observing the 
distances through which bodies would fall, in a given timey 
at different elevations above the surface of the earth. But, 
however great were these elevations, they proved too small to 
render the variations in the intensity of gravity perceptible. 

Newton extended his views yet further ; and not satisfied 
with the mere conjecture that the intensity of gravity was 
subject to variation, he endeavoul^ to measure the law of its 
diminution. He adopted, as the most probable law of diminu- 
tion, that of the inverse ratio of the square of the distance ; 
such being the law according to which light and other emana- 
tions were known to be propagated. To test the truth of this 
supposition, he endeavoured to obtain a measure of the inten- 
sity of gravity at the distance of the moon, and the only 
obstacle to tiiis determination arose from an imperfect know- 
ledge of the moon's distance, and of the dimensions of the 
earth ; but more exact determinations of these elemeats having 
been supplied by Picard and others, he was enabled to base 
his calculations on more accurate data. 

486. The first element to be determined in this investi- 
gation, is the intensity of gravity at the surface of the earth. 
The method of obtaining this quantity by the oscillations of 
a pendulum has already been explained in Arts. 474 and 
484 : it was thus found, that in the latitude of New- York, 
and on the supposition that the earth was immoveable, 

(y s=:32?2237 (246). 

This quantity is nearly the same for all places on the surface 
of the earth. 

To ascertain the diminution which the intensity of gravity 
should sustain at the distance of the moon, according to the 



r 



ORATITATION. S5S 

supposed lav of Newtoiii it will be aeoearary to know the 
distance of the moon from the centre of the eardi. This dis- 
tance depends on the horizontid parallax of the moon. 

487. Let CL and HL (Fig. 186) represent two lines drawn 
from the moon to the two extremities of the terrestrial radiuS| 
the line HL being perpendicular to this radius. The angle 
HLC is called the horizontal parallax of the moon, and its 
mean valuei according to Delambre, is 67'. If therefore, the 
radius of the earth betaken as unity, we shall haye 

CL sin L»CHsl, 
and consequently, 

CL=-4=.=60.3U; 
sm 67' 

this value differs but little from that emp]o3red by Newton, 
who supposed the mean distance to be 60}. 

488. If we denote by y the intensity of gravity at the dis- 
tance of the moon, upon the hypothesis that it decreases ac- 
cording to the law of the inverse ratio of the square of the 
distance, and by ^ the space which it would cause a body to 
describe in the time t^ we shall have 

(y;y::(60.314)« : 1« ; 
whence, 

^" {60.314)"' 

Such is the expression for the velocity which should be im- 
parted by gravity, at the distance of the moon, in a second 
of time, if the hjrpothesis assumed be correct. 

489. By substituting this value for g in the general formula, 

and replacing « by /, we shall obtain the space described in 
the time t 

Thus, if we suppose the time tobe onemiaule, or 60", we 
shall have for the space «^, which the body ^ould describe in 
a minuto of time, 

y- im'G' (247). 

' (60.314)* ^- ' 
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490. If we neglect the deotmal fraction, in the deDomiiia- 
tor, the equation reduces to 

from which we conclude that the space described by a body 
moving from rest, in a mimUe of time, at the distance of the 
moon, should be equal, according to Newton's hypothesis, to 
the space passed over in a secofid of time, at the surface of die 
earth. 

But if we take account of the decimal fraction, the equation 
(247) will give by reduction, 

«'=JG'X0.9896; 

and by substituting the. value of G' (246), we have 

y=:^x32'!2237x 0,9896; 
or, by performing the multiplications indicated, 

y=16!!9443 (248). 

Such would be the distance described by the body in a 
minute of time, at the distance of the moon, if the body 
were supposed to move from a state of rest. 

491. Let us now examine whether this result is confirmed 
by experience. For this purpose, let the moon when at its 
mean distance be supposed to describe the arc LM (i^. 187) 
in a minute of time: if the lines Ld and QJd be drawn 
respectively parallel to the sine and versed sine of the arc 
LM, we may regard LM as the diagonal of a parallelogram 
of which LQ and LP will be the sides. If the moon were 
not solicited by the earth's attraction, it would describe the 
tangent LQ, and if solicited by this attraction solely, it would 
describe the line LP in the same time : this line LP will there- 
fore serve to determine the intensity of the earth's attraction, 
and it will evidently be equal to the versed sine of the angle 
LCM. 

But since the mean radius r of the moon's orbit undeigoes 
but a very slight .variation in a minute of time, this portion 
of the orbit may be regarded as the arc of a ciicle described 
with the radius r ; and since the moon, when at its mean dis- 
tance, moves with nearly its mean velocity, we shall have, by 
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calling T the time of a sidereal revolution, or the time 
required by the moon to return to the same point of the 
heayens, 

T : 1 minute : : 360^ : angle LCM; 
whence, 

angle LCM=-=-. 

This time of revolution being known ftx>m observation to be 
27 days 7 hours 43 minutes, or 39343', we will replace T by 
this \^ue, at the same time reducing the degrees to seeondiB, 
to render the division possible ; we thus obtain 

492. The question is thus reduced to finding the versed 
sine of an arc of 32^94, in a circle described with the mean 
radius of the lunar orbit. 

To eflfect this, let the perpendicular CI (Fig. 187) be drawn 
to the middle of the chord LM : the right-angled triangles 
LMP, LCI, having the common angle L, will be similar, and 
will give the proportion 

LC:IL::LM:LP; 
or, 

LC;IL::2IL:LP: 
whence 

LP=^ (249). 

Let I represent the angle LCI equal to ^LCM, and r the mean 
radius LC, we shall have 

IL=r.sin#, 

and the equation (249) will become 

LP=2r . sin« I ; 

or, by substituting the value of the angle I, 

LP=2y .sin« 16".47 (860)- 

If a denote the mean radius of the eardi, the mean radius 
of the hmar orbit will be expressed by 

r=(60.314)a. 
R 
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493. But the mean radius of the earth determined by the 
measurement of a d^^iee upon its suifitce, being equal to 

20886500 feet, 

we shall have, hy substitution, 

LP=i=60.314x2x20886600xsin« (16".47), 

and changing 

sine whose radius is unity . ^ tabular sine 
_ i into ■ ■ . y. — , 

I tabular radius 

for the purpose of uaiQg logarithms, we find 

Ix)g 60.314 • . 1.7804181 

Log 2 0.3010300 

Log 20886600 7.3W8657 

Log sin* (16".47), or 2.log sin (16".47) 11.8041389 

Corresponding number = 16.0492 ft. - 1.2064526 

494. It thus appears that the moon falls towards the earth 
in a minute of time a distanoe of 16.0492 ft., corre^onding 
w%ry nearly with that deduced on the supposition that the 
intensity of gravity varies inversely as the square of the dis- 
tance from the centre of the earth. The difference between 
the two results amounts only to about 0.16 ft. in the space 
fallen through by the moon in a minute of time, and will 
consequently become nearly insensible in the space deecribed 
in one second. Moreover, this s]i|^ difference might fairly 
have been anticipated, since mean values of the several quan- 
titiea whicfi enter in^ the calculation have alone been em- 
ployed. 

496. The remarkable accordance exhibited by the preced- 
ing calculation between the results of theory and experience, 
justifies us in concluding that the force of gravity exerts 
an influence at the distance of the moon, but that its inten- 
sity is less than at the surface ol the earth) in the- invexae 
ratio of the squaiea of the distances from the centre of the 
eaiTlh^ . The truth, of this napposition has been uniformly 
confirmed by experience;, astronomical tables (;alQulated upoa 
the hypothesis of Newton assign the positions of the celestial 
bodies such as they are determined by direct observation, 
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without presenting a single exception. This hypothesm may 
therefore be regarded as fuUy established by experience. 
Those general truths which are designated the laws of Kep- 
leTj and which have been repeatedly verified by observation, 
serve to establish the hypothesis of Newton in the most cleai* 
and decisive manner. These laws may be enunciated as 
follows : 

V. The planets describe ellipses^ having the centre of the 
sun at one of their foci. 

2^. The areas of the elliptical sectors described by the 
radius vector drawn from the planet to the centre of the sun 
are constantly proportional to the times of description.* 

3^. The squares of the times of revolution of the several 
planets are proportional to the cubes of their mean distances 
from the sun. 

496. The first of these laws, as will be demonstrated, is a 
particular case resulting firom the more general law of nature, 
which requires that a body subjected to the action of a force 
which varies inversely as the square of the distance firom a 
fixed point, should necessarily describe a conic section. 

The second law h^s already been noticed (Art. 435), and 
SDbsistB in general for every body which is constantly at- 
tracted towards a fixed point. The question is tlius reduced 

* In tlie fmeral covrte of reasoning wUch is here appfied to the motione of 
the planets, these bodies are regarded as mere material points. Tha propriety 
of making this suppoeitioQ will not fully Appear until after we have discussed ' 
the cireumstanees of motion of a sofid boc^ whose several particles are acted 
upon by incessant forces. It will then be fband that the motion of the centre 
of giwdty of such a body will be precisely the sane as though the masaof tho 
body were concentrated at its centre of gravity, and the several forces applied 
directly to that point. Thus the case will be reduced to that of the motion of 
a material point. It is, howewr, quite obvious thai this hypothesis cannot 
difier much from the truth ; for, since the dJmwnsinas of the planets are exceed- 
ingly minute when compared with their distances from the sun, it follows that 
•very particle in the planet will be acted upon by a force which is veiy nearly 
o^nal and ponllal to the'foree exerted opoii that particle which oomcides with 
tlia oentia of gravity of the planet. Thus, the particles, being acted upon by 
parallel and equal forces, will have the same motions as though they were uneoli> 
nected with each other ; and the reasoning may be applied to any one of these 
IMurticles, the central one, for example. 

R2 
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to proving the truth of the first and third of Kepler's laws, 
after adopting the hypothesis of Newt<Hi. 

497. L^ the origin of co-ordinates be placed at the centre 
of attraction {FHg* 188), which corresponds to the centre of 
the sun, for the planetary system, and let R denote the value 
of the force of attraction exerted by the sun upon one of the 
planets, and r the radius vector drawn to the planet. 

The force R coinciding in direction with the radius vector 
mA, if we represent by p the angle mAP, which the radius 
vector forms with the axis of Sf the CMnponents of tbe force 
R in the directions of the axes will be 

X=R cos p, Y=R sin ^. 
But in the right-angled triangle AmP, we have 

AP T mP p 

mA r mA r 

Thus, the components X and Y of the force R will be ex- 
pressed by 

X=r5, Y-R1^: 
r r 

and since the incessant force is supposed to act in the direc- 
tion from m towards A, it will tend to diminish the co-onii- 
nates AP=s, and P^=y, of the point m : hence,, the compo- 
nents of the incessant force should be affected with the 
negative sign (Art. 61) ; the two preceding eqjuatioDs will 
thus become 

X=:-.R^, Y=^Ryr 

• r' r 

or, replacing X and Y by their values given m equations 
(180), we obtain 

498. For the purpose of integrating these equations,, let the 
first be multiplied by y, and the second by ir : taking the dif- 
ference of the products, and multiplying by di^ there will' 
result 

d'x rf»y ^ 
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the inlegral of which is 

y^7^=a (2^), 

at 

the arbitrary constant introduced by integration being denoted 
by a. 

499. To obtain a second integral, we multiply the first of 
equations (251) by 2ctr, and the second by 2dy, and take their 
sum ; we thus obtain, 

»d X'd>r+2dy.d»y ^_^ dzdx+ydjf^ ^^ 

The second memher of this equation containing the three 
TEriaUes s^ y, and r, we eliminate two of them by meana of 
the relalion x* +y* =r', which gives, by differentiation! 

xdx+ydy^rdr ; 

this value substituted in the second member of equation (2S3) 
reduces it to 

afe.rf^^^>2rfy.rf'y ^ op^ 
dt' ' 

or, since dt is regarded as constant, 



''(^*^)=-^- 



Integrating, and denoting by b the arbitrary constant, we ob- 
tain 

^fl+^=b^2fRdr (254). 

SOO. The quantity Bdr is affected with the sign of integra- 
tion, the intensity of the force R being supposed a function of 
the distance r ; the nature of this function will remain arbi- 
trary, so long as we do not adopt a particular hypothesis. 

601. This equation still containing three variables, we re- 
duce the number to two {p and r), by introducing the values 
of a: and y, exi»*essed in functions of r, and the angle p included 
between the radius vector and the axis of s ; these values 
are given by the formulas, 

x=r . cos ^, ff=r . sin ^ (265). 

By differentiating, we have, 

dx = —r sin ^ci^-fcos pdr f 
rfy=: r cos ^ei^+sin pdr ) * * ' 



(266); 
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and the values of x^ y, dr, and dy giren by equations (265) 
and (266), being substituted in equation (262), transform it 
into 

-'•-^«« (267). 

The sum of the squares of equations (266) gives, jifter re- 
duction, 

cir*+rfy«=:r«rfp«+rfr* (258) 

and by substituting this valine in equation (264), we obtain, 
!l^^±*:!=r6-2/IWr (259). 

602. To determine the equation of the curve described by 
the moveable point, we eliminate dt between equations ^7) 
and (269) : the first of these gives 



dt^^ 



a ' 



this value, introduced into the second, transforms it into 

^'"'^'/^'^"'=ft--2/Rrfr; 
whence we deduce, 

^'^r^ifn-'-a* -2r'fVJir) ^^- 

This equation being integrated, and the values of the con- 
stants being determined, we shall have a relation between the 
radius vector r and the angle p, 

603. To determine the constants a and £, we will resume 
the integrals, 

ydx-jdy^^. !:!*y^*l=6_2/IWr (261). 

The integral of the first of these equations is, by Art 436, 

2 . sector LAjn=:a/ (262) ; 

consequently, by making ^=1, we shall find that a is equal to 
twice the sector described in a unit of time. 
The same result may be obtained firom the equation 

for dp being the infinitely small arc described in the time A, 
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by a point on the radius vector whose distance from the centre 
of attraction is equal to unity, rci^ will be the arc describe^ in 

the same time with the radius r ; hence Ir . rd6j or -~^, will 

represent the infinitely small sector described by the radius 
vector in the time dt ; but since the areas described are propor- 
tional to the times of description (Art. 435), we can find the 
area described in the time 1, by the proportion 

~— :dt :: area described in time unity : 1 ; 

whence, 

a^ad^ribed in time unity =^; 

and consequently, — j-^ or its equal a, will be double the area 

dt 

described by the radius vector in the unit of time. 

It may be remarked that the change in the sign of the first 
membv of equation (257) which converts it into (263), is 
merely equivalent to a change in the position of the fixed line 
firom which the areas described are reckoned : in the first 
case they are reckoned from the axis of y, and in the second 
from the axis of x. 

From the equation (263) we deduce 

%'r. <^> 

The quantity — expresses the angular velocity of the body, 

ot 

or the velocity of that point on the radius vector which is at 
the distance unity firom the centre of attraction ; and it ap- 
pears by the preceding relation, that the angular velocity 
varies in the inverse ratio of the square of the radius vector. 
604. From the first of equations (261), we may infer that 
the quantity a is independent of the law according to which 
the attractive force is supposed to vary ; but the quantity ft, 
which appears in the second equation, will evidently depend 
on the attractive force, which likewise appears in the same 
equation. It will therefore be necessary to adopt some 
hypothesis respecting the law of this force, such, for example, 
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I 

fts the law of Newton, which supposes that different bodies 
attract each other in the direct ratio of their masses, and the 
inverse ratio of the squares of their distances. 

Let the force exerted by the unit of mass, at the distance 
kj be denoted by 1 ; the force exerted by the sun upon a 
body {daced at the distance k will then be ezinressed by the 
mass M of the sun, or, in other words, by the number of units 
which its mass contains : but the mass of a planet attracted 
by the sun being denoted by m, this planet will exert an 
attraction upon the sun, which will, for a similar reason, be 
expressed by its mass m: moreover, since the two forces 
M and m tend to cause the approach of the two bodies, their 
effect upon the relative motion of the bodies will be the same 
as if the force M +m were concentrated in the sun, and acted 
on the planet at the distance k. When this distance varies 
and becomes equal to r, the intensity of the force will like- 
wise vary. Let R denote its intensity at the distance r ; the 
assumed h]rpothesis will give the proportion 

k* r* 
whencci 

R=*l(?i+fO .;•... (266). 

Such is the value of the attractive force which, acting at the 
distance r, will cause the bodies to approach each other. 

606. The value thus determined corresponds to that of the 
incessant force which we have hitherto represented by R : 
we therefore have 



fR^=fJ^t^±^, 



putting, for brevity, 

k'(H+m)=W (266), 

the preceding equation will be reduced to 

'^'"^^ (267); 



J?idT^fl 



but since the quantities M and m and the distance k remain 
invariable, the quantity M' will be constant ; the equatiM 
(367) may therefwe be readily integrated| and will give 
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r 
leplacingr/Rdr by this value, and b-2e by b', the equatioQs 
(269) and (260) will become 

r*d9*+df', 8M' 

J '=^^'+T- (268), ^ 

W{b'r'—a*+2M.'r) ^^^' 

606. To determine the value of the constant b', or its equal 
ft— 2c, we observe that the equations (268) and (268) give bv 
conqMuison, ' 

dx'+dy* _r'd^*+dr* ^, 2M' 

^~dr* df' — =*+—; 

and since ^{dx'+dy') is equal to ds, the element of the 
curve, it appears that the quantity ^'<^'+<^^ ^ ^^^ ^^ 

Urn 

\di) ' ** ®**"^ *° *® ^'"'^ °^ *« velocity estimated in 

the direction of the tangent to the curve • thus, denotimr this 
velocity by v, the equation (268J will become 

«'=ft'+^ (270). 



If V represent the velocity at a given instant, and x the cor- 
responding value of the radius vector, the equation (270) 
will contain but a single unknown quantity 6', whose value 



will result 



j,=y,_2M; 
A 



607. The constant a may also be determined in functions 
of the initial velocity ; for, by replacing ^ in the formula 



df 



by ita value ^ deduced from equation (264), we shall obtain 



-=^+^ (^»- 



23 



The quantity dr rqneBenlB the infinitely small difikienoe ml 
{FSg. 189) between two ooneecutive radii Am and An; and 
by ngarding the triang^ iniit as lectilinear, and right-angled 
at /, we shall have 

m/=Hnii . cos 9M»I| 

or, 

dr^ds.csmtmnl] 

ds 
sabstitating this value of dr in (271), and changing -^ into v, 

we shall find 



a« 



^ =©• cos* nmlA — * 

Bat if m denote the value of the angle nnU^ when v and r 
are transformed into Y and ^ we shall have the relation 

whence, 

a«=A«y»(l— cos* •)=»A«y> sin' « ; 
sad consequently, 

assA . T . sin «. 

608. Having determined the constants which enter into 
equation (269), we proceed to int^^rate it, for the purpose of 
discovering the nature of the trajectory described by the ma- 
terial point 

To fiuulitate the integration, make r=-, and the equatioa 
(269) will then become 

or, 

j._ adz 

az »/>, and V+— — =A«, 

the preceding equation will be reduced to 



i 
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d^=s 



aiid b^ i&tegiating, we find 



^+constant=arc f c<w=-jl. 



Iteplacing p and A by their values, supplessing the tommon 
fcctor a, and denoting by ^ the arbitrary constant, we obtain 

whence^ 

and by restoring the value of « in teems of r, we finally 
obtain 

a«— MV=rr^(a«y+M'0.coa {^+4) ..... (ZTJ). 

609. The arbitrary constant 4" serves merely to change the 
direction of the axis with which the radius vector forms the 
variable angie : if, for example, the angle CAm or p {Fig. 
190), formed by the radius vector with the primitive axis AC, 
be supposed successively equal to 1% 2**, 3^ &c. and if the 
variable angle be reckoned fifom the axis AB, which forms 
with the axis AG an angle CAB=±:^, the angle included be- 
tween the radius vector Am and the axis AB, will be success 
si vely equal to 

1*^+4, y+*, 3^+*,dsc.; 
or, in general, to 

■ 

610. The angle p^^ will disappear from equation (272), 
when the polar coordinates are transformed into rectangular 
eo-ordinates,by means of the formulas 

r>=:jr»+y^ a?=r cos<^+t^), y=srBin(^++) (273); 

for the first two of these formulas reduce the equation 
(272) to 

a«— »rv/(ir> +y«)*:a?v^(a«6'+M'*) ; 

which gives, by transposition, 

MVC** +y«)=a*-aPv^(a«y+M'«) (274) : 

squaring and reduoing, we find 
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M'«y«— i'a«ar«=a*— ad«ar^(a«A'+M'«) (276)- 

This equation appertains to a conic section, or curve of the 
second degree : it will be the equation of an ellipse or hyper- 
bola, according as b% upon which the sign of the second term 
depends, is negative or positive ; for, in the first case, the 
terms containing the squares of the coordinates will have 
similar signs, whilst in the second, they will be affected with 
contrary signs : when 6' becomes equal to zero, the term con- 
taining or' will disappear^ and the equation will then apper- 
tain to a parabola. 

611. If we resolve equation (275) with reference to y, there 
will result 

which proves that every rectangular ordinate is equally 
divided by the axis of z, and consequently that this axis must 
necessarily be the greater or lesser axis of the curve : but by 
introducing into equation (274) the value of the radius vector 
given by the first of equations (273), we shall obtain 

M'r =;= a* —Xy/ (a» V + M'* ) ; 
hence it appears that the radius vector is constantly expressed 
in rational functions of the absciss x^ and that the origin 
therefore corresponds to the focus. Thus the co-ordinate 
axis of :r will coincide with the greater axis of the curve. 

612. The second law of Kepler ia thus demonstrated to be 
a consequence of the hypothesis of Newton, and admits of a 
generalization wholly unknown to its discoverer ; he was in- 
duced, judging by analogy, to assign- elliptical orbits to the 
planets, whereas it appears from the preceding demonstration, 
that they might have described either hyperbolas oxparabdas. 
If amongst the comets hitherto observed we have found no 
examples of a hyperbolic motion, it results from the fact 
that the chance of a body's describing a curve which shall 
be sensibly hyperbolic is found to be extremely small. " I 
have found," sajrs Laplace, '' that the chances are at least six 
thousand to one that a comet which comes within the sphere 
of the aun^B . action will describe an extremely elongated 
ellipse, or a hyperbola, which, by the magnitude of its trana» 
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vene azia, will be sensibly confoiuidBd with a panbola, in 
that portion of its orbit which can be obseryed ; it is not sur- 
prising, therefore, diat the hyperbolic nobtion has not yet 
been observed.'' 

613. If in equation (276), we make ar=0, and y=^ jp, we 
Aall obtain for the ordinate passing through the fi>cas» or 
the semi-paramet^, 

614 The equation (276) admits of aimphfieation, by 
making 

^(a«6'+M'«)=n (276), 

and transporting the origin to the centre of the curve : for this 
purpose we make ir=a/+^ &nd dispose (^ the arbitrary quan- 
tity m by thie condition that the coefficient of the first power 
of y shall vanish. Making these substitutions in equation 
(275), and dividing by a*, we find 

a'^ ^'^ W 4*9n«V»:0 (277). 

Patting the coefficient of s' equal to zero, we have 

this value being introduced into the last term of equation 
(277) reduces it to 

Baf the equation (276) gives 

n« . M'« 

substituting this raliw for the last tena of eqtiation {2r7), 
and suppressing the second tenn, which by hypothesis is 
equal to zero, we shall obtain 

or by clearing the denominators, 

J'M'V— *"«**'»+«'M'»«0 (278). 
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In this equpttion i Ae origin of co-oidinates is at the centre 

of the cuwe; henoe, if we make ys&O, and deduce the 

corresponding yaloe of ^, we diall have 

M' 
semi-axis major=— (279) ; 

and by making a similar supposition with respect to j/, we 
find 

semi-axis minor s= ^Z ""Tr* 

This value becomes imaginary when 6' is positive, agreeing 
with the result in Art. 510, since the curve described ifi thea 
a hyperbola ; but the value is real when V is negative, the 
curve then being an ellipse. In this case, if we replace V by 
— h\ we shall have 

mm 

semi-axis minor ?=-— (280). 

616. This result corresponds with that which would have 
been obtained from the consideration that the minor axis is a 
mean proportional between the major axis and the parameter, 
the values of which have been already obtained. 

616. Having determined the principal elements of the 
curve described, it will now be easy to establish the third of 
Kepler's laws. Let «- denote the number 3.1416 ; then, the 
area of an ellipse whose semi-axes are represented by A and 
B will be expressed by vAB ; and if A and B be replaced by 
their values determined in equations (279) and (280), we 
shall find 

area of the ellipee described by the plfuieto^^ — r; .... (281); 

or, 

area oftbe ellipse described by the pliikiet»J^^f~j . 

But it has already been shown thai if t represent the time 
required by a planet to describe the sector liAm (2^. 188), ' 
the equation (262) mil give 

2 sector LAm 
a 
When t becomes the tma of an entire re volution,, which we 



/ 
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represent by T, the sector hAm will become the area of 
the ellipse, and we shall then have 






and since -=- represents the semi-axis major, we shall have, 
o 

by representing its value by D, 

or, replacing M' by its value (266), we obtain 

In like maimer, for a second planet m", which performs its 
revolution in the time T', in an ellipse whose semi-axis major 
is denoted by !>, we shall have, since the mass of the sun 
remains invariable, 

but the masses of the planets being extremely small when 
compared with the mass of the sun, we may neglect the 
quantities m and tnf in comparison with M ; and the equa- 
tions (282) and (283), being then compared, will give the 
proportion 

T : T' : : D* : ly* or T» : T* :: D» : D" ; 

the squares of the times of revolution will therefore be pro- 
portional to the cubes of the greater axes of the orbits der 
scribed, or to the cubes of the mean distances of the planets 
from the sun. 

617. The inverse problem may also be resolved, and the 
law of gravitation deduced, from the ellq>tical motions of the 
planets. For this purpose, we must adopt the hypothesis 
that the equation (260) refers to an ellipse : but the polar 
equation of the ellipse being of the form Crcos ^=B' — Ati 
its differential will give 

^^ B^ffr; 

^ rv'[(G*-A«)r«-B* +2AB«ry 
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The condidon of identity betw^eeii this eqnatkiii and eqnatkA 
(260) requires that we should have 

-r/Rdr-AB«=a constant, or-ylWr=?^?^^; 

differentiating, and suppressing dr^ there remains 

constant 



R=: 



r» ' 



which proves that the force varies in the inverse ratio of the 
square of the distance. 

Of the Motions of Projectiles. 

618. If an impulse be communicated to a material point in 
a direction oblique to the surface of the earth, the point being 
at the same time solicited by the force of gravity, it will 
describe a trajectory, the nature of which it is proposed to 
investigate. To determine the circumstaaees of this motion, 
we will denote by Ax, Ay, and Az the three co-ordinate axes , 
the axis Az being supposed vertical. The force of gravity 
will then tend to diminish the co-ordinates z which are 
reckoned positive upward, and if its intensity be supposed 
constant, we shall have 

X=0, Y==0, Zae—g-. 

These values being substituted in the general equations (180) 
reduce them to 

the first two of these equations being multiplied by di, and 
integrated, give 

dx dy , 

dt ^ di ' 

the constants a and b represent the velocities of the material 
point in the directions of the axes of x and y respectively. 
These velocities distinguish the motion under consideration 
from that which takes place when the point is projected ver- 
tically, their values in the latter case becoming equal to zero. 
If the preceding equations be multiplied by A, and again 
integrated, we shall obtain 



and eliminating' 
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2rs 



• IKIIM' 



Thoe 



%l^ 



N 



\ 



This equation ap{A 
ated in the plane of* 
be contain^ in a v^ 
519. Since the tra^ 
plane, it will only be\ 
nate axes of x and ^ 
and the latter vertical ; \ 






^ 



w^- 

I 
\ 



I 



.-> 



'A 



dt* 



Multiplying by tU, and ii 






. «iinx 



g=a, ^^-gt+b (284). 

If we multiply again by dt^ and integrate,. we shall obtain 

ar=flrf + a', y^—igt' +bt + b' (286). 

To determine the constants, we suppose the time to be 
reckoned from the instant at which the material point leaves 
the origin of co-ordinates ; whence, 

a?=Q, y=0, and /=0; 

this supposition gives 

mid the equations (286) are thus reduced to 

s=aty y s= — iffi* +bt. 
Kliminating t between these two equations, we find 

The equations ^84) indicate that the constants a and & 
express the values of the horizontal and vertical compo- 
nents of the velocity at the instant from which the time is 
reckoned, or when /=sO. If, therefore, V denote the initial 
velocity, and « the angle formed by the direction of the initial 
impulse with the axis of Xy the components of this velocity 
will be 

S 
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as the law of Newton, which supposes that different bodies 
attract each other in the direct ratio of their masses, and the 
inyerse ratio of the squares of their distances. 

Let the force exerted by the unit of mass, at the distance 
it, be denoted by 1 ; the force exerted by the sun upon a 
body placed at the distance k will then be expressed by the 
mass M of the sun, or, in other words, by the number of units 
which its mass, con tains : but the mass of a planet attracted 
by the sun being denoted by m, this planet will exert an 
attraction upon the sun, which will, for a similar reason, be 
expressed by its mass m : moreover^ since the two forces 
M amd m tend to. cause the approach of the two bodies, their 
effect upon the relative motion of the bodies will be the same 
as if the force li+m were concentrated in the sun, and acted 
on the planet at the distance k. When this distance varies 
and becomes equal to r, the intensity of the force will like- 
wise vary. Let R denote its intensity at the distance r ; the 
assumed hypothesis will give the proportion 

M+m : R :: T- : — : 

k^ r* 

whencei 

R=*!(^)..-..(266). 

Such is the value of the attractive force which, acting at the 
distance r, will cause the bodies to approach each other. 

606. The value thus determined corresponds to that of the 
incessant force which we have hitherto represented by R : 
we therefore have 

A«(M+m) 



/Rdr=y^ 



putting, for brevity, 

A«(M+m)=M' (266), 

the preceding equation will be reduced to 



J^^f^ (267); 



but since the quantities M and m and the distance k remain 
invariable, the quantity M' will be constant ; the equatimi 
(267) may therefore be readily integrated, and will give 
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r 
replacing /Rrfr by this value, and 6— 2e by 6', the equations 
(259) and (260) will become 

r«rf^»+rff«\ 8M' 

^^r^(6'r«-a« +2MV) ^^^^^• 

606. To deiennine the value of the constant b\ or its equal 
6— 2c, we observe that the equations (258) and (268) give, by 
comparison, 

di' d^ ^+ — 5 

and since ^{dx* +dy«) is equal to ds, the element of the 
curve, it appears that the quantity r'^^+^^. jg equal to 

({ls\ ' 
—j , or equal to the square of the velocity estimated in 

the direction of the tangent to the curve ; thus, denoting this 
velocity by t?, the equation (268) will become 

2ivr' 
t;>=i'+f^ . . . . . (270). 

If V represent the velocity at a given instant, and a. the cor- 
respondmg value of the radius vector, the equation (270) 
will contain but a single unknown quantity 6', whose value 
will result 



A 



607. The constant a may also be determined in functions 
of the initial velocity ; for, by replacing J in the formula 



5? ' 



by its value ^ deduced from equation (JM4), we shall obtain 

, dr* , a* ^*.^v 

23 



276 DYNAMICS. 

The identity of these expressions for the ranges corresponding 
to the angles « and »', evidently proves that the ranges will be 
equal when the two angles of projection are complements of 
each other. 

525. To determine the angle of projection which corres- 
ponds to the greatest range, we remark that the range is in 
general expressed by 2h sin 2«, and that this expression will 
become a maximum when the angle 2« is equal to 90° ; 
hence it follows that a projectile in vacuo will have the 
greatest range upon a horizontal plane when the angle of 
projection is equd to 46°. 

The supposition of 2«=90° gives sin 2«=1 ; consequently, 
the expression for the range then becomes equal to 2A ; or 
the range corresponding to the angle of 45° is equal to twioe 
the height due to the velocity of projection. 

Let this range be denoted by P ; we shall have 

A= JP (292). 

To determine the value of the coefficient A, the projectile 
may be thrown in a direction forming an angle of 45° with 
the horizontal plane, and the corresponding range may then 
be measured. If this range be represented by P, the value 
of h will immediately result from equation (292). In fire- 
arms, the coefficient h serves as a measure of the force of the 
powder, since the extent of the range evidently depends on 
the intensity of the force of projection. 

626. The quantity h having been determined by taking 
the mean result of a large number of experiments, we substi- 
tute its value in equation (289), which will thus become 

If we represent by P the range corresponding to aa angle •', 
the equation (291) will give 

F=2Asin2»' (293); 

or, .replacing A by its value ^P (292), we find 

P=P sin 2«'. 

This relation will determine the range V corresponding to 
the angle • , when the value of the maximum range has 
been previously ascertained ; and, in general^ we can ealca- 
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late the range P which corresponds to an angle «', from a 
knowledge of the range P" given by any other angle «" ; for, 
since 

F=:P sin 2*', F'«P sin 2*", 

wp obtain, by division, 

F _ 8in 2m' , 
F' sin a."' 

if, therefore, the range F' corresponding to the angle « ' be 
detennined by measurement, the value of F corresponding 
to a' win result immediately from the preceding equation. 

627« The value of A (292), being substituted in equation 
(288), will give, for the value of the initial velocity, 

y^^(Pg)^y/{S2i fl. xP). 

If, for example, the range corresponding to an angle of 45^ 
were equal to 1000 feet, we should find 

V= v^(1000 fl. x32| ft.) =179.3 fl., nearly. 

628. If, on the contrary, the initial velocity and angle of 
projection were given, we might determine the range : for 
example, let the initial velocity be supposed equal to 200 feet 
per second, and the angle of projection IS"" ; we first determine 
h from the following formula, deduced from (288), 

and the range F will then become, (293), 

F=2 X 621.7 ft. X sin 3(y> =261.7 fl. 

629. The problem may also be presented under the follow- 
ing form : — ^Having given the initial velocity and the co-ordi- 
nates x'=ABj and y'ssBCi of a point C (Fig. 193), it is re- 
quired to determine the angle of projection such that the 
trajectory may pass through a given point C. Tlie equation 
y r=s^(2^A) will determine the value of h ; and since the co- 
ordinates of and f/ should satisfy the equation (287), we shall 
have by substituting s^ ajad y' for x and y, 

Jn this equation the quantity « is alone undetermined : mak* 

ing tang «ssz, we have 

24 
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1 1 



cos*=- 



8ec« v^(lH-taiig««)'"^(l+;««)^ 
and by substituting these yalues in equation (294) we find 

y^^x'.z^il+z*) (295). 

This equation being resolyed with reference to z^ will give 
two values which determine the two angles of projection 
corresponding to the directions in which the projectile should 
be thrown in order that it may strike the point G ; we select 
the greater of these two angles when we wish to crush the 
object upon which the projectile falls^ as the vertical velocity 
at the point C will then be. the greatest. 

It may occur, that instead of the line CB, we have given 
the angle CAB subtended by the object CR Let this angle 
be denoted by ^ ; we shall have 

CB=ar' tang ^=y' ; 

this value of y', being introduced into equation (296), trans- 
forms it into 

• ^ 
tang^=s«— ^(l+««); 

from which we deduce 

Of the Motums of Projectiles in a ResisHng Medium. 

630. The theory of projectiles in vacuo, which has been 
examined in the preceding paragraphs, affords results which 
differ greatly from those obtained by direct experiments per- 
formed in the atmosphere : these discrepances are very con- 
siderable when the velocity of projection is great, and are to 
be attributed to the resistance opposed by the atmosphere to 
the motion of a body. If this resistance, represented by R, be 
supposed, as in Art. 412, to vary in the duplicate ratio of the 
velocity, we shall have 

R=«i»*. 
The resistance R at each point of the trajectory will be 
exerted in the direction of the element of the curvoy but in an 
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opposite direction to that of the motion ; and the force R 
will form with the axes of co-ordinates the same angles as the 
element ds. Thus, denoting by is A and y the angles included 
between the tangent to the curve at any point and the co- 
ordinate axes, the components of R will be expressed by 

Rcos«y Roos^y Rcosy. 

To obtain expressions for these cosines, let imn' (Fig* 194) 
represent an element «b of the curve : the projection of this 
element on the axis of z will be equal to m'n* But the tri- 
angle mfmn gives the proportion 

1 : cos mm'n : : mm' : m'fi] 

or, 

1 :coBy::ds: dz; 

hence, 

dz 

cosy-- J 

and the component of R in the direction of the axis of z, will 
therefore be expressed by 

»!• 

We attribute the n^fative sign to this component, because the 
tendency of the force B, while the projectile is moving from 
m to m!j will be to diminish the co-ordinate z. For a similar 
reason the other components of the resistance R should be 
affected with the negative sign. 

631. An analogous course of reasoning will give 

^R-y for the component of R in the direction of the axis of ir, 
ds 

—R-J^ for the component in the direction of y. 

Thus, the equations expressing the circumstances of the 
motion will be 

d^x ^dx 



d^" ds' 

*y R^ 

dF^ ^' 
^z ^dz 

---- as — IW5 g* 

d^ dB ^ 
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From the first two wt obtain, by division, 

d*x dx' 
or, 

f=i' «i 

and by integration, 

log dy=:log dx-^log a=log adx^ 

Passing from logarithms to numbers, we find 

Sy=(tdx;^ 
and by a second integration, 

hence we conclude, that the projection of the trajectory on 
the plane of 2:, y is a right line, and therefore that the trajec- 
tory is contained in a vertical plane. 

532. If we resume the consideration of the problem with 
this restriction, that the curve shall be confined to a vertical 
plane, it will only be necessary to employ the two equations 

di» ds^ dt» ds ^' 

It has already been remarked, that the vertical component of 

the resistance R^ should be aJfected with the negative sign, 

as 

since this resistance tends to diminish the co-ordinate ; but 
this tendency will only exist whilst the projectile is describing 
the ascending branch of the trajectory. If, on the contrary, 
the projectile be supposed at a point M" in the descending 
branch {Pig. 194), the resistance, being exerted in the direc- 
tion from M" to M', would tend to increase the co-ordinate y. 

It might, therefore, appear that the component R^ should 

change its sign ; but since djy becomes negative in the second 
branch of the curve, the vertical component will still be ex- 
pressed by —Rj^, 

If the quantity R in the preceding equations be replaced 
by its value i»v*, they will become 



J 
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lie quantity v^ may be eliminated by means of ihe equation 



df 



and we abaU have 



w'-'^^'^-f <^- 

633. The first of these equations being multiplied 
gives 

^^ ^- cfar ds 

or, 

dt C« ' 

from this equation, we deduce 

-8— iiuit; 



<2^ 
and by integrati^m, 

634. Let A rq>Tesent the number whose legarithm is equi 
to C, and e the base of the Naperian system ; we shall have 

C=k)gA, logtf=rl; 
Ihe preceding e^uttion may thevefore be traensibnned into 

lfig~=-«wleg^+IogA^ 

log 2j =»Iog «r^+Iog A=ldg A^-**; 
passiDg from logarithms to numbers, we have 

^«Ar^ (809). 
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636. To deteunine the constant A, let Y represent the 
initial velocity, and « the angle fonned by the direction of the 
initial impulse with the axis of jr. The component of Yin 
the direction of this axis will be expressed by Y cos «. But 

when *=0, -p- will express the component of the initial velocity 
at 

along the axis of ^r ; hence the preceding equation will, on this 

supposition, be reduced to 

Y cos «= Ac°'= A. 

This value substituted in (299) converts it into 

^=Ycos».c-^ (300). 

636. Since this equation contains three variables, we must 
obtain a second relation between them, in order to render the 
integration possible. For this purpose, the equations (297) 
and (298) may be written under the form 

ds'^' €ls*^ ds ds* 5 

cfe« d^ 

the quantity cbmay be eliminated immediately by division; 

and we thus obtain 

*y , 
dy_ <fe« ^^ 
dx d*x ' 
dF' 
From this equation we deduce 

__dy d^x d*y ^ 
^~"di^dF 5^' 
or, by reduction, 

g^^Jydtx-dxd*y ^jj 

CLX 

The second member being divided by —dx becomes the ex* 

act differential of •—- ; and the equation (301) may there- 
air 

fore be written 
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If, for greater simplicity, we make j^=Pi there will result 

gdt^^'-^dx.dp (302); 

and eliminating c&, by means of equation (300), we find 

g^=-V» cos»«.c-*~.^ (303). 

dx 

537. This equation still contains three variables ; but one 
of them may be readily eliminated by means of the relation 
ds=^{dx* +rfy') ; in which, replacing dy by its value pdx^ 
we obtain 

cb=(ir-v/(l +p«) (304) ; 

and consequently, by eliminating dx between this equation 
and (303), there will result 

dp^(l+p')^=M^ (306).. 

Integrating, we have 

and by making G=^B,and suppressing the common divisor 
2, we obtain 

py(l+;^»)+log [p+^(l+p»)]=B--|^ (307). 

To determine the value of the constant B, we observe that 

-^ expresses the trigonometrical tangent of the angle formed 

by the element of die curve with the axis of x. At the point 
A, the origin of the motion, this angle is denoted by « , the 
quantity t being at the same time equal to zero ; we shall* 
therefore have 

3^=0, y=0, *=0, j9=tang«. 

These values of s and p being substituted in the preceding 
equation give 

B=tang #^(1 +tang«*) 

+log[tang.+^(l+tang«.)]+-j^5£^ : 

the value of the constant B in equation (307) may therefore 
be regarded as known. 



ai=^' 
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638. If we eliminate ^ between the equations (303) and 
(307), we shall obtain 

dx=. ■ £ ! (308). 

The two members of this equation being multiplied by the 
corresponding members of the equation 

dy 

r 

there will result 

di,^ == A ^.^ (309), 

f»|>\/l+p« +log (p+v^l+p«)— B] 

639. To determine the tim^ t^ we subfstitute in the equation 

^^_ dp.dx 

g ' 
the value of cb, given by equation (308), and we thus obtain 

&»= ""^ ^ (310); 

«igipi/l+p«+log(p + \/l+p« )— By 

or, by changing the signs of the numerator and denomi- 
nator, 

d/.^ djP\ 



mg[-'p>/l+p —log (p + •! +p*) +B] 

In extracting the square root of the two members of this 
equation, the second might be afl^ted with the double sign^ 
but in the present instance we shall attribute to it the ama- 
tive sign. For, since every equation between two variables 
t and p may be regarded as that of a curve, <^ which / is the 
absciss, and p the ordinate, Up increases whilst t diminishfis, 
the elements dt and dp will necessarily be affected with con- 
trary signs. But, in the present case,, it is obvious that whilst 
t augments, the quantity pi^ which expresses the trigono- 
metrical tangent of the angle formed by the elmnent of the 
curve with the axis of ir, constantly diminishes in the ascend^ 
ing branch of th^ trajectory, which is the one at present under 
consideration; hence, we shall have 

di^ — ^^ r^^ 

^w«{-y •! +p» -log (p+ •l+f«>+B| 
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640. The expression for the velocity can now be obtained 
in functions of ji ; for, the velocity resulting from the equation 

we obtain, after replacing dx and dt by their respective 
vahiesy 

v/£x^(i+p») 



m 

t?= — , 



c-^' 



^-Pv'(l+i'')-Jog[P+v/(l+P*)J+B 

611. We can also express the arc s in functions of p ; tot 
the equation (307) gives 

Taking the logarithms, and reducing, we obtain 

'og(^-— ^[B-/>Vl+F*-log (p + ^/l+p')]) 

642. To obtain the equation of the trajectory, it would be 
necessary to integrate equations (308) and (309) : these inte- 
grations cannot be effected except by the aid of series. Never- 
tiieless, by employing equations (308) and (309), the curve 
may be constructed approximatively by points. 

For this purpose, we will write those equations under the 
form, 

dlr=fp .dp (312), 

dy=^^.dp (313); 

in which fp and 4^ represent certain known functions of p. 
The first of these equations gives 

dx 

dx 
the quantity — represents the tangent of the angle included 

between the axis of abscisses and the element of a curve 
whose co-ordinates are denoted by p and x respectively. We 
will first construct this curve, which will serve to determine 
points in the trajectory. It is distinguished by the name of 
the auxiliary curve. 
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Having drawn two rectangular axes Ap and Ax {Fig, 196), 
lay off from A to B a distance AB^taxigc ; the point B will 
appertain to the auxiliary cunre, since the ordinate ar=0 
corresponds to the absciss p=tang«. 

If the line AB be divided into equal parts BB', BV', &c, 
each of these parts being represented by dp^ it will be easy to 
construct approximatively the points M, M', M", 6lc. of the 
auxiliary curve, corresponding to the points B, B', ff', &c. 
For, if we suppose the points B, B', B'', &c. to be exceedingly 
near to each other, we may regard the arcs M'B, M"M', 
Bf'M", &c. of the curve as coinciding with the tangents 
drawn to the pomts M', M", M'", &c The ordinates M'B', 
M'^B^ WW"^ &C. may then be calculated ; for, the trigono- 
metrical tangent of the angle formed by the element of the 

dx 

curve with the axis of p, being represented in general by -r- , 

Of 

its value will always be given by means of equation (312), 
whenever we assume a value for p. Thus, if we wish to 
determine the trigonometrical tangent of the angle M'Bp in- 
cluded between the tangent at M', and the axis of ab- 
scisses, since the ahsciss of the point M' is AB'=AB— BF^ 
tang «— <2p, it will be necessary to change p into tang «— 4Pi 

in the value Vy-i ghma by equation (313) : we thus 

obtain 

tang M'Bp =f (tang «— rfp) ; 
whence, 

tang M'BB'»— ^(tang a— dp). 

The ordinate M'B' being expressed by BB'xtang M'BB, we 
shall have 

M'B'=BB' X tang M'BF ; 
or, 

WB=^dp X — f (tang «— 4p). 

Thus, the point M', of the auxiliary curve BC, may be OOD- 
structed by means of the co-ordinates 

AB'stangit— i{p, 
and 

B3f '«4p X - ^(tang «— 4p). 
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To detennine a third point M'', we make AF'==tang « --Zdp ; 
and b^ the same course of reasoning prove that the trigO\ 
nometrical tangent of the angle M"M'0 is expressed by 
— ^taog «^Sc^)) and consequently^ 

M"0=^dp X - ^(tang *— 2djp) 
substituting this value and that of IfB' in the equation 

M"B"=^M'B'+M"0, 
given by an inspection of the figure^ we find 

M"B^=s — d^ . ^(tang A''dp)—dp . ^(tang m—2(fy). 

To calculate the ordinate M^'B''^ which corresponds to the 
absciss AB'^'stang ^r^S^i it will only be necessary |o add to 
the value of M"B" that of the portion M'"(y, which, by an 
investigation similai to the preceding, may be proved equal 
to -^^ . ^tang«— ddp) : thus we have 

'B'"M'"=s —dp • ^(tang #— dp) — rfp . ^(tang •— 24p) 

—dp . f (tang «— 3dp). 

In this manner we may determine a series of points which 
will appertain to the auxiliary curve, the co-ordinates of 
which are a: and p. Connecting these points by right lines, 
we form a polygon BMfMf^W, &c., which will coincide more 
nearly with the curve, in proportion as dp has a smaller 
value assigned to it 

By performing similar operations with reference to the 
equation 

dy-^.dp, 

we may construct a siecond auxiliary curve BD, the co-ordi- 
nates of which will represent the quantities p and y. The 
co-ordinates mb and Z&, which in these two carves correspond to 
the same value of p, will represent the two co-ordinates of a 
point in the tYajectory ; so that by taking the co-ordinates 
FM', B"M", B'^'M"', &c. of the first curve as the abscisses 
of the trajectory, its ordinates will be represented by the lines 
BTL', B"L", B'"L% &c. 
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Of the different Methods of measuring the Effects of Forces. 

543. Ic has been remarked (Art 388), that two forq^s F 
and P applied to the same body are proportional to the veloci- 
ties which they can impress upon that body. Let it now 
be supposed that these forces are applied to different masses. 

If two equal forces acting in opposite directions be applied 
to equal and spherical masses M and M', they will commu- 
nicate to these masses the equal velocities Y and Y' ; and if 
these masses be supposed to impinge directly upon each 
other, they will mutually destroy each other's motion, and an 
equilibrium will ensue, since the circumstances of motion in 
each are precisely similar. But if the mass M be supposed 
equal to nM', and Y' greater than Y, we may regard M as 

composed of n masses fn\ m'\ fn"\ m^**\ each equal to 

the mass M'. In consequence of the mutual connexion of 
the different parts of the S3rstem, each of the masses m\ m", 
m'", &c. must move with the same velocity Y, so that if the 
body M be supposed to pass over the space of three feet in one 
second of time, each of the masses m', m'\ fn!*\ dec. will like- 
wise pass over a distance of three feet in one second ; or, if 
Y represent the velocity of the mass M, Y will likewise ex- 
press the velocity of each of the masses fn\ rri\ fn!*% &c. But 
if the mass m', moving with the velocity Y, should impinge 
against the equal mass M', which moves with the velocity Y', 
it would destroy a portion of the velocity of the second body 
equal to Y ; and if, at the same instant, the mass rn!\ acting by 
its connexion with the other masses, should imfnnge against 
the body M', it would likewise destroy a portion of the velo- 
city Y', equal to Y : and the same may be said of the other 
masses m% m*^j &c. Thus, the joint effect of the several 

masses w', m*\ m'"^ m^**, would be to destroy in the 

mass M' a velocity represented by nY. If we suppose the 
velocity Y' to be entirely destroyed, an equilibrium will ensue, 
and it will be necessary that Y'=nV. 

By eliminating n between this equation and the relatioii 
M'=nM', we obtain the proportion 

M:M'::Y':Y; 



MEASURE OF FORC£S« 289 

from which wb conclude that an equUibrhim wUl ensue when 
two bodies are caitsed tQ impitige directly against each other^ 
with velocities inversely proportumal to their masses. 

644. It may be readily demonstrated that the same propo- 
sition is equally true when the mass M does not contain the 
mass M' an exact number of times. For, if the mass M be 
supposed to contain n masses, each of which is equal to m^ 
and the mass M' to contain a number of these equal masses, 
denoted by n' ; each mass m contained in M, will destroy a 
portion V of the velocity T' of a mass m contained in M' ; or, 
since M' is supposed to contain n' masses, each of which is 
equal to m, the mass m, moving with the velocity V, will de- 

stroy in M'=»'m a velocity expressed by ~ : and since the 

n' 

other equal masses contained in the body M wDl produce 

similar effects, the entire velocity destroyed in M' by M will 

V 

be equal to t; repeated as many times as the mass m is con- 
n 

y 
tained in M, or it will be equal to — Xn : if we suppose the 

velocity V to be entirely destroyed, we must have 

y lY* \:n' mx: mn' imn] 

and replacing win, mn'^ by their values M, M', we obtain the 
proportion 

whence the truth of the proposition is manifest. 

646. Since the masses of the bodies are in the inverse ratio 
of their velocities when an equilibrium is produced, it follows, 
that if the bodies have equal volumes, and unequal densities, 
their velocities will be in tha inverse ratio of their densities. 

646. Let F represent a force which impresses a velocity V 
upon a mass M : if the same force be supposed to act upona 
mass M times less, and which will consequently be repre- 

M 

sented by -jr|=l> this force will conmiunicate to the masp 

* T 26 
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unity, a Telocity M times greater than that commtinicated to 

the mass M : this velocity will therefore be expressed by MY. 

For a similar reason,the force P, which communicates to the 

mass M' a velocity V, would communicate to the mass 

M' 

^,=1, a velocity represented by M'V. 

The velocities represented by MY and MT' being com- 
municated by the forces F and F' to the mass unity, it follows, 
from the principles enunciated in Art. 388, that we shall have 
the proportion 

F:P::MV:MT: 

The expressions MY and M'Y' are called the quantities of 
motion communicated by the forces F and P ; and it should 
be recollected that the cliaracters M, Y, F, M', Y', and P 
represent abstract numbers, which merely express the number 
of times which the quantity under consideration contains the 
unit of its own species. 

547. The unit of force being arbitrary, we may represent 
it by the quantity of motion which it produces. Thus, by 
supposing P to represent this unit, we can replace F' by M'Y 
in the preceding proportion ; and we thence infer that 

F=MY. 

548. When the force ^ acts incessantly, it has been shown, 
Art. 388, that this force will be represented by the velocity 
which it would communicate in a unit of time, if the value 
of the force should become constant ; hence we obtain, by 
substituting for Y its value ^, 

F»Mf. 

If the mass M be supposed equal to unity, we shall have 

F«f ; 

cgosequently, ^ represents the foroe exerted upon the unit of 
mass ; the quantity ^ is usually called the accderatimff force, 
and F is called the moving force. When F is givoi, the 
value of ^ can be determined by simply dividing by M, the 
mass moved. 

649. It has been shown, Art 163, that if g rq>resent the 
f6rce of gravity, P the weight of the body, and M its mass, 
we shiEtll have 
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eliminating M between this equation and the preceding, there 
roBuIts 

F==pi.- 

and if the incessant force f be that of gravity, we have ^=zg ; 
hence, 

F=P5 

and in this case the moving force is measured by the weight 
of the body upon whidi the force is exerted. 

660. The writers upon Mechanics were long divided in 
opinion as to the proper measure of forces. . This disagree- 
ment, like many others, arose entirely from a misapprehen- 
sion of the signification of words. 

The nature offerees being known to us only by the ejfects 
which they produce, we may with propriety measure theso 
effects in different ways, according to the object which it is 
desired to accomplish. If, for example, it be proposed to 
determine the load which a man can support for an instant 
of time, it is evident that the force exerted by the man will 
be proportional to the weight which he can sustain, and may 
therefore be measured by this weight : but if we wish to 
mea3ure the force of this man by the work which he can 
perform in a given time, we must adopt a measure for the 
force entirely different from the preceding: for, it might 
happen that a man absolutely weaker, but endued with a 
greater capacity of sustaining a continued effort, would give 
by his labour a result greater than that given by the first 
man, and might therefore be considered as actually possessed 
of greater force. 

In this second method of considering the effects of forces, 
vre regard them as proportional to the weight raised, and the 
height to which it is elevated in a given time ; it being always 
understood that the effort necessary to overcome the weight 
is not supposed to vary with the elevation. 

If, for example, two men raise the same weight, in the same 
time, to the heights of 600 and 200 yards respectively, we 
urould, according to this method of estimating the effects of 

T2 
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forces, regard the first as possessed of three times the force of 
the second. 

Again, if, in the working day, one man can raise a weight 
of 60 lbs. through a height of 200 yards, and a second a weight 
of 25Ibs« through a height of 400 yards, we should regard the 
two men, according to the present hypothesis, as possessed of 
equal strength, although the absolute strengths of the two 
might be very difierent ; the strengths of the two individuals 
are here considered only with reference to the work done. 

This method of estimating forces was adopted by Descartes. 
The difference in the opinions entertained by him and other 
geometers rested entirely on the definition of the word farce. 
He contended that a force should be measured by the product 
of the mass into the square of the velocity* This conse- 
quence may be deduced from the definition of the effect of a 
force, adopted by Descartes, in the following manner. 

Let P represent a weight, and h the. height to which it csn 
be raised in a given time : the force employed to raise it, ac- 
cording to the definition of Descartes, will be measured by 
the product 

PXA. 

We can replace P in this expression by its value Jig (Art 
163), and we shall have 

PA»BIf A ; 

or, multiplying by 2, 

2PA=Mx%A; 

and since the velocity v due to the height A is expressed hj 
^{2gh) (Art. 401), the preceding expression becomes 

2PA=Mi?«. 
Having given a definition of the word force different from 
that adopted by Descartes, we shall not say that the force is 
measured by the product Mv*, but that it is measured by the 
quantity of motion Mf which it is capable of producing, as 
has been explained in Art. 647 ; and to avoid confusion, ve 
shall, according to ordinary usage, apply the term livinff fores 
to the product Mv', of the mass by the square of the velocity. 
.661. The consideration of living forces is of great utility 
in estimating the effects produced by a machine. ThuS) if 
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it were required to calculate the elBhct of a given ftll of water, 
the force necessary to move a carriage on a given piece of 
ground, or the effort requisite to raise a given mass of coals 
from the bottom of a mine, we might in each case compare 
the effect of the moving force to the product of a certain 
weight by a given height, or to an expression of the form PA, 
the double of which, as has been before shown, is equivalent 
to the product Mi;'. 



Of the Direct Impa4st of Bodies. 

6BSi. Bodies are usually distinguished as elastic or undastic 
An elastic body is that which, when compressed by the appli- 
cation of an impulse, will resume its original figure with a 
force equal to that of compression, in virtue of a quality pos- 
sessed by the body. An unelastic body, on the contrary, is 
one whose figure either undergoes no change by the action 
of a force applied to it, or which, if compressed, has no tendency 
to restore itself to its original form. « 

All natural bodies are found to partake more or less of these 
two quaUties ; there being none which are perfectly elastic, 
or perfectly unelastic. 

Of the Direct Impact of Unehtstic Bodies* 

SB3. Let M and M' {Pig- 196) represent two spherical un- 
elastic bodies, which move in the direction from A to C ii If 
the velocity of M be supposed to exceed that of M', the former 
will overtake the latter, and will communicate to it a portion 
of its motion, until the velocities of the two bodies become 
equal. Let F and P represent the forces which communicate 
to the bodies M and M' their respective velocities V and Y' ; 
since these forces can be represented by the quantities of mo- 
tion "which they produce (Art. 647), we shall have 

P=M7, F=MV; 

and by compounding these two forces, their resultant wiH be 

expressed by 

P+F«MV+MT'. 



1 
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To obtain a second expression for F+F', let v represent the 
common velocity of the two bodies after impact : we may 
regard the mass M+M' as a single body, to which the vdocity 
V has been imparted by the exertion of a force F+F'. We 
shall then have 

F+F'=(M+MOv. 
By equating these two valties of F+F', we obtain 

(M+MOv^MV + M'V; 
whence, we deduce 

MV+MT' 
M+M' 
664. If the bodies move in opposite directions, we regard 
one of the velocities Y' as negative, and we then have 

_MV--MT' 
"" M+M' ' 
The body M' being supposed at rest, and impinged against 
by the body M, Y' will become equal to zero, and the pre- 
ceding formula will reduce to 

• MY 

If the bodies have equal masses and move in the same direo« 
tion, we shall have M=M' ; and consequently, 

t,= i(V+YO, 
or, if they move in contrary directions, 

v=i(Y--V') : 

and when the body M impinges upon an equal mass M' at 
rest, this expression reduces to 

Cf the Direct Impact of Elastic Bodies. 

666. We will first consider the circumstances of motion 
when an elastic spherical body impinges upon an immoveable 
plane AB {Ptg. 197) in a direction perpendicular to the sur- 
face of the plane. At the instant when the body comes in 
contact with the plane, it will begin to experience a com- 
pression in the direction of the diameter ED, the point D 
being caused to approach the centre of the sphere. This 
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effect will continue until the velocity of the sphere is entirely 
destroyed ; then, in virtue of the elasticity possessed by the 
body, an equal velocity will be generated in an opposite direc- 
tion, the body at the same time resuming its original figure. 
Hence, the body will recoil with a velocity precisely equal to 
that with which it impinged upon the plane. 

556. Let us next consider the impact of two elastic bodies 
M and M' {Fig: 196), which move in the same direction 
from A towards C, with velocities represented by V and V. 
That an impact may be possible, it is necessary that the 
velocity of M should exceed that of M'. When the body M 
overtakes M', a mutual compression will commence, and will 
continue until the bodies have acquired a common velocity ; 
so that a material point D of the body M {f^^ 198), which> 
in virtue of the velocity V, would have described the line DE, 
being retarded in its motion by the effect of the compression^ 
will, instead of having reached the point E at the instant of 
maximum of compression, have only arrived at a point F : 
then the force of restitution, beginning to act upon the mate- 
rial point, will conununicate to it a velocity in a direction 
opposite to that of the "motion, equal to that which it has lost 
by the compression, and which would transfer it to the ex- 
tremity G of a line FG=EF, whilst the body is resuming its 
original figure. 

The velocity of the body being common to all its points, 
(Art. 443), if we represent this velocity before impact by DE, 
it may be represented after impact by 

DE-GE=DE-2FE, 
557. To express these conditions analytically, let u repre- 
sent the velocity common to all the particles of the two 
bodies at the moment of maximum compression. At this 
instant, the bodies may be regarded as unelastic, and the 
velocity u will therefore be given by the formula 

^^TTTHF .•^^**)- 

The velocity lost by the body M during the compression, 
being equal to the velocity Y diminished by that which 
remains at the instant of greatest compression, it will be ex- 
pressed by Y— V. Such will be the velocity lost at the 
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moment of greatest compression, but the foioe of elastidtyi 
tending to restore the figures of the bodies, will cause the 
body M to sustain an additional loss of -rdocitjr, represented 
by Y— u ; thus, the total loss of velocity experienced by M 
wUl be expressed by 2(7 »u). Let v denote the velocity of 
the mass M after the impact ; we shall have 

t;=:V— 2(7— 1«) ; 
or, by reductioUi 

t^=r2M-V (316); 

The body M', at the instant of greatest compression, may 
likewise be regarded as unelastic, and will then have gained 
a velocity expressed by m— V : for the velocity gained is evi- 
dently equal to the velocity u which the body has at this 
instant, diminished by the original velocity V. The force of 
restitution, being then exerted, wUI cause the body to gain the 
additional velocity t*— V ; whence, the entire gain of velocity 
by M' will be equal to 2(m— VO, and the velocity of M', after 
collision, will therefore be expressed by 

V'+2(tt— V0=2u— v. 

Representing this velocity by t/, we have 

f/=aM-.V' (316). 

By substituting in equations (316) and (316) the value of 
u given by (314), we find 

2(MY+MT0 2(MY+MT0 ..,. 
"^ M+M' ^' *^ M+W ^5 

from which, by reduction, we obtain 

V(M-M0+2M'V' . V'(M'-M)+2MV ^^ 

""" M+M^ '"^^ M+M' •••••(317). 

If M=M', we shall have 

r=V', t/=V (318). 

These equations indicate, that when the masses are equal, 
the impact will cause them to exchange velocities. 

658. If the bodies move in opposite directions, the velocity 
y may be regarded as negative in the preeeding formulas} 
which then become 

V(M-M0-2MT' ^,_ Y'(M--M0-f2MY ^^^ 

""^ WTM' ' ^ M+W ••-'(»* 
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669. The bodies being supposed equal in mass, and movm) 
in opposite directions^ we make M=M' in equations (319), 
whi^ aie thus reduced to 

i,= -.V', t/«V.....(320)/ 

Hence we conclude that the bodies will recoil, having ex- 
changed yelocities. 

660. When the bodies impinge in opposite directions, with 
equal velocities, the masses of the two being unequal, we 
make V'==V in equations (319), and thus obtain 

_ Y(M--3M7 V(3M--]Vr) 

^ M+M' ' M+M • 

In this case, the motion of M will be entirely destroyed by 
the impact, if its mass be supposed triple that of M' ; for 
when M=?3M', the first equation reduces to i;=0 : the same 
supposition gives i/r=:2V. 

561. Lastly, the body M' being supposed at test, and 
impinged against by an equal body M, we make M==M', and 
V'=0, in equations (317), and we thus have 

hence, the body M will be brought to rest, and M' will acquire 
its entire velocity. 

Of ike Preseroaiion qf the Motion of the Centre of Gravity 

in the Impact of Bodies, 

562. Let the two bodies M and M' be supposed to have 
arrived at the positions B and C {Pig. 199), immediately before 
impinging upon each other ; and let S and S' represent their 
distances from the point A, and X the distance of their com- 
mon centre of gravity from the same point. From the known 
property of the centre of gravity, we shall have 

(M+MOX^MS+M'S'; 

and since the distances X, S, and S' vary with the time /, we 
shall obtain, by differentiating with reference to /, 
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ymcionts -g- and -g- represent the vdo- 

ys M and M' at the instant wh«i they ha^e 

^^tsBandC, thedistanceaof which from the 

v^preeented by S and S' respectively. Let these 

denoted by V and V, and that of the centre of 

by W= -jj : we shall obtain, by substitutioni 



^^ 







MV+M'F 



(321). 



M+M' 

Such is the expression for the velocity of the common centre 
of gravity before the in^)act: but immediately after the im- 
pact, the bodies, being found at the points B' and C, will have 
experienced a change in their velocities, audit is required to 
determine what effect has been produced upon the velocity 
of their centre of gravity. Let w denote the velocity of the 
common centre of gravity after impact, and x its distance from 
the point A, in the new positio^^ of the bodies ; the distances 
of the bodies from A being represented by s and y respectively, 
and their velocities by U and U', we shall have, as above, 

and by differentiating with reference to ^, we find 



dt 



«§-<• 



dtX ds dtsf 

Replacing 3-, -rr-, and -j- by their respective values tr, U, and 
dt dt dt 

U', there results 

M+M^ ^ ^' 

563. Two different cases may now be presented for exami- 
nation ; vi2. the bodies may be elastic, or they may be un- 
elastic ; when they are unelastic, we have 

U=w=:U'; 
whence. 






Uafl. 



i 
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But it has been shown (Art. 663), that the Telocity w common 
to the two bodies after the impact will be equal to 

M+M' ' 

this velocity being precisely equal to the velocity W, it fol- 
lows that we shall have i^=W ; or, the velocity of the coft^ 
mon centre of gravity of two unelastic bodies is not affected 
by their impact* 

664 When the bodies are elastic, their velocities after im- 
pact will be expressed (Art. 657) by 2m— V, and 2m — T. 

Substituting these values of U and U' in equation (322), 
we find 

M(9m-V)+M'(2m— VO 
^ M+M' ' 

or, by reduction, 

a. MV+MT' 
^=^— M+W- '• 

replacing the second term of the second member by its value 
Uy there will result 



or, 



MV+MT' 



M+M' 

and eliminating the second member of this equation by 
means of equation (321), we find 

hence we conclude, that in the impact of elastic bodies^ as in 
that of unelastic bodies, the velocity of the centre of gramty 
is the same before and cfter impact. 

Of the Preservation of living Forces in the Impact of 
Elastic Bodies — Relative Velocity before and after hnr 
piMCt — Loss of living Force in the Collision of Unelastic 
Bodies. 

666. The principle of the preservation of living forces in 
the collision of elastic bodies may be enunciated as follows : 
IVhen two elastic bodies impinge on each other ^ the sum of 
their living farces is the same before and after impact. 
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Let y and Y' represent the yelodties of the bodies befoie 
collision, and v and V their velocities after collision ; the sum 
of the living forces before the impact will be expressed by 
MY' +MT'' ; and it is required to prove that this sum is 
equal to Mt^' +MV'} the sum of the living forces after the 
impact 

It has been shown (Art. 667), that the velocities v ahd f/, 
after impact, are given by the equations 

henoe, 

Mv»+MV«=M(2tt-V)»+M'(2M-V0» ; 
and by performing the operations indicated in the second 
member, we have 

Uv^ +MV« =MV« +MT'« 
+4(Mii»+M'u«-MVw-M'V'tt) ..... (323): 

but the terms included within the brackets mutually destroy 
each other, in consequence of the relation (314), 

^MV+MT' 
^ M+M' ' 
for, by clearing the denominator, and multiplying by tt| we 
find 

Mtt* +M'ut =MV«+M'V'u ; 
consequently, the equation (323) will reduce to 

Mv^ +MV« =MV« +M'V'i. 

This equation may be written under the form 

Mr« +MV« -MV» -MT'« =0 ; 

from which we conclude that when elastic bodies impinge 
on each other, the difference between the sums of their living 
forces before and after impact, will be equal to zero. 

666. The relative velocity of the two bodies is the velocity 
with which they approach towards, or recede from, each 
other ; and another remarkable property of elastic bodies con- 
sists in the equality of their relative velocities before and after 
impact This may be proved by subtracting the equations 

t,=2u-V, t?'=2w-.V'; 
from which we obtain 

tj-t/^— (V-V) ; 
henceVexceeds v by the same quantity that Y surpasses Vl 
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and the bodkfi will tbeidbre separate after impact, with a 
Tdodtf preciaely equal to that with which they approached. 

667. Iq the coUmonof umiAetic bodies/ the difference be- 
tween the MIBI8 of the liTing forces before and after impact 
will not be equal to 2ero ; but it will be equal to the sum of 
the living forces of the bodies when BEipving wiA the veloci* 
ties lost or gained. 

This theorem is due to Camot, and may be demonstrated 
in the following manner : 

The velocities lost and gained by M and M' respectively, 
being equal to V-^u, u— V, if the masses were moved with 
these TclocttieSy their living forces would be expressed by 

M(V-tt)«, M'(w-V')«; 
performing the operations indicated, we shall have 

M(V-M)«-i-M'(w-VV= ' 
MV^+M'V'^+(M+M0M»-2ti(MV+M'V0 (324); 

eliminating MY+M^V, by means of the equation 

'^ M+M' ' 
the second member of equation (324) will reduce to 

MV* +M'V'»-(M+M>S 
and we shall therefore have 

M(V-tt)» +M'(u-V')^=MV«+MT'«-(M+M')w ; 
hence the truth of the theorem enunciated becomes apparent. 

Principie afLFAlembert. 

668. When the several bodies which compose a system are 

connected together in any manner, and subjected to the action 

of different forces, this connexion will in general prevent 

each body from taking the motion vfidch would have been 

conununicated to it if the connexion had not existed. For 

example, if several material points M, M', M", d^c. {Fig* 200) 

be attached to an inflexible right line AL, moveable about the 

point A, it is evident that these points, being unable to move 

except with the line AL, will, when acted on by the force of 

gravity, oscillate together about the point A| describing arcs 

26 
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proportional to their distances from A, and wi]I at the end of 
a certain time be brought into the positions K, K', K^^Ac,; 
whereas, if the points were unconnected, being merely attached 
to the point A, they would, from the principles of the simple 
pendulum, explained in Art. 471, oscillate in rery unequal 
times, depending on their distances from the point A. More- 
over, if we resolve each of the several forces which are exerted 
in vertical directions upon the points M, M', M'^, ^., into 
two components, one of which shall act along the line AL, 
and the other in a direction perpendicular to this line ; the 
latter component will alone tend to communicate motion to 
the point ; and since the several perpendicular components, 
exerted on the different points, will be equal to each other, 
they would communicate in the instant of time cU equal veloci- 
ties to the points M, M', M" ice., if these points were uncon- 
nected. But .in consequence of their connexion, the veloci- 
ties assumed are evidently proportional to their distances from 
the point A. 

569. It thus appears, that the effective velocities assumed 
by the several parts of the system differ from the velocities 
impressed, and hence the circumstances of the motion con 
only be discovered when we have succeeded in expressing the 
effective velocities in functions of the velocities impressed. 
This object is readily accomplished with the assistance of a 
dynamical principle first employed by D'Alembert. 

570. Let V, t/, i/', &c. represent the velocities which would 
be impressed by certain forces on the bodies M, M', M", &c., 
if they were perfectly fi^e, and «, u\ «", &c. the velocities 
assumed hy these bodies in consequence of their connexion. 
The velocity v being resolved into two components, one of 
these components may be assumed arbitrarily, and the second 
will then become determinate. Let the effective velocity u 
be assumed as the arbitrary component of the impressed 
velocity v, and denote the other component by U. Making- a 
similar decomposition of the other velocities v'jV^'j &c., we have 

u and U for the components of v, 
u' and U' for those of v', 
tt" and U" for those, of t/', 
&c. ' &c. &c.; 
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and the quantities of motion impressed upon the system, 
which are Mv, M V, M V, &c., will beoome, aibr the de* 
composition, 

Mm, MV, M V, &c., 

MU, MOJ', M"U", &c. 

But, in consequence of the connexion of the different parts of 
the jsystem, these quantities of motion wUl be reduced to 

Mtt, M V, M' V, &c ; 

hence, it is necessary that the quantities of motion MU, MIJ', 
M^'U'', &c. should destroy each other, or should produce an 
equilibrium. For, if it were otherwise, we might combine the 
resultant of the quantities of motion MD, M'D', M"U", <kc. 
with the quantities of motion Mm, M V, M' V, ice. ; thus the 
effective velocities of the several parts of the system would 
no longer be represented by ii, u', uf% dx., which is contrary 
to the hypothesis. 

671. It may be observed that the products MU, M'U, 
M'^U'', dx. express the quantities of motion due to the veloci- 
ties lost or gained by the several bodies. For the velocity v 
may be replaced by its two components u and U ; the former 
of which expresses the effective velocity of the body M, and 
the latter represents that velocity which, combined with ti, 
would produce the impressed velocity. Thus, U is a velocity 
introduced or destroyed in the system by the connexion of its 
parts. 

The general principle may therefore be enunciated in the 
following manner: // is necessary that the qtimUities of 
motion due to the velocities lost or gained shotdd be such as 
wouid maintain the system in equilibrio. 

672. It has been remarked that the quantity of motion Mv 
may be resolved into the two components Mti and MU ; and 
since an equilibrium will always subsist between three forces, 
one of which is equal and directly opposed to the resultant 
of the other two, it follows that the forces represented by Mu 
and MU will sustain in equilibrio a force equal and opposite 
to Mv ] and consequently, that the force Mv will sustain in 
equilibrio two forces which are respectively equal and oppo- 
site to Mm and MU. 
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' l%e same remarks being applicable to the other forces, it 
appears that the forces Mv, MV, MV, &c. will sustain in 
equilibrio two systems of forces which are equal and dtrtctly 
opposed to the forces 

M«, MV, M'V, &c., 
MU, M'U; M 'U ', Ac, 

But the forees MU, M'U', M"U", &c destray each odMr ; and 

hence we obtain a aecond enunciation of the principle of 
tVAlemberti viz. ; An equilibrium will stibHst between^ Xis 
quanliHes of motion Mvj MV, MV, ^c impressed upon the 
several bodies, and the effective quantities of motion iiu^ 
M'u', M' V, 4*^7 ^^ latter being applied in directions con- 
trary to those of the motions actitally assumed^ 

673. This principle is equally true, whether the velocities 
Vj v\ v"j &c. are finite velocities, acquired by the masses S^ 
M', M", &x. during a finite time, or communicated instanta- 
neously by forces of impulsion ; or, w]ien these velocities are 
infinitely small, being generated by incessant forces ; or, 
finally, when some of these velocities arefinitej and some of 
them infinitely small. 

674. To apply this principle, let us consider the impact of 
two unelastic bodies M and M', which move in the same 
direction. Let v and v' represent their velocities before im- 
pact, and u the common velocity after impact. The velocity 
lost by M being equal to its original velocity diminished by that 
which remains after collision, it will be expressed by v^u: 
in like manner, the velocity lost by M' will be expressed by 
v' —u. The quantities of motion due to these velocities being 
such, by the principle of D'Alembert, as to produce an equi- 
librium, we shall have 

M(i;— ii)+M'(t?'-i*)=pO; 
whence we deduee for the velocity after impact, 

_ Mt;+MV 
^^ M-HM' ' 

When the bodies move in opposite directions, i/ will beconij9 

negative. 

576. As a second example, let it be required to determine 
the circumstances of motion of two bodies M and M', which 
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rest on two inclined planes AB and AC {Fig. 201) having a 
common altitude, and are connected by a thread MEM', pass- 
ing over a fixed pulley. 

If the vertical line Mg, drawn through the centre of gravity 
of the body M, be supposed to represent the intensity of the 
force of gravity ; the component of the force in the direction 
of the plane will be represented by MR ; this component will 
alone tend to urge the body down the plane : its value will 
be expressed by 

AD 
y Xcos KMg^=^ . cos BAD=^^g. 

In like manner, the component of gravity, which tends to 
cause the descent of the body M' on the plane AC, will be 

Let the lines AD, AB, and AC be denoted by A, 2^ and I' 
respectively; the incessant forces exerted upon the bodies 
will then be 

^ and €* 
— , ana — . 

But if we suppose the motion to take place in the direction 
M'EM, and the velocities to be reckoned as positive in this 

direction, the force ^^ which is opposed to the motion, must 

be regarded as negative ; and the incessant forces will therer 
fore be eiqpressed by 

The general expression for the value of an incessant force 

being 

dv 

we have 

hence, the velocities imparted to the bocBes in the time dU 
when they are unconnected, will be expressed by 

U 
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And Hm quantities of motion due to these vekicitiM waU be 

But the bodies being supposed connected by a thread of inva- 
riable length, if M should descend through any distance on 
the plane AB, M' will necessarily ascend through an equal 
distance on the plane AC ; or, in other words, the velocities 
of the bodies at any instant will be equal to each other. De- 
noting by V their common velocity at the end of the time f, 
the effective velocities ocanmuiiicated to them in the succeed- 
ing instant di, will be expressed by (2r, and the effective 
quantity of motion imparted in the same time, will Haem- 
fbrebe 

(M+M')rfr. 

By the principle of D'Alembert, this quantity of motion when 
applied in a contrary direction, will produce an equilibrium 
with the quantities of motion impressed on the bodies : henoe, 
the sum of these quantities of motion will be equal to zero, or 

-(M+M0rft?+Mg^|rf^-^^(ft==O (325) ; 

from which we deduce 

and by integfnition, 

*° M+M' •^'^^ ^'*^' 

or, if we denote by G the coefficient of t, we Shall have 

v=Gt+C (326). 

Let X represent the distance OK of the body M from the 
point O, the origin of the spaces, at the end of th»4iaie<; 
the general expression for the velocity gives 

and therefore, 

f=G<+0; 
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fioni wliieh, by int^raticm^ we obtain 

ar^iG/'+C^+C (327). 

The fonnulas (326) and (327) indicate that the circumstances 
of motion in this system are precisely similar to those which 
attend the &11 of heavy bodies ; the only difference consisting 
in the value of the incessant force, which in the latter case is 
denoted by g^ and in the former by G. 

676. If the planes AB and AC be supposed to become ver* 
tical, the case will be reduced to that of two weights con- 
nected by a cord which passes over a fixed pulley : the quan- 
tities A, Z, and V are then equal, and the equations (326 a) and 
(327) may then be reduced to 

M— M' M— M' 

677. These formuli» will serve to explain the principle of 
Atwood's machine, which is employed for the verification of 
the laws of constant forces. 

This machine consists essentially of, 1^, A fij^ed pulley, 
over which passes a very fine flexible thread, having its ex- 
tremities attached to two equal brass basins ; 2°. A vertical 
graduated scale with a moveable stage to mark the space 
passed over by the descending basin ; and, 3°. A seconds 
pendulum, by means of which the time of descent may be 
accurately observed. 

When the two basins are loaded with equal weights, they 
will sustain each other in equilibrio ; but if an addition be 
made to either, it will immediately preponderate, and will 
produce a motion uniformly varied. Moreover, by rendering 
the difference M— M' of the weights M and M' attached to 
the extremities of the thread, very small in comparison with 
their sum M+M', the space described and the velocity ac- 
quired in a given time which result from equations (327 d) 
may likewise be rendered small, and the obfseryations will 
thus become susceptible of great accuracy. 

For the purpose of observing the velocity acquired at the 
end of any time, we give to the additional weight placed in 
the desoending basin the form of a flat bar, and the basin 
being allowed to pass through a sliding ring attached to the 

U2 
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vertical scale, the bar may be ranoved at any instant daring 
the descent. The equality of the weights in the two basins 
being restored by the removal of the bar, the motion becomes 
uniform with the' velocity acquired at the instant when the 
bar was removed. 

By comparing the spaces described, the velocities acquired, 
and the times elapsed, we find that when the basins move 
from rest under the influence of a constant force, the velocities 
are constantly proportional to the times, and that the spaces 
are proportional to the squares of the times. 

678. For a third example, let it be required to investigate 
the circumstances of motion of two weights M and M^, which 
are attached to cords passing around the respective circum- 
ferences of a wheel and of its axle. 

If we suppose the body M to prevail, and reckon the veloci- 
ties positive in the direction of its motion, the force of grav- 
ity will impress upon the bodies M and M', in the instant dt^ 
which succeeds the time t, the velocities gdt and —gdt ; and 
the quantities of motion impressed will therefore be 

Mg-dt, and —M'gdt. 

But if V and t/ represent the velocities of M and M' at the ex- 
piration of the time t, the effective velocities communicated 
in the succeeding instant dt will be expressed by dv and di/: 
Thus, denoting by R and r the radii of the wheel and axle, 
we shall have 

BfftMes. ImprasMd tdocltles. Bflbettre ToloeltiM. DiataneM fhm ttie nli. 

M • . . . gdt . dv R, 

M' , . . —gdt ....... dt?' r. 

The effective quantities of motion^ being applied in directions 
contrary to those of the motions assumed^ will sustain in equi- 
librio the quantities of motion impressed ; and since the equi- 
librium is maintained through the intervention of the wheel 
and axle, it is necessary that the sum of the moments with 
reference to the axis should be equal to zero : hence, we 
obtain 

MB^rf/— M'rg^A^-MRdi?— M'rdt/«0 (328). 

This equation containing the two unknown quantities v and 
1?', it will be necessary to discover a second relation betweea 
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lllem. For this puipose^ we raiparlc Uml th^ velocities v 
mi tK bear to etieb otW tbe cpastant ratio o(R : r ; tbuS} ve 

or, . 



and by difbr^Uialiog, 



f 



rf»'=»=-rft) : 



R 

substituting this value in equation (99B), ve find 

MBgdi—M'rgdt—Mtidv- M'^v=0 ; 
or, by reduction and transposition, 

whence, 

Denoting by K the constant coefficient of d4j this equation 
becomes 

and by integration, 

Beplacing v by its value —^ and performing a second integra- 
tion, we find 

These reaoUs indicate that the motion is uniformly varied, 
the circumstances of the motion being similar to those of a 
body ialling under the influence of the force of gravity. 

» 
Of the Motion 0f a Bofiiy about a JPixed Jjris. 

679. When an impulse is applied to a system of material 
points connected together in an invariable manner, and sub- 
jected to the condition of turning about a fixed axis, which 
we will suppose to pass through the point A {Fig. 202), per- 
pendicular to the plane of the figure, the seveoral partides m, 
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m\ in"y &e. will describe circles mouy mWn\ m^o^n"^ ifec., tfie 
planes of which will be parallel to each other, and perpen- 
dicular to the fixed axis ; and the arcs described by the sereral 
points in the same time will contain the same number of 
degrees. These arcs being proportional to their radii, the 
velocities of the several particles will be in the same propor- 
tion ; so that if we denote by « the velocity of the particle e, 
whose distance eA from the axis of rotation is equal to unity, 
the velocities of the particles m, m\ wl\ d&c, at the distances 
r, r', r", d&c. from the fixed axis, will be expressed by r*, I'm^ 
i*'i^ &c. Thus, the effective quantities of motion of the dif- 
ferent particles will be represented by 

mrm^ mYit^ iw V«f, &c. 

Let t7, t/, v'\ d&c. be the velocities impressed : the correspond- 
ing quantities of motion will be expressed by mv^ tn!i/^ m'V, 
d&c. It will therefore be necessary, according to the second 
enunciation of the principle of D'Alembert, that an equilib- 
rium should subsist between the forces mt?, f7»V, fn"v*\ &c., 
and —mrmy — mV*, — f»V'«, &c. 

To establish tlie conditions of equilibrium between theae 
forces, we will first consider the force mv, and represent it by 
mf^9i portion of its line of direction : from the point/let the 
perpendicular /A be demitted upon the plane of the section 
omn^ and denote by p the angle /^nA, formed by/m with this 
plane ; by constructing the rectangle hh\ the force niv may 
be resolved into the two components 

mh'sz(mv) . sin ^, parallel to the fixed axis, 
mh=(mv) . cos ^, situated in the plane omau 

The first of these components will have no tendency to turn 
the system about the fixed axis ; but the second will produce 
its entire effect in cOmmunicatihg a motion of rotation. 

If we represent in like manner* by ^, p^, &c. the angles 
formed by the directions of the forces mV, wV, &c. with 
the planes oWn', o"m"n", &c., the quantities of motion im- 
pressed will become 

mv cos ^, mV cos ^', w V cos ^", &c. 
These quantities of motion, as well as the quantities - mr«, 
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— i»»y#, -^m'Y'ifj &c are aitiwled in planes peilpendicalar to 
the fixed axis. 

The conditions of equilibrium between these forces will 
evidently be the same as those which arise when the forces 
are situated in the same plane ; if^ therefore, the forces be 
regarded as situated in the plane of the figure, the conditions 
of equilibrium will require that the sum of the moments of 
the forces which tend to turn the system in one direction 
about the point A, shall be equal to the sum of the moments 
of those which tend to produce rotation in a contrary direc- 
tion ; or, that the algebraic sum of the moments shall be 
equal to zero. 

But the quantities of motion — mri/, — otV*, — vnl't^m^ &c. 
being derived from the common motion of the system, they 
will tend to turn it in the same direction ; and since these 
motions take place in the circumferences of the circles nmo^^ 
m'nio'y m^ri'cf'y &a, the radii r, r', r", &c. will represent the 
perpendiculars demitted from the point A upon their respect- 
ive directions ; consequently, the sum of the moments of the 
effective quantities of motion, when applied in 6pposite direo- 
lions, will be expressed by 

Let the quantity within the brackets be denoted by ^{mr*) ; 
the sum of these quantities of motion will then be repre- 
sented by — •2(mr*). 

To determine the value of the sum of the moments of the 
impressed forces, 

mv . cos Pj ntlxf . cos ^, m V . cos p*\ &c., 

let kz {Fig* 203) represent the fixed axis, and mZ, m'fy m'Ty 
&c. the forces inv . cos ^, wV . cos p\ mV . cos ^", &c. situated 
in the planes m/w, fi^vlo\ ml^n^'o'^ &c^ perpendicular to the 
fixed axis : from the points A, A', A'', &c., at which the axis 
intersects the perpendicular planes, let the perpendiculars 
Al=Pf AT=j3', A^T=p", &c. be demitted upon the directions 
of the several forces mv cos ^, fwV cos ^', wi V cos ^", &c. ; 
the moments of these forces will be expressed by 

mv cos ^ .p, mV cos ^ . p', m"v" cos ^' . p\ 

The algcfbraic sum of these moments will be eiqpreesed by 
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S{mv eo8 ^ • p) ; and henoe, by the eondilioBs of equiiibrinm 
before ^lunciated, vre shall have 

l{mo .cos^.p) ^ml{fnr^ ) =0. 

This equation gives the value of the angular velocity 

x(mv.cosp.p) 32g. 

l{fnr*) ^ ' ' 

and the motion of the body about the fixed axis will there- 
fore be uniform. 

680. When the forces mv, m!ify mV, &c. are exerted in 
planes perpendicular to the axis, the angles ^ ^, ^"y &c. 
become equal to zero, and we have 

sin ^8=0, cos psil, 

sin ^'=0, cos ^'=1, 

sin^"— 0, 008^"=!, 

&c. dec; 

consequently, the equation (329) reduces to 

^ 2(myg) 

661. If equal velocities be impressed, in parallel directions, 
upon the several particles m, m\ m^\ &c., we shall have 

and the moments of the quantities of motion impressed will 
become 

mvp + m't|p'+m"«p"+dw5. =t?(wp+m'p' +m''p" + &c.) : 

the sum of these moments may be represented by vi(mp), 
and the equation (329) will be transformed into 

^^ v^{mp) .33Q. 

* 2(wr*) ^ '* 

Let a plane AK be now drawn through the axis Az {Pig* 
204), parallel to the directions of the several forces mv, mV, 
m''v'\ &c. : the perpendiculars p, p\ p'\ &a demitted from the 
points A, A', A", d^. upon the directions of these forces, are 
evidently equal to the perpendiculars my, wY, m'Y'i d&c, let 
fall from the points m, m\ w!\ d^c. upon the plane AE. Let 
?> 4^ 9"> ^** represent these perpendiculars, and dthe perpen- 
dicular demitted from the centre of gravity of the system, upcm 
the plane AK ; then, denoting by M the sum of the peurtidef 
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whtoh oompose the syslein) or the entire mass of the body, 
we shall have, by the property of the centre of gravity, 

and since 

P^9i 7^«=fV ?"=?", Ac., 
die preceding equation may be written 

This value being substituted in equation (330), there results 

t?Ma -JOIN 

#=s-_ M. (331). 

682. It may happen that the velocity v has been impressed 
upon only a limited number of the particles m, m'j m", &c : 
then, M will no longi^ repiesent the entire mass of the system, 
but merely the sum of those particles upon which the velocity 
has been impressed ; und Q will express the perpendicular 
demised from the centre of gravity of this part of the system 
upon the plane AE. 

The quantity x{mr* ) is drilled fhe moment qf inertia : the 
method of determining its. value will be explained in the ne^ 
section. 

683. It is frequently necessary, to consider the effects pro* 
duced upon the fixed axis by the application of an impulsive 
force to any point of the sptem. For this purpose, let the 
axis of rotation Az (Fig. 205), be assumed as the axis of «, 
and resolve the impulsion P, which is supposed to be applied 
at a point O,^ into two components F and P^, which shall he 
respectively parallel and perpendicular to the plane of x^ y« 
Iiet the axis of y be then assumed p^a^lel to the direction 
of F, and denote the co-ordinates of the point O by a, A, and 
e : since the force P may he applied at any point in its line 
of direction, we can always suppose the point ttf ai^ication 
O to be contained in the plane otx^zz this supposition givtes 
6=0. 

Instead of regarding the axis as fixed, let such forces be 
introduced as may be necessary to retain it. These forces 
will be equal, and directly opposed to the impulsions expe- 
rienced by the axis, and may in general be reduced to three 

forces respectively parallel to the axes of ^, jr, and z. Let X, 

27 
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Y, and Z represent the impubes Gommumcated to the axLSf 
and call AB=«y ACs=ji. 

The particle m will deecribe a circle parallel to the plane 
of Xj y, and its velocity in tlie direction of the tangent fnl will 
be expressed by r^ (Art. 579) ; the cosines of the angles 
formed by this direction with the axes of x and y respectivelyi 

will be -^ and ^^ ; hence, the effective quantity of motion of 
r r 

the particle m will be mr#, and its components in the direction 

of the axes of x and y will be mytf and —mxm : the same 

remarks apply to the other particles m', m", m% &c 

But, by the principle of lyAlembert, an eqailibfium will 

subsist between the effective forces and the force P, the latter 

being applied in a contrary direction ; thus, we shall have 

fbrcM. CompoiMiiti panHel to axM of Oo-ordfaatei of pdntt of tpsUaeikm putSML to 

X y z X y z 

— P Pcosf — Psin^. ... a c, 

X X o;-, 

Y Y A 

Z Z 0, 

mrn mym —mx^ x y 2r, 

»»V# m'y'^ — mV# ar' y* z', 

ice. &c. &C. 

The general equations (66) and (67), which express the 
conditions of equilibrium of forces l]ring in different planes, 
and acting upon various points of a body, may be written 
under the form 

2(X)=0, x(Xy— Yar)=0, 

x(Y)=0, x(Zjr— X2r)=0, 

S(Z)=0, z(Y2r-Zy)=0; 

and when applied to the system under consideration, will 

give 

X+#x(my)ssO, 
T+P cos f — •z(wir)=0, 
Z— Psin^»=0; 
•rr(flir«) — P cos ^»=:0, 
XM+4fJ^myz)+P sin f a^O, 
Y/I+ P cos fc — «s(47Mr;v) =0. 
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het M repreaeot the mass of the body, jt^ y^ and z/tfae 
co-ordinates of its centre of gravity, and Mv the quantity of 
motion which die force Pis capaUe of communicating : these 
six equations will be reduced to 

y=d»Mx,— Mu.cos^ >•.... (331 a) ; 
ZssMv.sin^ ^ 

•s(wir«) =Mt? ijcos ^ • a ^ 

X«= — «fZ(wiyj8r)— Ml? • sin ^ . a > (331 6). 

Y|is=«x(9n^;2r) —Ml? . cos ^ . c ^ 

From the fourth equation we deduce the value of «, which 
being substituted in the first and second, the values of X and 
Y become known : the third determines the value of Z, and 
the fifth and sixth give the co-ordinates « and /I of the points 
B and C, at which the forces X and Y are applied. The 
solution of the problem is therefore complete. 

When we wish to communicate the impulse P in such a 
manner that the axis shall receive no shock, we make X, Y, 
and Z equal to zero. This supposition reduces the equations 
(331 a) and (331 ft) to the following forms : 

sin f «0, 2(«M») =Ma?,c. . 

The third equation indicates that the direction of the impulse 
must be parallel to the plane of :r, y ; the first, that the centre 
of gravity of the body must lie 'in the plane of x, z^ perpen- 
dicular to which the impulse is applied ; the second deter- 
mines the angular velocity m ; and the fourth and siz;th make 
known tbe values of the co-ordinates a and c of the point O. 
The point O is then called the centre of percussiany which 
may be defined to be that paint in the plane passing through 
the^entre of gramty and the €uns of rotatiofiy at which an 
impulse must be applied in a directum perpendicular to this 
plancj in order thai the axis may receive no shock. 

S84. The equation 2(f7iyj2r)s=0 expresses a relation which 
is" evidently dependent on the figure of the body and the 
position of the axis of rotation. This relation will exist only 
in particular cases, and it therefore follows that a body 
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retained by a fixed axis wfll not necessarily have a eeatre of 
percussion. 

586. The distance of the centre of petcussion fiom the 
axis of rotation being equal to the absciss ANcsso, its Tahie 
will be 

JAv Btr, 

686. Although the axis will receive no impulse at the in- 
stant of impact, yet the motion of rotation will immediately 
give rise to centrifugal forces which will exert a pressure 
upon the axis. 



Of the Moment of Inertia, 

687. The moment of inertia beiog the sum of the products 
formed by multiplying each material point of a system by 
the square of its distance Aom a fixed axis, it hasb^en repre- 
sented in the preceding section by x(fitr'). In this expres- 
sion, we may replace the particle m by cfltf, the elem«it of tbe 
mass ; and the moment of inertia will then result firom the 
integration of an expression of tbe fi>rm^*cm. 

588. For example, let it be required to determine the 
moment of inertia of a material right line CB (Pig' 206), with 
reference to an axis AZ perpendicular to the plane CAB. 

Let AB=A represent the perpendicular demitted from the 
point A upon the right line, and BP»2r the distance of a 
point P assumed arbitrarily on this line, from the point B : 
we shall haye 

PA»=A«+ar«. 

This expression being multiplied by the differential of the 
mass, the integral of the product will express the moment of 
inertia. The volume, in the present case, beii^ a right line, 
the element of the volume will be repree^ited by the infinitely 
small difference d» between two consecutive abscisses BP=^ 
and BFa»j?+dr; and the element of the mass dH will 
therefore be expressed by dx multiplied by the density D, or 
by Dds. Thus, by multiplying A* +^^ by Ddr, and inte* 



i 
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grating, we obtaia for the expression of the moment of inertia 
of the right line, 

In the present disposition of the figure, the integral should be 
taken between the limits of the point B, where x=Oy and the 
point C, at which ar=a ] the moment of inertia thus becomes 



(A.a+^)D. 



1 

In effecting this integration, we have regarded the line as 
homogeneous, or the density D as constant : but if the differ- 
ent parts of the line be supposed unequally dense, the quan- 
tity D will be variable, and may in general be regarded as a 
function of x. The form of this function will depend on the 
law according to which the density is supposed to vary. 

689. When the body is homogeneous, it is firequently opn- 
venient to regard the density as equal to unity ; and the fiictor 
D is then replaced by 1, in the general expression for the 
mom^it of inertia. Having determined the moment of inertia 
of a body whose density is equal to unity, we can determine 
that of a similar body whose density is equal to D, by simply 
multiplying the former moment by the density D. In the 
succeeding examples, we shall regard the density as equal to 
unity. 

690. As a second example, we will determine the mameni 
of inertia of the area of a circle CBD {Fi^. 207), with refer- 
ence to the axis AZ passing through its centre^ and perpet^ 
dieutar to its plane. 

Let m represent a point in the plane of the circle, at a dis- 
tance tnA=x from the fixed axis : the areas of the circles 
described with the radii x and x+dx will be expressed 
respectively by 

wx^j and w(x+dx)* ; 

and the difference between these areas, by neglecting thd infi- 
nitely small quantities of the second order, will be 2ifX . dx. 
This expression will represent an el^oiiei^tary ring, every 
point of which will be at the distance, x from the axis : hence, 
by multiplying this element by or', we shall obtain fhrx^dxfot 
the differential of the moment of inertia. Taking the integral 
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firom mocO to stst we shall find |«r* as Ihe moment of 
inertia of the area of a circle whose radius is denoted by r. 

691. Lei U 6s required iQ determine the moment of inertia 
of a sphere mth reference to an axis paesmg through tie 
centre. If the sphere be cut by a plane E£' perpendicular to 
Ihe fixed axis AB (Fig* 208), the section will be a circle 
irhose centre will be found at the point D. Denote by x the 
absciss AD of this section, and by y the ordinate DE, or the 
radius of the section. The moment of inertia of the area of 
this circle taken with reference to the axis AB, will be expressed 
(Art. 69(Q by 

and if this expression be multiplied by cLr=DD'y the product, 

\^^dx^ 

will express the moment of inertia of the elementary Yolome 
EET'F bounded by paraDd planes drawn through the con- 
secutive points D and D'. The integral of this expression, 
being taken between the limits drssO and arsAB=flr, will 
gire the moment of inertia <^ the entire sphere. 
But by the property of the circle, we have 

y« =2rar — X* \ 
and therefore, 

f\wy^ dx= i^f{2rx — ar«)« dx 

===ir/(2r«ar* — 2rar" + ix^)dx ; 
or, 

/4,ry^rfa:=jra:*(|r« —irx+r\x')+C. 

The constant C will be equal to skto, since the memsnt is 
jEero when x^O i and by majdng 2r=2r, we obtain ton die 
moment of the whole q>here. 

These examples are sufficient to explain the manner in 
•which the determination of the moBMnt of inertia is reduced 
to a simple problem of the istegni ealetrius. 

692. When the moment of inertia. of any faedy widi refer- 
ence to an axjs passing thnmgh its centie of gravity has 
been determined, its moment with respect to a parallel axia is 
readily found. 
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Fmr let 6F andCX {Fig. 209) repnsent iwo paiallel axes, 
tbe first of which passes through G, the centre of gra\^ of 
a body : let the origin be assumed at the point G^ the line 
GF being tfie axis of z. Through a point m^ assumed arbi- 
trarily within the limits of the body, let the plane mKF be , 
drawn, parallel to the plane of ar, y ; this plane will cut the 
axes GF and GK at two points F and K, and the distances 
of the point m from these axes will be represented respect- 
ively, by the right lines mK and mF, which we shall denote 
by r and r'. From the point m let the perpendicular mE be 
demitted upon the plane of x, y ; the triangles EGG, ittKF will 
be equal in all respects, and the sides of the former may there- 
fore be substituted for those of the latter. Denote by 

# and ^, the coordinates GD and DG of the point C, 
X and ff^ the co-ordinates GP and PE of the point E, 
a, the distance between the axes : 

we shall have 

GG«=GD»+DG», 9E«=GP»+PE«, 

ai =•* +/8«, r'" =z« +y« (332). 

Again, the right line GE passing through points whose 
co-ordinates are x and y, « and fi ; the value of GE=r will 
result from the equation 

r'=(x-*)«+(y-i8)«, 

or, by developing the terms of the second member, 

and reducing by means of equations (332), we obtain 

multiplying by dUL and integrating, we have 

fr*dl&^/f»dM^2m/xdlA'^2fi/ffdai+a*/^ (333). 

The expressions fxdNL and fydt/L which enter into this equa- 
tion, are equal to zero ; for, let x and y represent the co- 
ordinates of the element dUl of the mass M ; the moments of 
this element with reference to the planes of :r, z and y, z will be 
ydM. and xdUL : hence, the co-ordinates x, and y, of the centre 
of gravity of the mass H will be determined by the equations 
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But in the present instance, the centre of graYit7 is situated 
in the axis of z ; and the co-ordinates x, and y, are therefore 
equal to zero : hence, 

Reducing equation (333) by means of these values and sub- 
stituting M for its equal yc(M, we shall obtain 

/r«(flM[=n/r'«dM+Ma« (334). 

The expression yr^'^^M being the moment of inertia with re* 
fereno(3 to the axis passing through the centre of gravity^ we 
conclude that when the value of this moment has been found, 
that of the moment of inertia ^'(2M, taken with reference to 
a parallel axis, may be immediately determined, by adding to 
the former the product of the mass of the body by the square 
of the distance between the two axes. 
The equation (334) may be written under the fi>rm 



y...^=M(^+a.), 



and this expression maybe simplified by putting' ^ ^ =jfc*> 

Adopting this notation, the moment of inertia taken with 
reference to any axis will be expressed by the fbrmuliBL 

/r«dM=M(A>+a«). 



Of the Motion of a Body about a Fixed Axis when acted 

upon by Incessant Fbrces. 

693. Let us now suppose that the several material points 
of a system which is retained by a fixed axis Az (P^. 210), 
are acted upon by incessant forces: each particle m will 
describe about the fixed axis, the arc of a circle nm$y the 
plane of which will be perpendicular to (his axis, and will 
intersect it at a point 0. Let ^ denote the incessant force 
acting upon the particle m, and ^ the angle TmP formed by 
its direction with the tangent to the circle mno at the point nu 
The force ^ may be resolved into three components ; one 
parallel to the fixed axis, which will have no tendency to turn 
the body about this axis ; a second directed along the radius 
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mCf whieh will be destiojcd by the radstance of the axis^ 
and a thifd coinciding in divsction with the element of the 
curve described by th^ particle m i this hat component will 
be e:q)re8sed by ^ cos ^, and will be the only portion of the 
force ^ which tends to turn the sptem about the axis Az. 

Let tf represent the angular velocity of the system at the 
expiration of the time t^ and r the distance Cm of the particle 
m from the axis of rot|tion : the absolute velocity of m* at 
the end of the time t, will be expressed by r^ (Art, 679), and 
in the succeeding instant dt, this velocity will be increased or 
diminished by the action of the incessant force. 

If the particle m were unconnected with the other parti* 
cles, the force ^ cos ^ would communicate to it in the instant 
dtj the velocity represented hy pcosl.di', cpna^uctndy, the 
velocity of the particle m, at the expiration of the time t-^-dt^ 
would be expressed by 

rtf+^cosJ'.cJ/; 

but this particle being connected with the (ktier parts of the 
system; its effective velocity at the end of the time i+di 
will actually be represented by 

rm+rd0 1 

and the effective quantity of motion of the particle m will 
be (rti+rdti)m. 

The same remarks being applicable to the other particles 
which compose the system, it is necessary that the quantities 
of motion impressed, or 

2[(r«+^ t:os ^. dt)m] 

should, by the pmidple of IHAlembert, sustain in equilibrio 
the effective quantities of motion 

J[{r0+rdif)m], 

the latter being applied in directions contrary to those of the 
motions assumed. 

But, in order that - an equilibrium may subsist between 
these two sets of forces, it is necessary that the sum of the 
moments of the several forces taken with reference to the 
fixed axis, shall be equal to zero : and since these forces are 
exerted in the directions of the elements of the circles described 
by the material points, the radii of these circles will represent 

X 
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the perpendicolais demitted upon the diiectioxifl of the eoTeral 
forces. The equation of the moments will thus become 

J[{r^m+rp cos I. &>»]— J[(r«#+r« ili^)«i]=«0 ; 

or, by reduction, 

l{r'€U .m)=*l{rpcos l.dt . m) (335). 

The quantities di and dm being the same in all the terms 
of this equation, they may be placed without the sign 2 1 and 
when the niunber of terms is regarded as infinite, the value 
of each being infinitely small, the character 2 may be re- 
placed by the integral sign fj and the particle m by cEM, the 
differential of the entire mass : thus we shall have 

difr.pcoei'.dl/L—dm/r^dM; 
firom this equation, we deduce 

d# /r.^cosJ^.dM ,^^v 

To complete the integrations here indicated, it is necessary 
to know the positions of the elements which compose the 
body, and the directions and intensities of the incessant forces 
exerted upon each particle. These particulars will be exam- 
ined in the following section. 

Of the Compound Pendulum, 

694. The compound pendulum, represented in Pig. 211, is 
composed of a body, or a S3rstem of material points, connected 
together in an invariable manner, and supported by a hori- 
zontal axis KL. When the body is turned around this axis, 
the points m, m\ m*\ inc. describe arcs of circles rnn^ m'f^^ 
m"n"y &c. ; the centres of these circles are situated in the axis 
KL, and their planes are perpendicular to it. 

695. The motion of the pendulum being referred to three 
rectangular axes, let the axis of ;? be supposed to coincide 
with the horizontal line Cz (Fig. 212), about which the body 
turns, and the axis of a: to be vertical ; the plane of z^ y -will 
then be horizontal. If we suppose the incessant force exerted 
upon each particle to be that of gravity^ we shall have 
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Tlie direction of the force which solicits a particle m, being 
parallel to the axis of or, the intensity of this forpe may be 
represented by a portion vng of a vertical line ; the angle J" 
will be equal to llmg ; and if the perpendicular mD be de- 
mitted upon the axis of x^ the angles CmD and ^mg will be 
equal to each othei*, being each the complement of the angle 
TwD : hence, CmDssJ^; and consequently, the equation 

mDasCm xcos GmQ 

will become 

mPaeCni.cos/; 

or, 

y sr . cos i. 

The values of cos J" and p being substituted in equation (336), 
we obtain 

dm_ fgydXIL , 

or, since g is constant, 

d0_ gfy€M 

dt fr'dM.' 

The expression yc2M represents the moment of the elementary 
mass dM taken with reference to the plane of or, z ; if, there- 
fore, we denote by y, the distance of the Centre of gravity of 
the entire mass M from the same plane, we may replace fydld 
by My,, and the preceding equation will then become 

and since fr^iHl expresses the moment of inertia with refer- 
ence to the axis Cz, this moment ttiay be represented (Art 
692) by M(/:*+a'). Substituting this value in equation 
(337), we find 

t'j^ <^- 

596. It has been shown (Art. 692), that the quantity a in 
the expression M(a' +k*) represents the distance CG (Fiff* 
209) between the axis CE and the parallel axis GF passing 
through the* centre of gravity. But, by the motion of the 
system, the centre of gravity describes a circle having its 
radius CQ^-a (/^. 213), and its plane oOL perpendicular to 



824 DTNAMIC8. 

the axis CK ; hence, the ordinate DG will represent the 
quantity y^ and we shall have from the property of the circle, 

in, if « denote the arc described by the point G, the velo- 



ds 
dty of this point wiU be e:q)ressed by — : but this Telocity 

will also be expressed by am (Art 679). Hence^ we shall 
have 

ds 

and coDsequentlyy 

The values of # and y, being substituted in equation (338)| 
convert it into 

697. If we multiply each niember of this equation by 2ad$^ 
the first member will become an exact differential, and we 
shall obtain by integration, 

% or^'-J~f^,ds^(^-s,') (339). 

The integral of the second member can only be obtained 
ajfter eliminating one of the two variables which it contains : 
this may be effected by mean$ of the equations 

ds^^idx,' +dy/), y,=v'(2air,-jr/) ; 

and by proceeding as in Art 466, we find 

, _ — ads, , 
-^ ^(2ax,--x;y 

substituting this value in equation (339)> we have 
whence, I^ integration, 

-=-^+<' <^- 

To d^emine the value of the constant C, let EBsi rqN» 



sent the value ofx, at the kiataiu when «<=0 ; the supposition 
of 9£zO and x^h gives 



and the ecjuation (340) will therefore become 



wbencey 



^ss * ■■'■■'*■ '" '' — - ■ ■" ■ " ■ . . • , . (341). 



V(^. •(»--')) 



This' equation can be- readily integmfed when the oscillations 
are perfi>nned diroug^ very smaU arcs, as usually happens \ 

for, by replacing ds by its Value — — „,-^ obtained on the 

suppofiilion that x^ may be neglected as exceedingly anall in 
comparison with 2«s in the ex|>rsssion 

yPiax,^x,^y 
the equation (341) becomes 

which may be written under the form 

*='-» V(^) X ;7t(fea ': • • • '^^ 

698. By comparing this equation with the equation (^), 
it will appear that they differ only by the constant fkctor, 

which in the former is ji\/ I — ^- — I9 &nd in the latter 

^-^/--. Hence^ fhe integral of (342) may be immediately 

obtfdned 6om that of (288)^ the constants bemg determined 
by the same conditioui that when tsaO, x,=b. Consequentlyi 
if we denote by < the length of a simple pendulum, or if we 

replace -^ in equation (SB8) by — , and determine { by the con* 
dition 28 
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the simple pendulam and the compound pendulum will per* 
form their oaciUationa in the same time. The preceding 
equation gives 

a 

Thus, by means of this formula we can always find the length 
of the simple pendulum which will perform its oscillations 
in the same time as a given compound pendulum. 

699. If, at the distance / from the axis of suspension AB, a 
line BF {Fig- 214) be drawn parallel to the axis AB, this 
paraUel will enjoy the property, that all points contained in it 
will perform their oscillations in the same time as though 
they were unconnected with the other points of the body. 
When the line EF is contained in the plane passing through 
the axis of suspension AB and the centre of gravity of the 
body, this line is called the cueis of osdUation^ and its several 
points are called centres (f oscillatian. 

600. 7?l6 (ixes of suspension and osdUatUm are redprfh 
cal ; that is to say, if we take the axis of oscillation EF 
{Piff^ 214) as a new axis of suspension, the corresponding 
axis of oscillation will coincide with the original axis of sus- 
pension. 

To demonstrate this property, we resume the expression for 
GD, the distance between the axes of suspensi<)n and oscilla- 
tion given in Art 698, 

i=?Ll±*L (343). 

a 

If we then assume the line EF as an axis of suspension, 
and represent by t and a' the corresponding distances of the 
centres of oscillation and gravity from this axis, we shall have 
by the nature of the centre of oscillation, 

/'=fl2±*! (344). 

a' ^ 

And since the equation (343) indicates : that the distance I 
exceeds a, it follows that the centre of gravity will be situated 
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betweM theates of siispensiEm and oeoillatioiiu We shall 
thereiiNra hate the IbUowkig rriation, 

or, 

c^srl— a. 

Bjr means of this value, the equation (344) becomes 

I— a ^ 

Again, from equation (343) we have 

I— a-— ; 
a 

and the value of f may therefore be changed into 



k* 



M, by rediKstioni 



f= — hassZ: 
a 



consequently, when the line EP is taken as the axis of sus- 
pension^ the axis of osedktioii BHis situated at a distance 
MX from the line EF, precisely equal to that which separates 
the axes AB and EF. 
601. The equation (343) gives 

ail—a) =A« ; 

and by replacing Z— a by its value a', we have 

aa'^k* : 

but the value of jt*, which is dependent on the moment of in* 
ertia taken with reference to an axis passing through the centre 
of gravity, and parallel to the axis AB, will remain constant 
4B0 long as the direction of the axis remains unchanged : hence 
it appears that if the body be caused to oscillate about any 
axis parallel to AB, and at a distance from the centre of 
gravity represented by a, the corresponding axis of oscillation 
will be found at a distance a' from the centre of gravity ; thus 
the value of a+^'i ox the length of the equivalent simple 
pendulum, will be the same as when the oscillations were per- 
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fcfmdlaboitl4h8axit A& A liwuilir nmmtk is appfaaWe lo 
all those ajies paiallel tQ AB vtiiDh ave aluaitad aH a dtttaaoe 
a' from the centre of gravitjr^ If> therefore, the body be sus- 
pended successively firom any number of axes parallel to AB^ 
and at a distance from thjs. centre ^f gravity equal to a or a^, 
the timep pi oBpiUalipn /9ii)fwl sucb axes will lo «gwil to eacih 
other. 

These parallel axes of s uopenoio p abevt which the oscflla- 
tions are performed in equal times^ will evidently be found 
in the sur&oes of two cylinders having a common axis pass- 
ing through the centre of gravity. 

602i. The expression for the distance I betwem the axes of 
suspension and oacJUaliQii may be ptH under the Ibm 

and since thisvahie 19 precisely equal to that which was 
obtained for the distance of 4he centre of percussion from the 
axis of rotation (Art. 68&\ it appears that tbi» asMra of pea- 
cussion, when it exists, wiU be f9und upon the axis of 
oscillation. 

ImpuMoe JFbte^. 

603. In the preceding 8eplK)n% ihp .oiroumstances of 
motion of a body retained by a fixed axis have been alone 
discussed ; it now becomes necessary to consider the motions 
of a body in space when unconnected with fixed objects. 

Let m, m', m", &c. represent material points composing a 
system whose several particles are uneonnected, and iet v, 1/^ 
v", &c. vepiesent the veloeities respectively impressed upon 
these particles in direotions parallel to each often it is 
required to determine the motion of the common centre of 
gravity of the system. 

If a plane be passed through the primitive positioii of tiie 
centre of gravity parallel to the Common dtveetioB in which 
the impulse^i are applied, the anm of the raomenftB 0f the 
particles m, m'y m'% &c., taken with refersnee to this plaoe, 
will be equal to zero at the commencement of the motion i 
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and it is likewise evident' that this soin will lemain equal to 
zero during the motion, since the distances of the bodies from 
the assumed plane remain invariable. Hence, the motion of 
the centre of gravity will be confined to this [dane ; and since 
the same may be said of any other plane drawn through the 
primitive position of the centre of gravity and parallel to the 
direction of the motions, it follows that the centre of gravity 
will continue in each of these planes, or in their line of inter- 
section ; and we therefore conclude that the moHon of the 
centre of gravity of such a system is rectilineoTy and parallel 
to the direction of the motions of its severed parts. 

Let a plane be drawn perpendicular to the direction in 
which the bodies move, and represent the distances of the 
several bodies from this plane at the commencement of the 
motion, by S, S', S", &c. : their distances, at the expiration of 
the time /, will be expressed by 

S+trf, &+v% S"+i/%<kc, 

If a and or, represent the distances of the centre of gravity 
of the system from the perpendicular plane, at the commence- 
ment of the motion, and at the end of the time ^, we shall 
have, by the property of the centre of gravity, 

mS+m'S'+w"S"+<fcc. =(w+ W+m^+ifccOa, 

m{S+vt)+mXS'+t/t)+m'\S''+v''t) +<fcc. = 
(m+m'+m"+&c.)x, ; 
and by subtraction, we obtain 

(m+in'+»»"+<fcc.)(ar,— a)=:(»it>+mV+mV+&c.)^: 

hence, it appears that the space passed over by the centre of 
gravity is proportional to the time, or the motion of the centre 
qf gravity is tmiform. 

It is to be undoratood thi^ those velocities are r^;arded as 
negative, whose directions are opposite to such as we con- 
sider positive. 

601. The preceding equation may be written under the 
form 

{m+m'+m''+&c,)^^L:^=zmv+mV+m"v^'+Ac. ; 

t 

the expression -~- represents the velocity of the centre of 
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gravi^) and t» kDftapemdlBfbt of tbB posttions of Ihe paitiolet 
m, m'y m*'^ &c., to which the quantities of motkm mo, fM>V^ 
wf't^'y &c. are respectively applied : il follows, Uiesefoie, that 
if we suppose a mass M equal to the sum of the majases M) 
m\ m"y 6oe. to be coneeatrated at the eeatie of gravity, the 
quantity of motion of this mass will be equal to tbesum of 
the quantities of motion in the entire system. 

We also conclude, that ike centre of grmifUjf wU have tie 
eame moium ae though the eeveral masoee m, m\ m"y 4**- 
v)ere emcentrcUed in this point, and Ae eevetul forces applied 
immediately to it in directions parallel to- those aUmg wkieh 
they were originally applied. 

605. When the forces affiled to the different particles sre 
not parallel^ they may be resolved into corapon^Ks parallel to 
three rectangular axes, and since tiie eflects produced by each 
system of parallel components will be independent of tks 
other two systems, it may in like manner be shown that the 
motion of the centre of gravity parallel to each of the ai:es 
will be uniform, and equal to that whidi would be produced 
by GonceJiiitrating the masses at the centre of gravity^ and 
applying the seveial forces (Urectlf to that point. 

606. Let the Beveial masses be now supposed connected in 
an invariable manner, the same property will be equally true. 
For, let mvy m'v\ mfv"^ 6cc. represent the quantities of motion 
impressed upon the particles m, m\ m*\ &C., and let each of 
these quantities of motion be resolved into components mu 
and mU, d&c, the first of which shall be the eflfective quuitity 
of motion retained by the particle, the second being destroyed 
by the mutual connexion of the parts of thesystem : tben^ 
since the quantities of motion mti, wM^ wS'vP^ toc^ eommu- 
nicated to the masses m, m', m*\ dbo., produce their ftill eflbcts, 
these masses will me^ under their Iniluenee, in the same 
manner,, whether we regard them as free or conaeoled. 

Hence, it appears thai tfie oenire of gravity of the system 
will move in the same manner as though &e quantities of 
teotipiiL i^tf, miv!\ fn,"vf\ &^, were apptjed dirwtly to it. The 
quantities of motion «r»U, m'M'y m'!)", &c. being such as to 
destroy ei^b other when applied to the different points m^ m', 
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vi'^ d^^ Ihey must (Arts. 64 and 130) destroy each other 
iflm ai^Iied to the centre of gravity » 

But the two systems mu^ wlvl^ mV, &c., wXi^ mXC, fri^^r 
&c^ may be repiaoed by the original system mv^ m'v^j m"iai'\ 
dcc^and W6 thmfore oonchide that the centre ofgrcmhf vnU 
hcne the eame motwu as though the several maesee h^id been 
eefnceoirated at thai pemt^ and the original quaniitiee of 
motiofi mvj m!v\ mf't/', 4*c» impressed immediately upon it. 

607. If an impulse P be communicated to any point of a 
body in a direction not passing throu^^ the oratre of gravityr 
this oentre viU assume a motion precisdy equal to that which 
would have been produced by the direct appUcatioja of the 
force to it. But a motion of rotatioa will also be commu- 
nicated to the body ; for, if an equal i»rce Q {Fig. S1&) be 
applied to the centre of gravity in a paiaUel and opposite 
direction, the joint action of the two forces P and tt will 
maintain the c^tre of gravity at rest.. From the centre of 
gravity O demit the perpendicular GA upon the direction of 
the force P, and lay off on the opposite side of the point G a 
distance GB^AG. Let the force Q, be then resolved into 
two components,. each equal to ^GL or >P,. applied at the 
points A and B. The forces P end jiQ, applied at the point 
At and ading ia contrary directions, will have a resultant 
equal to ^P : thus the body wiU be acted on by two forces 
each equal to |P| acting at the distance AG^BG from the 
osnire of gravity, and tending to turn the body about that 
point And since the point G may be regarded as fixed, the 
two forces wUl haTe the satoe efli^t to turn the body about 
that point as the single force P acting aH A^ The effect of 
the force Gi will be simply to destroy the motion of transla- 
tion, without affecting themolion of rotation. 

Hence we condud^,. that vfhen m body receives an imptdse 
in a direction which iocs not pass through the centre of gra- 
piiffy ikat centre tffiU assunm a tm>tidn i/ translation (IS though 
the imfndse were applied immediately to U; and the body 
will likewise have a motioip ef rota^em about the centre of 
gravity^ as though thai poisU were immwoeahle. 

606. The eiMnimstai*:«i of notim of a body which is 
divided symmetrically Igr a ^llaie passing through the direc* 
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tion of the impulse can now be readily detennined. For, the 
motion of translation of the centre of grarity will be siaiilar 
to that of a material point to which an impulse is appUed ; 
and the motion of rotation being precisely the same as that 
which would take place if a fixed axis passed through the 
centre of gravity, perpendicular to the dividing plane, it will 
merely be necessary to apply the results obtained in Arts. 681 
and 682. 

Let Mv represent the quantity of motion impressed upon a 
body whose mass is represented by M (i^. 216), andp the 
perpendicular distance from the centre of gravity G to the 
line of direction of the impulse. The centre of gravity will 
assume a uniform moti(« with the velocity v, in a directioB 
parallel to that of the impulsive force. The angular velocity 
will result inunediately from equation (331), and will be 
expressed by 

€09. The absolute velocity of each point of the body will 
be compounded of the two velocities of translation and rota- 
tion. Thus, the point O, for example, to which the force is 
applied, has two velocities ; a velocity (^translation Ot equal 
to that of the centre of gravity, and a velocity of rotation ih 
about that point ; so that if we assume any point on the line 
OGC, at a distance a from the eentre of gravity, its velocity 
will be expressed by v±a«: the superior sign applies to 
those points which are situated upon the same side of the 
centre of gravity as the point O ; and the inferior sign lo 
points situated on the opposite side. 

610. If we consider the motion of the point O for an ex- 
ceedingly short interval of time, the path Oih deseribed by 
this point, whilst the centre of gravity describes the line Q&j 
may be regarded as a right Hue : thus, the line OGC wilt 
assume the position AO^C, the point C remaining at rest 
during this interval. This point is called the eenire qf^pon* 
taneous rotation: its position may be detenniiied by the coo* 
dition that its velocity of rotation, shall be equal to that of 
traiftlation : indeed, whilst the point C would be carried for- 
ward over the line OO by the motion of tvandatton, it voald 
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be oi^vmI bftokwtfd thKiuf h :die sai^ 

of somtioii: Ais OBodiliui will gm As absolute velooi^ of 

the point C 

wfaenee^ 

'F *• 

-^ P 
and we ihenefoie Imve 

oc=OG+GC=o+«=y+— ; 

from which we copclude, that the centre of spontaneous rota- 
tion win coincide with the centre of percussion^ if the cuds of 
-rotation he supposed to pass through the point O. 

611. When the plane pessing thfetigfa the difeetiett of the 
impulse and the centre of gravity cUirides the body into two 
portions which are not symmetrically situated with respect 
to this plane, it will usuaUy occur that the axis about which 
Che body rerotves wHl not lelain an fmoariaiae )M)silfoii. 
Fer, Ae rotatory motion of the body will deirstop kt each 
particle a centrifugal foree^ prod^cijBg a pressure upon the 
axis ; and unless these pressiires are such as to destroy each 
other, the direction of the axis will neeessarily be changed. 

Of the Motions of a System in Sjpace when acted upon by 

Incessant Forces. 

61S. We will next imrestigale the eit cmnBtanees of motion 
in a system whose dilfereiit par tides are acted upon by swes- 
sant forces. Let the force acting on a partide m be Msotved 
into three cotoponents Xy Y, Z, respectively pamllel to three 
rectangular axes ; that acting on ni into the three X', Y', Z\ 
4tO« Let «, (^ and c represent the variable eo^oidiiiales of the 
centre of gravity referred to the fixed axes, and let three axes 
be drawn through the eetitre of gravity^ parallel to the fixed 
axes, and moveable with the system in space. Then, if or, y, 
^f ^r y\ ^> '^ denois the 00K)sdiDiles of the points m, «i^ 
ft^*^ Ae. referred to the mpveaUe axes; a4*ar, ftrfyi c+z^ 
m+^i 6+y'f c+3^i dx. will express the ;xK>r^inates of the 
same points when referred to tbs fixed axes* 
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613. The velocitjr of the pertide m in tbe diieedoD of the 
axis of :r, at the expiration of the time ^ will be cx p ms ed by 

d(a+x) _ da+dx , 

"^ dT^ dt ' 

and in the succeeding instant cb, this velocity would reoefre 

the increment Xdtj by the action of the incessant force X if 

the praticle m were entirely free ; but in consequence of the 

connexion existing between the different paxts of the eyeteiiiy 

the effective vdodty oMnmunicated to the particle m in the 

time dty will be expressed by 

a^^a da+d:^ 
dt ' 

and the velocity destroyed in the partide m^ by the connexion 

of the parts of the system, will therefore be 

di 
The same remarks being applicable to the velocities parallel 
to the axes of y and Zj we shall have for the quantities of 
motion destroyed in the partide m, parallel to the three axes. 






m 



m 



db+dp \ 

'~drr 



(2*-.*+^) 



Similar expressions may in like manner be obtained for the 
quantities of motion lost by the other partides ; and we shall 
therefore obtiBun, for the sum of the quantities of motion lost 
paralld to the axis of jTy 



K 



Xdt~d ^^^)] . • , . • (346) ; 



or, by cou^leting the differentiation indioated, Mgarding «lc 
«• constant, we have 

In like manner, the sums of the quantities of motion lost in 
directions parallel to die axes of y and z^ wiU be expreaaed by 

.[».(y*-*5+*?)].....(34:,. 



FABK MOTION OF A BTSTKlf. 

[n(ZM^^^^)] (348) 
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The quantities of motion (346), (347), (348), or the forces 
capable of producing them, being such as to destroy each 
other, they must satisfy the general equations of equilibrium 
(66) and (67)^ which appertain to a system of forces haying 
various directions and applied to difbrent points of a body« 

The equations (66) indicate that the sum of the components 
parallel to each of the axes will be equal to zero ; we shall 
therefore have for those components parallel to the axis of ^ 

or, by multiplying by di, and changing the form of the expres* 
aion^ we have 

0^(mX+m'X!+m"X"+icc.)cU^ -.d»tf(m+m'+m"+&c.) 
— (»MPa'+w'd«:p'+m"d«ir"+<fcc.) (349). 

But, by the nature of the centre of gravity, 

mar+iii'a/+i»''ar"+&c.t=0 

and by differentiating twice, we find 

md*y+m'd't/+m"d'y"+6cc.=0 

The first of these values being substituted in (349), and the 
mass of the system being denoted by M, there will result 

M#a»(»I+w'X'+w"X''+dBC.)A«, 
or, 

the mtm being true with respect to the components ptoaUel 
to the axes of y and 2;, we shall obtain, far the three first 
equations expressing the circomstanees of motioii of the 
aysiem) 



;;lj(..,..(349a): 



(349 6). 






^ 



2{mZ) 



(360). 
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These equations serve to determine the motion of the centre 
of gravity of the mass M ; fbr when integrated, they will ex* 

press the velocities — , -jf j- of the centre of gravity, par- 
allel to the thoree axes, 

614 The equations (350) make known a remarkable 
propeity of the centre of gravity. FoTj let the particles m^ 
Mf , m", ice be supposed concentrated at their common centre 
of gravity, and let the forces mX, mY, mZ, m'X', m'Y'y m'Z, 
&C. be applied directly to that point, parallel to their original 
directions. These forces may be reduced to three, MX,, MY^ 
MZ^ the values of which will result (tola the equations 

MX,^s(mX), My,=^x(if»Y), MZ=:e(wZO 

Eliminating the second members of these equations by meaas 
of ^nations ^50), we have 

But when the forces MX^, MY,, MZ, are applied to the centre 
of gravity regarded as a material point whose mass is M, the 
circumstances of its motion are expressed by the equations 
(180), which are precisely similar to the equations ^51) ; 
hence^ we conclude that the centre of gravity of the system 
has the same motion as though the forces toere applied directljf 
io that point. 

615« To determine the circumstances of motton of the 
several particles m, m', m'% dx. Hdth lespeet to the centre of 
gravity, we resume the equations (67), which express the 
conditions that the forces have no tendency to turn the syB- 
tem about either axis : Ibat this may be the case, it is neces- 
sary that die som of the diffennces of the mooMnts of tte 
eompooelits parallel to any two of die aaass, as » and y, taken 
with leftseaca to the etmesponding planea of jr, ;r and s^j^Zf 
should be equal to zero. But if we consider the partkle s% 
the distance of the component X, which acts upon it, from 
the plane of r, z will be equal tb y+b, the co-ordinate of the 
point m, parallel to the axis of y : in like manner, the distance 
of the force Y from the plane of y, z vriil be expressed by 
x+a: we shall therefore have, for the difference of the 
moments, 



fn 



PREB MOTION OF A 8T8TBH. 837 

The same remarks being applicable to the particles m\ m", 
&c., we shall obtain a similar expression for each. By 
placing the sum of these expressions equal to zero, as in 
equation (67), performing the multiplications, and reducing 
by means of equations (349 a) and (349 6), we shall obtain 

6J(».X)-M4^+2(myX)-J^iny^) 

-a2(mY)+Ma^-2(»i^Y)+2(»u?^) =0. 

This equation admits of simplification ; for, if we multiply 
the first of equations (350) by 6, and the second by a, and 
take their difference, we shall have 

6s(»iX) -a2(»iY)— M6 ^ + Ma^=0. 

This relation reduces the previous equation to 

2(myX)-S(^Y)-2^my^) +^(^mx^ =0; 

whence, 

The int^prld of the first member, taken with reference to the 
time ^, is 

and by adopting the same process with reference to the other 
two axes, putting, for brevity, 

^mJX^x — Xy)&]=L, 
2[m/(Zx— X;2r)&]=M, 
2[in/(Zy-Yjr)&]=N, 

we flhall obtain the three equaticms of motion 
a(m"^-^)=M 

Y 29 



V dt 



• • t • 



(351a). 
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The equations (351 a) aire independent of the co-ordinates of 
the centre of grarity, and would undergo no change if forces 
were applied at that point sufficient to destroy its motion of 
translation, since such forces would not enter into the ex- 
pressions L, M, and N ; thus, the motion of rotation about 
the centre of gravity, determined by these equations, is pre- 
cisely similar to that which would take place if the centre of 
gravity were immoveable. 

Hbnce we conclude, that ithen angi body is acted upon hy 
incessant forces applied to its several particles^ the body will 
receive two motions : one of translation^ in virtue of which its 
centre of gravity will be transported in space as though the 
forces were applied directly to thai point ; and a second^ qf 
rotation about the cer^re of gravity ^ as though that point were 
absolutely at rest. 



General Equations of the Motions of a System of Bodies. 

616. Let 2, t, t\ dbc. represent the velocities lost or gained 
by the several material points which compose a system, in 
consequence of the mutual connexions of its parts ; the cor- 
responding quantities of motion lost or gained will be ml^ 
m'C^ m"V\ &c., and, by the principle of D'Alembert, these 
quantities of motion, when impressed upon the particles 
7n, m', m'\ &c. are such as will produce an equilibrium : hence, 
they must fulfil the conditions of equilibrium expressed in 
equations (66) and (67). 

The components of these quantities of motion, or the 
forces capable of producing them, estimated in the directions 
of three rectangular axes, will be 

ml cos «, mZ cos /9, ndco&y components of m/. 

m'V cos «', m'V cos /B', m'V cos y components of m?. 

m'T cos «", m'T cos i8", m'T cos y" components of mT. 

&c. &c. &c. dsc. 

We shall therefore have for the equations of equilibrium, 

2(mZ.co6«)=0 

xirnl . cos ^) =0 )► (362). 

2(mZ.cosy)=0 
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2[fnl{x cos /I— y cos •)]=0 ^ 

i[»i/(jr cos •—ar cosy)] =0> ..... (363). 

I{i7i^(y cosy— z cos /i)]=0 J 

617. If the system is retained by a fixed point, the three 
equations (362) cease to be necessary ; the equations (363) 
being alone sufficient, provided the origin be jdaced at the 
fixed point. 

618. When there are two fixed points within the sj^stem, 
we connect them by a right line, and assume this line as one 

'of the co-ordinate axes, z for example ; the first of equations 
(363) will then be sufficient to ensure the equilibrium (Arts. 
132 and 133), 

619. The velocities lost or gained are here indicated by the 
letters 2, f , T, &c. ; but to express these quantities in functions 
of the incessant forces which solicit the several materiied 
points, we shall first consider the particle m^ and suppose that 
the forces acting upon this point have oeen reduced to three, 
X, Y, and Z, respectively parallel to the co-ordinate axes. 
The velocity of the particle m, parallel to the axis of jr, at the 

expiration of the time /, will be expressed by -?- (Art. 430) ; 

CM 

and at the end of the time i+dtj this velocity will become 

ilx dx 

■fdj-; this will be the expreaaicm for the effective 



dt cU 

velocity of the particle m. 

But if the particle m were perfectly free, the incessant force 
X would communicate to it in the time A, a velocity repre- 
sented by Xdi (Art. 391), and the velocity of m at the expira- 

tion of the time t+di^ would be expressed by - — hXeb; 

Cm 



hence, the velocity lost or gained by the particle m will be 
equal to 

and by reduction, we shall find that Xdi^a^will express 

the velodty lost or gained by the particle m, in the direction 

of the axis of se. This velocity being multiplied by the mass 

nL gives . 

* Y2 
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m 



(x*-^). 



for the quantity of motion lost or gained by m, in the direc- 
tion of the axis of :r : we shall therefore have 

fni.cosii«w(xA-^) (364). 

In like manner, by considering the velocities lost by m, in 
directions parallel to the axis of y and z^ we shall find 

ml. COS fi=^m(Ydt-^^ (365). 



ml . cos 'y^miZdt 



d'z\ 
di) 



(366). 



Similar expressions may be obtained for the quantities of 
motion lost or gained by the particles m\ rri'y &c. ; and by 
including their sums under the sign 2, the equations (362) 
and (363) may be reduced to 



.(«^)=.(«.X) 






(367). 



(368> 



Such are the most general forms of the equations expressing 
the circumstances of motion of a system. 

620. The expressions Yar— Xy, Xz— Zar, 2^— Yz, &c. 
become equal to zero under the following circumstances : 1**. 
when the incessant forces acting on the particles m, wl^ m", 
d&c. are equal to zero ; 2^ when all the forces are directed 
towards the origin of coordinates : 3°. when the forces are 
such as arise from themutual attractions of the difibrent parts 
of the system. 
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Iq the first case, the inososant forces being equal to soro^ 
their con^Kments must likewise be equal to ^ero ; and heuce. 

X=^0, Y=0, Z=0, X'=0,&c: 

the second members of equations (358) will Aevefore dis- 
appear. 

621. The second members will likewise disappear, when 
the forces are directed towards the origin of co-ordinates. 
For, it has been shown (Art 436), that when the fixed point 
towards which the forces are directed does not coincide with 
the origin of co-ordinates, if we represent by a, 6, and e the 
co-ordinaies of this point, and by p, p', p", &c. the distances 
of the several particles firom the fixed point, the components 
of the forces P, F, P', d^., in the directions of the co-ordi« 
nate axes, will be expressed by 

P£=?, Pf±?. P^-»,&c., 

P V ¥ 

V f V 

but, by hypothesis, the origin coincides with the fixed point 
towards w^h the forces are directed, and we ther^re hare 

a=0, A=0, c=0: 

hence, the |)receding expressions are reduced to 

Par PV FV' . 

Py py Fy' 

p p' p" 
Fz PV FV . 

P P P" 

And by substituting these values of the components for X, 
X', X", Y, Y', Y", Z, Z', Z'', &c. in the expressions 

Yjp_Xy, X«-Zar, Zy-Yz, YV^Xfy', dtc (369), 

^ire shall find each of these expressions equal to zero. Con- 
sequently, when the incessant forces which act upon the 
several particles are constantly directed towards the origin, 



342 DTNAMicer. 

the expreflsioBS (369) become equal to zeroy and the second 
members of equations (368) will therefore disappear. 

622. The same consequences may be deduced when the 
material panicles are subjected only to their mutual attract 
tions. For^ by putting the second members of the equations 
(366) under the following forms : 

«i(Y*— Xy)+m'(YV-X'yO+&c i 
m(3U-Zar)-f-i»'(Xi2r'-Z':i/)+&c. > (360), 

m(Zy-Y«)+iii'(Zy--Y';?')+&c- S 
and considering the material points two by two, it is evident 
that the moving foroe exerted by the point m upon m' is equal 
to that exerted by m' upon m. Hence, if X, Y, Z, X', Y', Z', 
&c. represent the components of the incessant forces P, P, 
F', &c., we shall have 

in'X'=— mX, mTT'^— «Y, i»'Z'=^— wZ, &c.: 

eliminating X' and Y' by means of these values, the first of 
the expressions (360) becomes 

mY(ar-3rO— mX(y— yO (361) : 

but the force whose components are X, Y, and Z being 
denoted by P, and the distance between the points m and m' 
by p, the cosines of the angles fonned by. the direction of the 
force P with the co-ordinate axes, will be represented respect- 
ively, by 

P P P 

and we shall' have 

X=p£=f, Y»P?t±, Z=P^=^. 
P P P 

Substituting these values in the expressions (361), we obtain 

P p 

a quantity evidently equal to zero. 

In like manner, it may be proved that the other terms of 
the expressions (360) destroy each olber ; it therefore foDo^rSi 
that when the material particles m, m', fnf\ &c. are subjected 
only to their mutual attractions, the second m^nbers of the 
^nations (36^ will disappear ; and since this result is iiide- 
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pendent of the position of the origin, that point may bo 
selected arbitrarily. 

623. When either of the three cases just considered 
presents itself, the equations (358) will reduce to 

^m{zd^x--xd*z) \ ^ 

dF '"■"* 

~dr» "• 

The quantities included within the bxadcets being exaet dif- 
ferentials, these equations may be written under the form 

^[m.d{xdy -~ydxy\ 

di^ "' 

^m.d(zda;--xdz)] 

^m.djj/dz^zdp)] 

dt^ "^ 

And by multiplying by rf/, and integrating with respect to the 
time, denoting the arbitrary constants by a, a', and a", we shall 
have 

^m{zdx-'Xdz)]—a!dt \ (362). 

X[m(t/dz --zdj/)] = a''dt J 

624. To understand the signification of these integrals, 
draw the three rectangular axes Ax, Affy and Az (Fig. 217), 
and call AP=x, PCl=y : let AQ, the projection of the radius 
vector Am on the plane of ar, y, be denoted by r, and the 
angle formed by AQ with the was of ar by #; the infinitely 
small arc QQ' described with the radius r will be expressed 
by rdi ; the right-angled triangle APQ. gives 

ar«=r . cos ^, y^r. sin ; 
and| by differentiating, we obtain 

d!r=—r. sin #.A-fcos #.(fr, 

dy=r. cos 0.d$+8m0. dr. 

Substituting these values in the expression xdy —ydx, we find 

a:dy-y£ir=r»rf#=2 X ir XrA=r2 . area QACl' ; 
and therefore, 
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Bj forming similar products for the other masses m\ m^, &c^ 
we shall find that the quantity J[m(xdy^ydx)] is composed 
of the sum of the products formed by multiplying each mass 
m, m'y jft", &C. by twice the area of the elementary surikce 
described by the projection of its radius vector Am on the 
plane of x, y, in the time di. 

625. If we int^rate again with respect to the time, the 
equations (362) will give 

yi[m(xdy— yAr)]=«rf+6 i 

/I[m(«fcr-«fa)]=a'/+y J (363); 

/E[m(ycb-«ily)]=:«"^+6" 5 

and if the areas described be supposed to commence from the 
instant when ^=0, the constants ft, 6', and b" will be equal to 
zero, and the preceding equations will reduce to 

/S[m(zdx^xdz)]^a^ty 
/l[m(ydz^zdjf)]=za"L 

These equations express that the sums of the products formed 
fty multiplying each mass by the projection of the area de- 
scribed by its radius vector^ are constantly proportional to 
the times employed in describing these areas. 

This enunciation contains the principle of thf preservation 
of areas in its most general form. 

626. The system here considered has been supposed free ; 
but if it were retained by a fixed point, the equations (3%) 
would only be applicable when the origin was taken at this 
point : the same may be said of equations (363), which result 
from (368). Thus the principle of areas then becomes less 
general, the origin being no longer arbitrary. 

627. It has been shown (Arts. 132 and 133) that when the 
system contains two fixed points, it will be necessary to sat- 
isfy but one of the general equations of equilibrium (67). 
The same is true with respect to equations (368) ; and there- 
fore but one of the equations (362) will be satisfied : thus, the 
principle of areas is only true in this case with respect to one 
of the co-ordinate planes. 

628. By comparing the results obtained in Art. 165 with 
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those of Art 153, we shall find that the quantities A, B, and C 
represent, in Art. 166, the sums of the moments of the pro- 
jections of the forces on the co-ordinate jdanes, these mo- 
ments being taken with reference to the origin. Thus these 
sums will be the same as those denoted by a^ a', a" in equa- 
tions (362). Hence, the sum of the projections on the prin- 
cipal plane given by equation (79)| will, in the present instance, 
be expressed by 

y / (z[m(g<fy-y<to)])^ hjmjzdx-xdz)])' Qt[fn(ydz-zdy)]y \ 

This expression may be simplified by putting it under the 
form 

and replacing the functions A, B, and C in equations (81) by 
their values a, a', and a", we obtain the following expressions 
for the cosines of the angles formed by the principal plane 
with the co-ordinate planes : 

a a' 

cos «= — / ■ . .: . _^ v> cos /I 






oosy%= 



v^(a*-f-a"+a"«) 

The angles «, /b, y are constant ; and hence we conclude that 
the position of the principal plane remains invariable during 
the motions of the sevwal particles of which the 8]rstem is 
composed. 

Gfeneral Principle of the Preservdtion of the Motion of the 

Centre of Gravity. 

629. In discussing the circumstances ot motion of a sys- 
tem of material particles, acted upon by incessant forces, it 
"w^as proved that the centre of gravity of the entire system 
has the same motion as though the several forces were 
applied directly to that point. Thus, denoting by z^ y^ and 
;r^ the variable co-ordinates of the centre of gravity, we shail 
have, as in Art. 614, 

MX,:=5(mX), M[y,«2(i»Y), MZ,^2(»Z) • . • . . (366> 
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**'-T ^V'-Y *«'_y nffn 

630. If the material points which oompoee the system be 
subjected only to the action of forces arising fix>m their mutual 
attractions, the equations (367) will reduce to 

^=0, $y'=0, ^-;*i=0; 
tfiese equations beiiig integrated giro 

^-a, ^,6, _=«, 

and by a second integration we find 

x,=cU+a\ y,=A/+6', z^^ct+c,: 
eliminating t^ we have 

c c 

These equations appertain to a right line in space, and the 
motion of the centre of gravity will theiefbre be rectilinear. 
This motion will also be uniform ; for we have the velocity 
of the centre of gravity expressed by 

which is evidently a constant quantity. 

631. If the masses m, mfy m'', Ax. be subjected to the action 
of constant forces whose directions are parallel to a given 
line, we may adopt this line as one of the coordinate axes, z 
for example, and the equations expressing the circumstances 
of motion of the centre of gravity, then become 

r_Zf =0, — ?^=0, -— '=Z : 
A« ' A* ' *» ' 

and it may then be proved, as in Arts. 618 and 619, that the 
trajectory described by the centre of gravity is a parabola. 

632. Finally, it may be shown that if two or more of tiM 
bodies composing the system impinge against each other 
during the motion, the velocity of the centre of gravity will 
remain unchanged* For, by the nature of the eentre of graf- 
ity, we have 
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MLr,=S(fiir), iiy,=^l(my)y Mz,=^i{mz): 
differentiating with respect to the time t^ we obtain 

»l'-(4)' «f-("D' «$'-(4)- 

And if we denote by a, a') a", &c, the velocities of the parti- 
cles m, m', f»", &c. before the collision, and by A, A', A", &c. 
the corresponding velocities after collisioni these values, sub- 
stituted in the first of the preceding equations will give 

l(fna)=^ the value of M-p-' before collision, 

at 

2(mA)= the value of M -=-^after collision. 

at 

Thus the sum of the quantities of motion lost by the impact, 

in the direction of the axis of Xy will be 2(ma) — 2(mA). In 

like manner, the sums of the quantities of motion lost in the 

direction of the axes of y and z respectively, will be 

2:(m6)— 2(wiB), and 2(mc)— 2(mC) : 
but, by the principle of D'AIembert, these quantities should 
maintain the system in equilibrio ; and we therefore have 

X(ma) — S(mA) =0, l(mb) - 2(mB)=0, 2(»ic) — 2(mC) =0 ; 

hence, the expressions -r-', -J-', -=-', which represent the velo- 

dt at at 

cities of the centre of gravity parallel to the co-ordinate axes, 

remain unchanged by the act of collision. 

633. This property of the centre of gravity, in virtue of 

which its motion is independent of the mutual actions of the 

parts of the system, constitutes the principle of the preserver 

Hon of the motion of the centre of gravity. 
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PART THIRD. 



HYDROSTATICS. 

OF THE PRESSURE OF FLUIDS. 

634. A fluid is a collection of material particles, which 
yiirid to the slightest effort, and which move freely among 
each other in all directions. 

When the material particles adhere to each other in any 
degree, the fluid is said to be imperfect ; in the following 
pages the particles will be supposed entirely destitute of any 
adhesion. 

' 635. fluids are divided into incompressible and compressi- 
ble or elastic fluids. 

Incompressible fluids are such as always occupy the same 
volume at the same temperature ; such are water, mercury, 
wine, &c. 

Elastic fluids are those whose volumes admit of change by 
the application of pressure ; such are the vapour of water, 
atmospheric air, and the ditiforent gases. 

636. Let ABGD {Fig. 218) represent a vessel emtively^eiosed, 
and filled with a fluid destitute of we^t : if ^two apertvres 
EF and HI, having equal surfaces, be pierced* in this vessel, 
and if pistons K and L be applied to these apertcoes, and urged 
by forces RK and SL, equal in intensity, and * directed per- 
pendicularly to the surfeees HI and EF, these fiMroes will re- 
main in equiUbrio. Hence, it is neceauury that th6 pressure 
exerted upon the surface EF should be communicated to the 
surface HI, through the intervention of the fluid medium ; 
and this can only happen provided the partkks of the fluid 
experience the same pressure at everypointof the fluid mass. 
Adopting the result of diis experiment as a basis, we can 

estaUish the following principle : 

30 
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77ie characteristic property of fluids is that they transmii 
a pressure applied to thenij equiMy in all directions^ 

637. To express analytically this property, which is 
termed the principle of equal pressuref we shall consider a 
fluid mass enclosed in a vessel AL {Fig. 219) having di6 
form of a rectangular parallelopiped, the base of which is 
horizontal. Let a ^piston be applied to the upper sur&oe 
EH of the fluid, and let it be urged downward by a force P, 
acting in the vertical direction : the base of the vessel will 
experience the same pressure as though the force were ap* 
plied directly to it ; and each portion of the base will support 
a pressure proportional to its extent ; so that if A denote the 
area ABCD, and a the area Aicd^ of a portion of this base ; 
and if p denote the pressure sustained by a, the value of p 
will result from the following proportion, 

A : a : : P : j>. 

Let a reprosent the unit of sur&oe ; we shall then have 

P 

hence, if m represent the ratio between the sur&ce Ab c'(f , 
and the surfisu^e Abed assumed as the unit, the pressure P 
supported by the sur&ce AftVcf , will be expressed by 

^=P- (381); 

and since all portions of the fluid mass must sustain equal 
pressures for the same extent of suifiice, it follows that if the 
surfiioe containing « units were situated in any other porticm 
of the vessel, oi)i the sides for example, it would still sustain 
the same pressure p^. 

638. When the sur&oe pressed is indefinitely small, it may 
be represented by the elementary rectangle dxdy ; and tl^ 
pressure exerted by the piston on this elementary portion of 
(he sur&oe of the vessel, will be expressed hjpdxdy : this 
expression will be equally ^pplicaUe in whatever portion of 
the vessel the element may be situated, and whether the sur- 
&oe be plane or curved* 

639. In the preceding paragraidis, the fluid has been sup- 
posed subjected merely to the action of the pressure applied 
at its sur&ce ; but when the particles of the» fluid are acted 
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npon by inoessant forces, the pressure will cease to be con- 
stant throughout the mass. In this case, the pressure sus- 
tained by the fluid arises from two distinct causes : V. a 
pressure resulting from the force P applied to the surface, 
and equally distributed throughout the mass ; and, 2^. the 
pressure arising from the action of the incessant forces. The 
latter pressure is usually di£ferent in different parts of the 
fluid mass, since each particle may be acted on by a force 
having any intensity. 

640. To offer an example of this second kind of pressure, 
let the fluid contained in the vessel ABCD {Fig- 218) be con* 
sidered heavy : then we must regard each particle as acted on 
by the force of gravity. 

We shall find in the sequel, in discussing the properties of 
heavy fluids, that the principle of equal pressure is greatly 
modified by this circumstance. It follows from the preceding 
remarks, that the pressure p should in general be regarded as 
variable, in passing from one point to another of a fluid maiss, 
when the particles are acted upon by incessant forces. In 
this case, Uie pressure p exerted at any point whose co-ordi- 
nates are or, y, z^ when referred to the unit of surface, must 
be understood to denote the pressure which would be exerted 
upon a unit of surface, if every point in this unit should sus* 
tain a pressure equal to that exerted at the point or, y, z. 

General Equaiicns of the EqiMibrinm of Fluide. 

641. Let a fluid particle solicited by incessant forces be 
supposed to rest in equilibrio in a fluid mass, and let it be 
required to determine the equations necessary to establish the 
state of equUibrium. 

For this purpose, let the co-ordinate plane of i:, y be 
assumed horizontal and above the fluid mass, which we will 
suppose divided into infijiitely small rectangular parallelo- 
pipeds by planes parallel to the co-ordinate planes. Let dUL 
represent one of these elements whose co-ordinates are or, y, and 
z : the volume of this element will be expressed by dxdydz ; 
and by multiplying this volume by the density D, supposed 
constant throughout the element, we shall have D . dxdydz 
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fat the ezpreBsion of the elesientary mass of the fluid : henoe^ 
we derive the equation 

dId=D . dsdpdz (38^. 

If X, Y, and Z represent the incessant forces which act upon 
the element dM, and which are supposed constant throughout 
the extent of this element, XdilL, YJM, and ZdM will express 
the moving forces exerted upon the elementary paralle)opiped| 
and these forces, acting conjointly with the pressure sus- 
tained by the several faces of the element, should maintain 
this element in equilibrio. Let the superior surface dxdy of 
the parallelepiped be extended (Fig. 220) until its area 
becomes equal to the assumed unit represented by BC ; and 
let the pressure p sustained throughout this unit be con- 
ceived constant, and equal to that exerted at each point of the 
face dxdy. When the ordinate BD=j2f is changed into 
DE=ir +<te, the pressure p, which varies with z^ will become 

and will express the pressure exerted^ on the unit of surfiu^, 
each point of which sustains a pressure equal to that sup- 
ported by the points in the base EF of the parallelopipedL 
Consequently, to obtain the total ptessures on the superior 
base BO and on the inferior base EF of the el^n^it, we 
must multiply the surfaces B6 and EF, each of which is 
equal to drdy^hj the respective pressures exerted upon their 
unit of surface : thus, we shall obtain for the pressures sup- 
ported by BG and EP, 

pdsdy, and {p+^dz)dxdy ; 

the first of these pressures is exerted downwards, and the 
latter upwards. Their difference will be a pressure exerted 
upwards, if we suppose the pressure to increase with the 
co-ordinate Zj and it will be expressed by 

fdzdxdy. 
dz 

and since this difference should sustain in equilibrio Ae 
lical force ZdM, we shall have 



r 



BaUILIBRHTM OF FLUIDS. 853 

da 

substituting for dUL its value given by equation (38^, and 
ledudng, we find 

iz 

In like manner, by denoting the lateral pressures on a unit 
of surface exerted against the ftoes dxdz^ dyda^ by q and r^ 
we shall obtain 

$=DY, ^=:DX. 
dy ax 

It has been shown (Art. 640) that the pressures exerted upon 
any one of the feces is composed of the pressure uniformly 
distributed throughout the fluid, and of the pressure due to 
the incessant forces. Thus, to estimate the pressure qdxdz^ 
exerted upon the face dxdz^ it is obvious that this pressure 
may be considered as resulting from, 1^. The pressure exerted 
upon the superior base, which is transmitted equally through- 
out the parallelepiped ; and, 2^. The pressure due to the 
incessant forces exerted upon the particles which eompose 
the parallelepiped. But the pressure exerted upon the upper 
base being pdxdy^ it will be transmitted to the face dxdz^ 
exerting a pressure pdxdz proportional to the area of this 
face. 

The incessant forces being XdMy YiiM, and ZdM respect- 
ively, the pressure arising from their joint action will be a 
function of their intensities, which we shall represent by 

P(XdM, YdM, ZHS) ; 
and we shall thus obtain 

qdxdz^pdsdz+F(S.dmj Ydmy Zdm) (3S3). 

The function represented by 

I F(Xiifn, Ydm, Zdm) 

must be such that it will disappear when the forces are sup< 
posed equal to zero : hence it is necessary that every term of 
the iunction should contain at least one of the factors XiH, 
ITclM, or ZiM : and by arranging the terms with reference 
to the powers of iM, commencing with the least, we may 
suppose 

Z 
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P(XdM, YdM, Z(flJIO==IJCifflI+]SrriM+PZrfM+&c. 
Substituting this value in equation (383), we shall have 

and replacing dil by its equal Ddxdydz, this equation will 
become 

qdxdz=pdxdz + J)LJkdxdydz+iyifYdxdydz 

+VPZdTiydz+&^: 

dividing by ixdz, there results 

j=p+DLXdy+DNYdy-f DPZkfy+<fcc (384). 

The terms DLXdy, DNYdy, DPZdy^ 'ice being infinitely 
small with respect to p, it follows that the equation (384^ 
may be reduced to 

q^p. 

In like manneri it may be demonstrated that r=ji ; and 
hence, the equations of equilibrium will become 

±=m, ^=DY, ^=DX (385). 

clz ay dz 

If we multiply these equations by dz^ d^^and ix respecttvety, 
and tdie their sum, we shall obtain an expreasion for the 
differential of tlie pressure, when the co-ordinates :r, y, and 
K are su[qxwed to vary together ; thus, 

dp^^dx+^dy+^dz=^T>(Xdx+Ydy+Zdz) (386). 

{m7 ay CLZ 

Such is the equation which, when integrated, will determine 
the pressure upon the unit of sur&ce at any point of the 
fluid. 

Application of the General Eqnatiens of Equilibrium to 

Incompressible Fluids. 

642. Let us 8upp#sexen ioeompvessJble honM)geneous fluid 
to be in equilibrio in a vessel capaUe jof of^sing an iadefl- 
-f lite resistance to pressure : tbe{>ressuie j9.43xerted x^pon the 
unit of surfiEtc^^ at a point whose coroxdinates mx^x^o, y=&i 
z=Cy will be determined by substituting tibe vakiea^x, 6, and e 
for Xj y, and z, in the integral of equation (386) : aiid if the 
density D be supposed constant, the determination of Ibe 



IKCOUPRftMnBLB RUIBS. 

▼idM qS pstrM depend on the possibiiity of integrating the 
tiNntttte 

Xdx+Ydy+Tdz (387). 

This integration will always be possible, when the pre* 
ceding expression is an e^uct differential of the variables 
x^ y, and z* 

Let it be supposed that this condition is fulfilled, and that 
the pressure at any point on the sidos or bottom of the vessel 
has been determined ; this pressure will be destroyed by the 
resistance of the vessel. But if we consider a point in the free 
surface of the fluid, and suppose that no exterior pressure is 
applied to the fluid by means of a piston or otherwise, it is 
obvious that jth^ pressure at such point wifl b^ cquAl to zero* 
, The same being true for every point in the U»e smSpuoe of the 
fluid, it follows that in passii^g^ from any point in the sur&ce 
of the fluid to a consecutive point in the aame suriaee^ the 
pressure /I will remain invariable, being equal to zero at each 
of these points ; hence c2p=0, and the equation (386) eon- 
dered as applicable to points si^ated in this surface^ wiU 
reduce to 

Xda:+Yrfy+Zdz=0 . (388). 

This equation will likewise appertain to the surface of the 
ftu^d when this sux&ce experiences a constant pressure, that of 
the atmosphere for example, since we shall still huve dp^O*. 

It will also subsist for those points within the flnid mass 
which sustain equal pressures. 

648. When the expression (387) is an exfict differential* 
and the equation (388) is satisfied, we shall iiave dp^O, and 
the pressure, if it exist, must be constant. But, in this case, 
in order that the equilibrium may be preserved, it is neces- 
sary that the resultant of the forces exerted upon each par* 
tide in the surface, and directed towards the interior of the 
fluid, should be normal to the surface of the fluid : for if it 
were not, we might decompose this pesultaht into two forces, 
one normal and the other ^ tangent to the surface ; and it is 
evident that the latter would impart a motion to the fluid par- 
ticle. 

644. This condition is likewise indicated by the equation 

Z 2 
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(388) ; for, let of, y', and 2^ represent the ccw)idina«Bs of a par- 
ticle in the surfece of the fluid, and X, Y, and Z the in^easant 
forces applied to this particle^ The general equations of the 
normal to a curved surface at the point x', y', ^\ are 






(389); 



and if we substitute in these equations the values of -r^^^^ 

— determined by equation (388), the equations (389) will 

become thosc^ of the normal to the surface of which (388) is 
the equation. But by regarding X, Y, and Z as functions 
of the co-ordinates x, y, and z, and employing the usual nota- 
tion, the equation (388) will give 

dz' X dz'^Y 

'^dF'^T ""^^ Z' 
Substituting these values in (389), we find, for the equations 
of the normal at the point x', y", z'l 

X Y 

These equations are precisely similar to those of the result- 
ant of the forces X, Y, and Z, found in Art 57. 

646. The equation (388), ^en susceptible of being inte- 
grated, leads to several remarkable consequences. For, if we 
represent the integral of this equation by F(ar, y, z)+Cj and 
make C = —A, we shall have 

If we assign to A arbitrary values successively increasing, 
such as 0, a, a', a", &c., we shall obtam the equations 

F(2:, y, z)=0, 

F(2r,y,z)=ci, 

P(^,y, ^)=aV 
F(ar, y, ar)=:a'*, 



F{x, y, z)^a^\ 
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Each of these equatimis being difbrentiated will produce 
equaUoQ (388), and among them will be found that apper- 
taining to the surface of the fluid, which is supposed to have 
produced equation (388) by differentiation. 

Let this equaticm be represented by F(a:, y, z)^cl^ : then 
the other equations will appertain to diiferent surfaces, each 
of which will possess the property, that the resultant R of the 
forces X, Y, Z, exerted upon any particle situated in such sur- 
face, will be perpendicular to the surface. 

The directions of the forces being cut perpendicularly by 
the sur&ces of constant pressure, such surfaces are said to be 
levels If we suppose the arbitrary constants 0, a, a', a'', d^. 
to differ by indefinitely small increments, the fluid ipass will 
be divided by these level surfaces into a serie^^ of extremely 
thin layers, which are denominated level $trcUcu 

646. It follows, from the preceding remarks, that when the 
particles of the fluid are solicited by forces constantly di- 
rected towards a fixed point, its exterior will assume the 
spherical form. The same consequence may be deduced ana- 
lytically.. For, let the origin be taken at the centre of attrac- 
tion, and denote byxij/,z the co-ordinates of a particle dM. in 
the surface of the fluid: the distance of the point Xy y,z from the 
origin will be expressed by ^{x* +y' +^'). If this distance 
be denoted by r, and the force of attraction exerted upon the 
particle dUL by a, the cosines of the angles formed by the direc- 
tion of this force with the co-ordinate axes will be expressed 

by^, -, and ^ ; and the components of the force a will be 
r T T 

X=-4 Y=-*^ Z=-A?; 

T T T 

the negative signs are prefixed to these components because 
they tend to diminish the co-ordinates of the particle dUL 
By substituting these values in equation (3S8), we shall 
obtain for the differential equation of the surface of the fluid 

\xdx^yd/yArziz)^^ (890). 

Suppressing the common factor , and integrating, we find 
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an equation appertaining to a spherical surfiice ; henoe the 
surface of the fluid will be spherical. 

647. If the radius of the sphere be very great in compari- 
son with the extent of the surface, as is the case when we 
consider a small portion of the earth's surface, the cunrature 
will be insensible, and the surface may therefore be r^;arded 
as a plane. 

648. The integration of equation (390) was effected imme- 
diately in consequence of equation (388) becoming, in that 
example, a particular case of the theorem demonstrated in 
Art. 436,. relative to forces directed to fixed centres. It is by 
virtue of this theorem that equation (388) will always be 
integrable in such cases as refer to the equilibrium of fluids 
resting upon fixed surfaces. 

649. If^ in equation (386), we replace the quantity within 
the brackets by its equal d^{xj y, z)], we shall obtain 

dp=Dxd[F(ar, y, z)]; 
or, by division, 

^^d\F(x,y,z)] (391). 

But d{F(Xf y, z)] being by hypothesis an exact diflferential, 
-^ must likewise be an exact difl!erential ; hence, D will con- 
tain no variable except p ; this condition may be e^ressed by 
the equation 

D=/p (392). 

If the pressure p be supposed constant, the density D will 
be likewise constant, and (391) will reduce to 

d[P(^,y,^)]=0. 

The integration of this equation will reproduce that already 
found in Art. 646, the properties of which have been dis- 
cussed. 

660. The fluid being still supposed incompressible, bat 
heterogeneous, the density D will be variable ; and in order 
tiiat the pressure p may be determinate, the quantity 
DQKdx+Ydy+Zdz) must be an exact diflSsrential : but iif 
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Xdx+Ydf^+Zdz be likewise supposed an exact dijSbrendali 
it will appear, as in equatioto (392), that the density will be 
always a function of the pressure. Thus the pressure and 
density will become constant together, and will remain in- 
variable for all points situated in a level stratum. 

We conclude, therefore, that a heterogeneous fluid mass 
cannot remain in equilibrio, unless it be disposed in such man- 
ner that each of the level strata shall be of equal density 
throughout. The law of variation in the density in passing 
from one stratum to another, will depend on the manner in 
which D is expressed in functions of x, y, and z : and since 
the nature of the fimction is entirely arbitrary, the law of 
the density will likewise be arbitrary. 

Application of the General Equations of Equilibrium to 

Elastic Fluids. 

661. The characteristic property of an elastic fluid is its 
power of sustaining compression, and subsequently regaining 
its original volume and elasticity, when the compressing force 
is removed. 

Thus, a fluid which is elastic exerts in addition to the 
pressure due to the forces which act upon it, an effort arising 
from the elasticity of its particles. 

It has been ascertained experimentally, that this effort, 
which is called the elastic force ofthefluidj is proportional to 
its density, so long as the temperature remains invariable. 

Thus, if we suppose the temperature to remain constant, 
and represent by P that pressure exerted upon the unit of 
surface which is necessary to produce a certain density 
assumed as the unit, this density will be doubled when the 
pressure becomes 2P ; trebled when the pressure becomes 
3P, ice ; and hence, if the density be expressed by D, the 
corresponding pressure will be PD. This pressure being 
denoted by p, we shall have 

|>=PD (393) ; 

the quantity/! represents^ as heretofore, the pressure exerted 
apon the unit of surfiaice. 
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662. Bjr oombining equation (393) with the equatimi 

dp=D{Xdx+Ydjf+Zdz), 
there lesults 

± JUx+Ydjf+Zdz ^^y^ 

and by integration, we have 

653. The temperature being supposed constant throughout 
the mass, and the nature of the fluid particles everywhere 
the same, the quantity P will be constant, and may therefore 
be placed without the integral sign : thus, by representing 
the constant G by log (?, we shall have 

or, if we denote by e the base of the Naperian system, this 
equation will reduce to 

log p =log e ^ +log C? : 
reducing, and passing from logarithms to numbers, we find 

p=C'c ' 
This value being substituted in equation (393), we obtain 

p • 

The pressure and density being both functions of the quan- 
litY /(Sidx+Ydy+Zdz), they will become constant at the 
same time ; and hence, the density of the fluid throughout 
each level stratum will remain invariable. The value of the 
density in any stratum results immediately from the pre- 
ceding equation. 

664. It should be remarked, that in the case of elastic 
fluids, the equation 

Xdx+Ydy+Zdz=0 

cannot be deduced from the hypothesis of p=^0 : for, if we 
suppose p=Of the equation will give D=0; and hence, we 
perceive that it would be necessary that the density of the 
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tbaiA should be likewise equal to zero ; a snppositioti whidi 
would destroy the existence of the fluid. 

Wer conclude, therefore, that in an elastic fluid, the pressure 
caAiaot be equal to zero nt the sor&ce of the fluid, as is the 
case with incompressible fluids. Thus, a mass of plastic 
fluid cannot be in equilibrio unless contaiaed in a close 
vessel) or e^ttended indefinitely ii^ spaoe^ 

Of the Pressure of Heavy Fluids* 

665. It is now proposed to examine the circumstances of 
equilibrium in fluids whose particles are acted on by the force 
of gravity. For this purpose, let it be supposed that a vessel 
is placed upon a horizontal planC) and filled with water, or 
other heavy fluid, to a certain height. The surface of the 
fluid, as has been demonstrated, will assume a horizontal posi- 
tion ; let this surface be assumed as the plane of :r, y, and let 
the co-ordinates z be reckoned positive downwards ; the force 
of gravity being the only forcjB exerted upon the fluid parti- 
cles, we shall have 

X=0, Y=0, Z=g^; 

and the equation (386) will become 

dp^Dgdz. 

The density of tbe fluid and the intensity of gravity being 
supposed coQstanC, the integration of this equation will give 

p^J^z+0 (395). 

To determine the value of the constant C, we make z^O^ 
and since the pressure p is equal to zero at the same time, we 
deduce C«:0 : thus the equation (395) is reduced to 

p^Dgz (396). 

656. If a horizontal plane be drawn below tbe surfi&ce of 
the fluid, every point in such plane will have a common ordi- 
nate z ; and tfie pressure p=^I>gz will therefore be constant 
throughout this plane. 

667. Let h represent the distance between the sur&ce of 
the fluid and the horizontal base of the vessel ; the pressure 
fupported by the unit of sur&ce of the base will be determJned 
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by equation (396), in which we replace z by A, and dioi 
obtain 

p^\>gh (397). 

Let p represent the pressure supported by the entire base, 
which is supposed to contain h units of sur&ce : the quantity 
f will be contained 6 times in p' : we therefore have 

T^^hp (398), 

and by substituting for p its value given in equation (397), 
we find 

p'=D^A6 (399). 

But hh represents the volume of a prism whose base is 6, 
and height h ; and by multiplying this volume by the density 
D, we obtain iAD for the mass of the prism : therefore 6^AD 
will express the weight of such prism ; and hence, it appears 
that the base h supports a pressure equal to the i^eight of the 
column of fluid which rests immediately upon it. 

658. The pressure p', exerted by the same fluid, being 
dependent only on the base h and height A, it follows that the 
pressures supported by the basics of difierent vessels will be 
equal, whatever may be the forms of the vessels, provided 
their bases, and the heights of the fluid above them, be 
respectively equal. 

659. To determine the lateral pressure exerted against the 
sides of the vessel, let dm represwt the element of this sur- 
£9ice, and z the dbtance of tt^ elei^ent from the surface of the 
fluid ; the pressure |» (referred to the unit of sur&ce), which 
is supported by the element dm^ will be determined by equa- 
tion (396) : tliis value being substituted in equation ^99), 
and the area h being replaced by <2«, we obtain \>.gz.dm for 
the expression of the entire pressure on the element cb. A 
similar expression may be obtained for the pressure upon 
each element ; and since the pressures will be exerted in par- 
allel directions when the side of the vessel is supposed plane, 
we shall have, for the total pressure exerted against the side, 

r^^/Dgzdm. 

The second member of this equation contains two variables, 
one of which must be eliminated before the int^;ration can 
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be effectecL This elimination is readily accomplished when 
the figure of the surface m is known. 

660. Let it be required, for example, to determine the pres- 
sure exerted against the inclined rectangle ACDB {Fig. 221), 
whose sides AB and OD are parallel to the horizon. Denote 
by h and / the base AB and length BD of the rectangle, and 
conceive its sur&ce to be divided into an infinite number of 
elements, by lines parallel to AB or CD ; the pressure will be 
the same upon every point of the same element. Let v denote 
the distance Df of any one element af from the base CD ; 
the height of this element will be expressed by dv^as^ and 
the surface of the element by 

aby.ae=^bdv\ 

substituting this value (ox dm in the expression fDgzdmy we 
obtain 

fDgzdtt^/Dgzbdv : 

such will be the expression for the pressure exerted upon the 
surface ABDC. The integral should be taken between the 
limits v=0 and v=l^ the variable z being previously elimi- 
nated. To effect this elimination, let ^ represent the angle 
BDL included between the plane of the rectangle and the 
vertical line NL, and a the distance DN of the superior base 
CD firom the surface of the fluid ; we shall have 

K/orLN»ND+DL; 
or, 

z^esa+v,coa^: 

hence, the pressure exerted upon the sur&ce will be ex- 
pressed by 

p'=/Dg(a+v . COS ^)bdv ; 

and by performing the integration indicated, we find 

p'=^T)gb(av+iv^ COS ^)+C. 

The integral being taken between the limits v=0, and v=( 
we obtain 

p'=zDgb{al+il' cos ♦). 

661. To determine the point of application of the resultant 
of all the pressures exerted upon the rectangle, we remark, 
in the first place, that this point must be situated upon the line 
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EH, whioh bitecti the sides AB snd CD. We next rqgaid 
the pressures exerted upon the di&rent poials of the mirikoe 
ABDC as parallel forces, and detemune their moments with 
xeferenoe to a Yvrtieal plane passing thro>agfa die horiiontal 
line CD : the pressure sustained by the element uhfr being 
Dgzbdvj its moment \i^ill be expressed by Dgzbdp Xv • sin f ; 
and by denoting the distance EG of the point of mj^^lication 
of the resultant from the line CD by v„ the principle of mo- 
ments will give 

p'v, sin ^sin p/Dgzbvdv ; 

or, 

p'v,=/Dgzbvdv. 

If, in this expression, we replace jt by its value determined in 
the preceding Art., we shall obtain 

p%=l}gbJ{avdv+cos f . v^dv) ; 
whence, by integration, 

//i?,=Dg4(5^+C08^y) +0. 

The integral being taken between the linuts v=0 and v^l^ 
there results 



p'r,=D«* ^-g^+cos ^ j ; 



I 

and by substituting for p' its value^ we find, afier reduction, 

erf. /• 

2+cos^ 

Vs^ T 

a+cos^- 

Having found the pressures exerted upon the base and 
upon, each of the sides of the vessel, we combine these pres- 
sures, and determine their resultant: such resultant will 
express the entire pressure produced by the fluid. 

662. We will next consider a body immersed in a homo- 
geneous heavy fluid: the pressure exerted by this fluid 
against any portion of the surface of the body may be deter^ 
mined by the method for finding the pressure against the 
sides of a vessel ; but when it is required to consider the 
total pressure exerted against the surfttce <rf a body immersed 
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in a fluid, we oommonly employ the following theorems, the 
truth of which will be demonstrated. 

V. The pressures exerted upon the surface of n body etir 
tirdy immersed in a fluid have a single restdiant^ which is 
vertical and directed upwards. 

2°. The resultant ^ of all the pressures is equal in intensity 
to the weight of the fluid displaced. 

3^. The lifie of direction of this resultant passes through 
the centre of gravity of the displaced fluid. 

4°. The horizontal pressures destroy each other. 

To establish the truth of these propositions, let us suppose 
a vessel ADE {Fig. 222) to be filled with a heavy fluid in 
equilibrio, and let a portion of this fluid KL be conceived to 
become solid, its density remaining unchanged : the state of 
equilibrium will not be disturbed by this change. But this 
solid is urged downwards by a force equal to its weight, 
applied at its centre of gravity. This force can only be. 
destro3red by the resultant of all the pressures exerted by the 
fluid against the solid ; hence, it follows that these pressures 
must have a single resultant equal in intensity to the weight 
of the displaced fluid, and that this resultant must be applied 
at the centre of gravity of the displaced fluid, and be directed 
vertically upwards. Moreover, as the direction of the result- 
ant is vertical, the horizontal pressures will mutaally destroy 
each other. 

When a body is partially immersed in a fluids an equilibrium 
cannot subsist imless the centres of gravity of the body and 
of the fluid displaced be situated upon the same vertical line : 
this condition will necessarily be fulfilled when the body is 
entirely immersed, provided it be hom(^neous; since its 
eentre of gravity will then coincide with that of the fluid 
displaced. 

The buoyant effort exerted by the fluid being directed along 
a line which passes through the centre of gravity of the di»- 
placed fluid, that point is called the centre of buoyancy. 

663. Let V represent the volume of fluid displaced, and f/ 
that of the body ; D4he density of the fluid, and Jy that of 
ihe body : the weights of the volume of displaced fluid, and 
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of the body will be respectively D^ and IK^. If the body 
be supposed to rest in equilibrio, we shall have 

and if we suppose it to be entirely immersed, the volumes t^ 
and t/ will be equal, and the densities D and IK must likewise 
be equal, in order that the equilibrium may be preserved. 

But if the weight of the body be less than that of the fluid 
displaced, we shall have 

and the body will be urged upwards by a force equal to the 
difference Dgv—D'gtf. 

If, on the contrary, we should have 

DgvKB'gv', 

the body would tond downwards with a foioe equal to 

Of the Equilibrium^ Stabiliif/, and (hcilkUions of Floating 

Bodies, 

664. The propositions demonstrated in Arts. 662 and 663 
establish two principles which serve as the basis of the theory 
of floating bodies ; these principles are, 

1^. When a body is partiatty or totally immersed m a 
Jluidf an equUibrittm cannot subsist unless the centre of 
gravity and centre of btwyancy be situated upon the same 
vertical line. 

2^, If an equilibrium be maintained, the weight of the 
body will be equal to that of the Jluid displaced. 

The latter principle is frequently employed for the purpose 
of estimating the weight of a ship either with or without her 
cargo. For this purpose, we measure the capacity of the 
part immersed, and allow a weight of one tm for every 35 
culric feei which it contains. By taking the difierence of the 
weights of the vessel with and without the cargo, the weight 
of the latter may be obtained. We can also arrive at the 
same result, by simply measuring the ad<£tional portion of the 
vessel immersed, when the cargo is intlodiioed. 
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666» The honsoutal sorfiice of the fluid is called the plane 
Q/JhataiuM. 

666. If V denote the volume of fluid displaced, D its den* 
aity, and g the intensity of the force of gravity, the weight P 
of the body ABC {Fig. 223), which floats upon the surface 
of the fluid, and is partially inunersed, will be equal to D^. 

667. When the floating body and fluid are both homogene- 
ous, the centre of gravity of the part inunersed will coincide 
with the centre of buoyancy. 

668. The fluid and body being homogeneous, the centre of 
gravity G {Fig. 223) will be situated above the point O, the 
centre of buoyancy. For let g be the centre of gravity of 
that portion of the body which lies without the fluid : theny 
the centre of gravity G of the entire body will necessarily 
be situated upon the line gOy and between the points g and O ; 
hence, it will be found above the point O. 

669. But if the floating body be heterogeneous, it may 
happen that the centre of gravity of the entire body will lie 
below the centre of buoyancy. For by supposing the density 
of the lower part of the body to be yery much greaiter than 
that of the upper portion, the centre of gravity of the entire 
body nmy be situated extremely near the lower surface : but 
the position of the centre of buoyancy depends only on the 
figure of the part immersed, since the density of the fluid is 
sui^xised unifonn, and it may therefore be situated at a 
greater distance from the lower surface of the body than^ 
the centre of gravity of the entire mass. 

Hence we conclude, that the centre of gravity of the float- 
ing body is sometimes situated above, and sometimes below, 
the centre of buo3rancy. 

670. When the hody is but partially immersed, the weight 
of the immersed portion is less than that of the fluid dis- 
placed, and the equilibrium is maintained by the weight of 
that portion of the body which lies without the fluid : this 
weight is equal to the difference of the weights of the fluid 
disjdaced and of the part of the body immersed. If the weight 
of tfie body be increased, it will sink to« greater depth, until 
the weight of the additional quantity of fluid displaced lAall 
be equal to the weight added. 
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671. Let U8 now suppose that a body floating upon the 
surface of a fluid {Fig. 224) is deranged in a very slight de- 
gree £rom its position of equilibrium, by the applicatitm of 
any force, and let us examine whether th^ body will tend to 
return to its original position, or, on the contrary, to deviate 
farther from it. Let ADB represent the immersed part of the 
body before derangement, and obD that immersed after de- 
rangement : we suppose the new position of the body to be 
such, that the weight of the fluid displaced shall still be equal 
to the weight of the body, or that ABD=a6D. The eentre 
of gravity G may be regarded as fixed during the rotation,* 
since the forces will tend to turn the system about that point, 
as though it were immoveable. The centre of buoyancy 
will not retain its position O, but will be found nearer to the 
portion GB6, which, by the rotation, has become immersed in 
the fluid : and if we suppose, for the sake of symplifying the 
question, that the body is divided symmetrically by the plane 
ABD, the centre of buoyancy will obviously be found in this 
plane after the derangement. Let v repres^it the centre of 
buoyancy in the deranged position,, and ttnr^ttg^ o and G let 
perpendiculars oi and Gk be demitted upon the line ab. If 
an equilibrium subsist, the weight of the body and the up- 
ward pressure of the fluid will be equal and directly opposed. 

The first condition will necessarily be satisfied, since we 
have supposed the volume of fluid displaced to remain un- 
changed: the second condition will be fulfilled wh^i the 
points i and k coincide with each other : but if this coinci- 
dence should not take place, the pomt i may &il either to the 
right or to the left of the point k. In the first case, the pres» 
sure of the fluid applied at o and acting upwards, will evi- 
dently tend to restore the body to its primitive position, or to 
render the line DG vertical. But if the point i should fidl to 
the left of ky this pressure would tend to turn the body in a 
contrary direction about the point G, and would thus cause 
it to deviate farther from its original position. 

If the body, when deranged in a very slight degree ficom its 
position of equilibrium, should tend to resume its forttier posi- 
tion, the equilibrium is said to be stable ; but if, on the eoft- 
trary, it should tend to depart still farther from this positisiit 
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Ae aqniUfarium it called untiable; when the body neither 
tends to retam to ks original poeitioi], nor to dfiviate fitrther 
from it| the eqoilibrinm is said to be one oiimiigmnce. 

678. B]r examininy the directions of the pressuns before 
and after deraagementi we shall find that tho lines OG and 
oi perpendicular to AB and oi respectively, are inclined to 
each other, and being contained in the same plane, they will 
intersect in some point m [Fig. 226). 

This point is called the fnetacentre ; and it appears from 
Art 671^ that when the point G is situated below m, the 
extremity ib of the perpendicular Gk will fiiU to the left of the 
point iy and the equilibrium will be stable ; but if the point G 
be situated above the point m, the extremity k of the peq>en- 
dicular Gk will fidl to the right of the point i, and the equi- 
librium will become unstable. If the points i mnd k coincidoi 
the equilibrium becomes one of indifference. 

673. Let it now be required to determine the po^ition of 
the metacentre. This point being found upon Uie line con- 
necting the centre of gravity and centre of buoyancy in the 
primitive position of the body, it will be sufficient to determine 
its distance from the point O, or the point O. 

For this purpose we remark, Uiat when the body is slightly 
inclined, the line AB (f^» 226) which represents the profile 
ofthefiaxxe of floatation in the primitive position, assumes a 
position inclined to the new plane of floatation ab in a certain 
angle my the portion ACa being at the same time withdrawn 
from the fluid, and the portion BC& being immersed. Hence, 
the immersed portions of the body in the two positions will be, 

aCBD+ACa . « • • . in the primitive position, 
oCBD+BCb . • . • . after the derangement. ' 

But if y, gj and g* represent the respective centres of gravity 
of the volumes oGBD, aCA, and 6GB, the centre of gravity 
O of the volume ABRD will be found by dividing the line gy 
in the mverse ratio of the volumes oCBD and ACa ; and in 
like manner, we may find the centre of gravity o of the 
volume obBD : thus, we shall obtain the proportions 

vol aCBD : vol aCA :: Og:Oy . (400), 

vol oCBD ! vol 60B : : cgf : ©y (401) ; 

Aa 
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but the second tenne of these proportions are eqnal to each 
other : for, the floating body being sappoeed to displace the 
same quantity of fluid after it has been deranged as it did in 
its primitive position, the volumes AMKD and oARD will be 
equal to each odier ; and if fiam these equals we subtract 
the common part aCBD, there will remain the volumes aCA 
and BCb equal to each other. Hence, we deduce from the 
proportions (400) and (401), 

which proves that the lines gy and g'y are cut proportionaDy 
by the right line Oo, which line is therefore parallel to gg^. 

But, the derangement of the body being, by hypothesis, 
extremely slight, the line ^^ may be considered as nearly 
coincident with the primitive plane of floatation ; and since 
Oo is parallel to gg*, this Une may be regarded as parallel to 
the same plane. 

674. To determine the value ^of Oo, we deduce, from the 
proportion (400), 

vol aCBD+vol aCA : vol aCA : : 0^+Oy : Or, 
or, 

vol ABRD : vol aCA ::gy:Oy. 

But the similar triangles gg'y and Ooy give 

gy'Oyiigg^ :Oo] 

and by comparing this proportion with the preceding, we 

obtain 

vol ABRD : vol aCA :: gg* :Oo (402); 

whence, 

°-^^^^ • • • • • «■ 

676. Having di^termined the value of Oo, we can readily 
obtain that of Om (Pig, 227) ; for, the lines Om and om 
being respectively perpendicular to CA and Co, the angles at 
C and m will be equal ; and since these angles are exceed- 
ingly small, we may regard the triangles ACa and Omo as 
similar and isosceles : hence, we shall obtain the proportion 

Aa : Oo:: Ca : mO; 
and therefore, 

^ OoxCa ..^.. 

^0=^ j^ (404). 
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676. To obtain the analytical expressions for Oo and mO, 
we r^mark^ that the plane of floatation AB {FKg. 228), which 
limits the immersed part of the body in its primitive position, 
is replaced by the plane ab after the derangement : these two 
planes, being intersected by a vertical plane perpendicular to 
their common intersection, will exhibit the section AGa rep- 
resented in Fig, 296 ; and if we continue to draw other par- 
allel vertical planes, we shall divide the solid included 
between the planes KAL, KaL (i^. 228) into an infinite 
number of elementary laminas parallel to the plane ACa. 

But it is evident, that when the plane KAL, which in the 
primitive position of the body coincided with the surface of 
the fluid, shall have been detached from the surface, revolving 
around the line KL, each right line in this plane, as CA, will 
have described the sector of a circle *, so thuat the sections of 
the solid included between the planes ALB and oLb (i%. 
228) by the system of parallel vertical planes, will be repre- 
sented by the sectors ACa, A'C'a', A"CV, <fcc. {Fig. 229). 
But if we assume the line of intersection EL as the axis of 
Xy and place the axis of y in the plane KAL, the ordinates y 
will be the perpendiculars AC, A'C, A"C", &c. The infinitely 
small angle formed by the planes KAL and KaL being every- 
where the same, let the arc described by a point at the distance 
unity from the line KL be expressed by « : the arc described 
by the point A will ihen be determined by the proportion 

1 : « : : AC or y : arc Aa ; 
whence, 

arc Aa=0p (405). 

This arc being multiplied by the half of the radius y, we 
shall obtain ^y' for the area of the sector ACa ; and this 
area being multiplied by CC^dx, the portion of the line KL 
intercepted between two consecutive sectors, we shall have 
ibr the volume of the solid 

AaafA:^{my*dx, 

irhich will expiress die element of the solid included between 
the planes KAL and KoL. Hence, we shall have {Fig. 226) 

vol ACa=i#/Jr«ir (406). 

Such ndll be the analytical expression for the second term of 
the proportion (40^. 
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To delennuie the value of the third term, we remark that 
the line G^ (i^- 226) bmg the distance of the axis KL 
{Fig* 329) from the centre of gravity of the solid KaLA, we 
shall determine this distance, by dividing the sara of Ae mo* 
ments of the elementary solids by the volume KoLA. 

If we consider the elementary sector ACa {Pig* 229), the 

centre o( gravity g of this sector will be found upon the 

radius CRsCA {Fig. 230^ at a distance tcm die point C 

(Art 184) expressed by 

.^n chord Ad 

fCRx r — ; 

' arc Aa 

but the angle C being supposed extremely aniall, the arc Aa 

may be re^^tfded as equal to the chord ; andsmceCRise^ual 

to CA or y {Pig* 228), the i»eceding expression will give |y 

Ibr the distance of the centre of gravity from the axis kL 

Mnttii^ng the ele^ientary solid {«y'rfar by this distance, the 

moment of this solid with reference to this axis KL will 

hGCome^mff^dx: thus, we shall have 

/^my'dx^ihe sum of the elementary solids, 
/|«y'£tr==the sum of the moments of the elementary solids : 

and from the property of the moments, the distance Cg of the 
centre of gravity of the small solid CAa {Pig* 226), or 
KALa {Fig. 229), will be expressed by 

the quantity # being constant, this expression may be ro* 
duced to 

677. The value of C^ will result from the integrations hem 
mdicalad ; and that of C^ (jF^. 226) may be 6btaiiied in a 
similar manner ; but, if the floating body be S3rnunetrieal witk 
respect to a vertical plane passing through the axis KL, as 
wiU always happen in the case of a ship, we shall have 

and therefore, 

•*'-«*-is <^ 
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The volume of the pan immersed, which likewise enters 
into the equation (403), can be calculate directly, when the 
figure of the vessel is supposed known* Let this volume be 
denoted by T, and let its value and those of the volume ACa 
and gg^^ given in equations (406) and (407), 1^ substituted in 
equation (403) : we shall thus obtain 

3V 

and lastly, by substituting in equation (404) this value, and 
that of the arc Ao, given by equation (406), replacing Ca by 
y, we find 

3V 

Such is the formula expressive of the distance of the meta* 
centre from the centre of buoyancy. 

678. When the floating body is homogeneous, and of such 
figure that its parallel sections will be similar, we may rea- 
dily determine the position of the metacentre, without the 
necessity of performing an integration. For let a' represent 
the area of the section AEB {Fig, 231), which is supposed to 
have been determined by direct measurement, and let h repre- 
sent the half-breadth CA of this section : the half-breadths of 
the sections A'E'B', A"E"B", <fcc. will be represented by CA', 
C"A", &c. or by the ordinates y of the curve KAL. These 
sections being by hypothesis similar figures, they will be 
proportional to Uie squares of their homologous sides ; and 
hence, we shall have 

section AEB : section A'E'B' : : AC* : A'C*, 
or, 

a* : section A'E'B' : : 6« : y«; 
whence, 

section A'E«'=»^. 

The distance CC between two consecutive sections being 
denoted by cLr, we shall have 

for the expression of the elementary solid. 
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679. Let g represent the centre of gnrrity of the section 
AEB; whichi in ccmeequence of the symmetry of the fifnuro* 
will be found on the vertical CE. The cmtre of gravity of 
this section having been determined, let its distance from the 
surftoe of the fluid be denoted by n : we diall then have, 
from the similarity of figures, 

. (the distance ol the centre of gravity of the i _ , 

^^••^" ? section A'E'B' from the surfiice of the fluid \ ^'^ ' 
whence, 

Multiplying this distance by the elementary solid, we shall 
obtain for the moment of this solid, taken with reference to 
the sur&oe of the fluid, 

and therefore the expression -r— I y*dx will rei^esent the 

sum of the moments of the elementary solids taken with refer- 
ence to the surface of the fluid, lliis sum being equal to 
the product of the volume Y of the solid immersed by the 
depth HG of its centre of gravity, if this depth be denoted 
by 6, we shall have 

whence, 

But it has been shown (Art. 677) that the distance tnO of 
the metacentre from the centre of buoyancy is given by the 
formula 

•»o p^, 

oDd if w« compare these two ezpressioos, we shall find 

G:inO::3iia*:26*; 



i 
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whence, 

•»°=w <**>• 

680. For the purpose of appl3ring this formula, let it be 
required to find the metacentre of a rectangular parallelo- 
piped ML. Let AF represent the intersection of the body 
by the sur&ce of the fluid {Pig, 232), supposed parallel to 
the base NL. The depth AN, to which the body must be im- 
mersed in order that it may be sustained in equilibrio, will 
depend on the weight of the parallelopiped and the density of 
the fluid (Art. 664) : this depth may be considered as deter- 
mined by experiment : the quantity a', which represents the 
section BN, and which will be constant for aU parallel sec- 
tions, will be determined immediately ; for we have 

a«=ABxCE. 
Again, the semi-breadth of the section being equal to }AB^ 
there results 

Ji=:iAB=AC; 

and since the centtes of gravity of all the se6ti6nrare equally 
distant from the surface of the fluid, the centre of gravity 
ot the fluid displaced will be situated at the same distance ; 
so that we shall have 

By substituting these values in formula (408), the distance 
of the metacentre tn from the centre of buoyancy will be 
found equal to 

2AC» 



or, by reduction) 



"^^"SABxtJE 



"^^^WfS^ 



For example, if the semi-breadth of the patallelopiped be 
supposed equal to 9 feet, and the depth of the part immersed 
4 feet, we shall find the height of the metacentre above the 
centre of buoyancy equal to 6| feet ; if, therefore, we subtract 
from this height, 2 feet, the depth of the centre of buoyancyi 
there will remain 4} feet, for the height of die metacentre 



^ 
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above the surfrce of the fluid. Hence, the centre of gravitj 
of the panllelo}»ped should not be more than 4| feet above 
the surfiboe of the fluid, if we wish the equilibrium to be of 
the stable kind. 

681. As a second example, let us consider a vessel whose 
vertical sections below the surface of the fluid are equal right- 
angled isosceles triangles, such as AEB {Fig. 233). 

If the perpendicular EC be demitted upon the base^ the 
triangle AEC will likewise be isosceles, and the height EC 
will therefore be equal to one-half the base AB : thus, the 
quantities which enter into the foramla (408) will be, in the 
present case, 

a* =saiea of the triangle AEB=AC', 

n=G=;iCE, 

A=AC=CS: ; 

consequently, by substituting these values in formula (408), it 
will reduce to 

mO=:|CE: 

and if from this value we subtract that ot the distance of the 
point O below the surface of the fluid which is equal to fCE, 
there will remain ^CE for the distance of the metaoentre 
above the surface of the fluid. Hence, in a prismatic vessel 
whose vertical sections are right-angled isosceles triangles, 
the metacentre will be found at a distance above the surlaoe 
of the fluid equal to the distance of the centre of buoyancy 
below the surface. 

682. If we suppose the body to be slightly deranged from 
a position of stable equilibrium, and conceive the resultant of 
all the upward pressures of the fluid to be applied on its line 
of direction, at the metacentre, we can determine the circum- 
stances of oscillation of this body about the centre of gravity, 
by a method entirely analogous to that emplojred in consider- 
ing the motion of the compound pendulum. For this pur. 
ppse, let the origin of co-ordinates be placed at the centre of 
gravity, and let the proper value of y, be substituted in for- 
mula (337), which may be put under Uie form (338) 
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fdrmula admits of simplificalkni in the pnsent case, 
£rom the oonsideratioti that the osdUatiODS am perfonned 
about the centre of gravity ; and the general expression of 
the moment of inertia TA{k*+a*) k therefore reduced to 
Hit* 3 hence, we obtain 

*!:«§yi . . . . .(409). 
dt k* ^ ' 

This equation, when integrated, will serve to determine the 
angular velocity, and the time of perfamung a complete oscil- 
lation. 

683. To determine the value of ff^ which represents the. 
perpendicular distance from the axis passing through the cen- 
tre of gravity, about which the oscillations are performed, io ^ 
the line of direction of the upward pressure, we remark, that 
the distance of the metacentre from the centre of buoyancy 
O is expressed by 

2/y»Ar 

"IT"- 

Let this diBt«^ce be denoted by A, and the distance GO {Fig. 
234) by B ; we shall then have 

or, since the point O may M above O, we inay lik^^wlse have 

Gms:A— B ; 
hence we may comprise the two cases under the double sign, 
by writing 

Omt=A±B. 

If the angle LmG {FHg. 234), formed by the vertical tnL with 
the new direction of the line GO, be represented by 0, we shall 
have the relation 

GL«=Gf9isin#; 

or, replacing the sine by the arc, since the arc is supposed 
extremely small, and substituting the value of Gm, thk equa- 
tion will become 

GL=(A±B)#; 
and by introducing this value of y, in formula (409), we 
shall obtain 

d^_ giA±B)i 

eft"" &• 



378 . HTDftOSTATICS. 

684. But the angular Telocity m beuig that which comg- 
ponds to the arc # described with a radius unityi this iFelodty 

will be expressed by -r \ and since the arc # {Fig- 23^ is a 

decreasing function of the time /, di should be affected ^nA 
the negative sign ; hence, 

-=^ (*io)- 

Multiplying the corresponding terms of these equations toge- 
ther dt will disappear : and there will result 

Putting, for brevity, 

€i^=:E (411), 

and multiplying by 2, we obtain 
Integrating, we have 
whence, 

4P=:^(C— E#«). 

Substituting this value in equation (410), we obtain 

^(C~E<») ' 
or, by reduction, 



^Ev/(|-..) • 

and, by integration, 

from which we deduce 

and, finally, 

^ ^C.co8[ (<-C'VE] 

7E 

685. When E is negative, the value of # becomes imagin- 
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ary, and the 4)6cillator]r motion cannot take place ; but in 
order that E may be negative, the first member of equation 
(411) mi^t likewise be negative ; and consequently, 

A ± B=a negative quantity : 

this case occurs when B exceeds A, and is affected with the 
negative sign ; and since A± B represents the distance of the 
centre of gravity from the metacentre, it follows that the meta- 
centre will then be situated below the centre of gravity, and 
the equilibrium will be unstable. On the contrary, if A±B 
be positive, the metacentre will be found above the centre of 
gravity^ the value of E will be positive, and the values of B 
and « will be real : thus, the oscillations can be performed, 
and the equilibrium will be of the stable kind. 

686. The time of oscillation being determined by a method 
entirely similar to that employed in investigating the circum- 
stances of motion of the compound pendulum, we may con- 
clude'that this time will be independent of the extent of the 
arc through which the oscillations are performed^ provided 
the arcs be extremely small. 

Specific Oravity — Hydrostatic Balance — Hydrometer, 

687. liCt P r^resent the weight of a body M : if this body be 
immersed in a fluid, the buoyant effort exerted by the fluid will 
tend to support the body, and the force F necessary to sustain 
it will be less than P, that required previous to the immer- 
sion, by a quantity equal to the weight of the fluid displaced. 

For example, if M be supposed a sphere of lead whose 
weight is equal to eleven pounds, and if it be found to weigh 
but ten pounds when immersed in water, we should conclude 
that the weight of ah equal volume of water would be one 
pound ; and therefore that the weight of lead was to that of 
water as eleven to one. 

688. The specific gravity of any substance is the ratio 
between its weight and the weight of an equal volume of 
some other substance assumed as the standard. 

Thus, in the preceding example, if water be adopted as the 
standard of comparison, the weight of the sphere of lead 
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being eleven times greater than that of an equal Tolnme of 
water, the specific gravity of lead will be represented fay the 
number 11. 

The density of a body has been defined (Art 161) to'be the 
ratio between the quantity of matter contained in the body and 
that contained in an equal volume of some other substance 
assumed as die standard ; and since the wei^ts of bodies are 
{NToportional to the quantities of matter which they con- 
tain, it follows that the ratio of the weights of two bodies 
will be equal to the ratio of their quantities of matter. 
Hence, the number ei^ressing the specific gravity of a body 
will be the same as that which expresses its density, |H*ovided 
we refer the density and specific gravity to the same sub- 
stance as a standard. 

In practice, it is usual to adopt water as the standard in 
determining the specific gravities of solids and incompressible 
fluids ; and for the purpose of rendering the comparison more 
exact, the water is first deprived, by distillation, of any im- 
purities which it may contain. The specific gravities of 
gases and vapours are generally referred to that of atmo* 
spheric air. 

689. The dimensions of all bodies beii^ more or less 
affected by changes of temperature, it becomes necessary to 
adopt a standard temperature, at which experiments for the 
determination of specific gravities may be performed. A 
convenient temperature fot this purpose is that corresponding 
to 60^ of Fahrenheit's thermometer, it being easily obtained 
at all times : and the tables of specific gravities are usually 
calculated for this temperature. Whei{ drcumstanoes will 
not permit the experiments to be performed at the standard 
temperature, the results obtained must be reduced to this tem- 
perature, by introducing a ^rrection for the change of vd- 
ume which the substance would undergo if reduced to the 
standard temperature. This correction is readily applied 
when the law of dilatation has been previously ascertained. 

690. If we wish* to determine the specific gravity of a flnid, 
as olive-oil, we may inunerse succesnvely the same solid m 
water and in this fluid ; we shall thus be enabled to deter- 
mine the weights of equal volumes of thQ two fluids ; and a 
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comparison of these weights will give the specific grayily 
of the oil. For example, if the sphere of lead weighing 
eleven poands have its wdght reduced to 10.0851b. when 
immersed in oil, the weight of the fluid displaced would be 
equal to 0.915 lb. ; and since the weight of an equal bulk of 

water was found equal to 1 lb., we shall obtain -^ — =0.915, 

for the ratio of the weights of equal bulks of the two fluids : 
this number will therefore represent the specific gravity of oil. 

From the preceding remarks, we may infer that if two 
bodies of unequal volumes, suspended from the arms of a 
balance, sustain each other in vacuo, the equilibrium will not 
be maintained when the bodies are similarly suspended in the 
atmosphere ; the weight of the larger body being most sup- 
ported by the buoyant eflbri of the atmosphere. 

691. 'The instrument usually employed for determining 
with accuracy the specific gravities of bodies, is the hpdrch 
static balance. This consists merely of a delicate balance^ 
having a small hook attached to one of its scales, by means 
of which the body can be suspended, for the purpose of deter- 
mining its weight when immersed in a fluid The body is 
connected with the book by a hair or slender thread, whose 
weight is inconsiderable. 

When we wish to determine the specific gravity of a solid, 
we place it in the scale to which the hook is attached, and add 
weights in the opposite scale until an equilibrium is produced. 
The weij^ts thus added will represent the weight of the body 
in air» The body is then attached to the hook and im- 
mersed in water ; and the weight necessary to be placed in 
the opposite scale to produce an equilibrium will give its 
weight in water : the difference between the weights in air 
and water will be equal to the weight of an equal volume 
of water, and byc(»nparing this difference with the weight 
in air, we shall obtain the specific gravity of the substance 
under consideration. 

This process is slightly inaccurate; since the buoyant 
efforts exerted by the atmosphere upon the body when im- 
mersed in it, and upon the weights introduced into the 
opposite scale, have been neglected. But as the density of 



382 HTOBOgTATIGS* 

the atmosphere ia very small, this omisskm will not aiect the 
results materially. 

When the given substanoe is soluble in water, we deter- 
mine its specific gravity with referaice to some fluid in which 
it is insoluble, and then compare the ^pedfic gravities of the 
two fluids. If the body be lighter than water, we can con- 
nect it with a heavier body, which will cause it to sink* 
Then, having the weights of the heavier and lighter bodies, 
and that of the compound in air, and having ascertained the 
loss of weight sustained by the heavier body and the com- 
pound when immersed, we can readily deduce the we^t of 
the fluid displaced by the lighter. 

The specific gravity of a fluid may be determined by 
weighing successively the same body in this fluid and in 
water, and comparing the weights of the equal volumes 
displaced. Or it may be ascertained by wraghing the same 
vessel when filled with water,* and with the fluid under con- 
sideration ; these weights, being diminished by that of the 
vessel when empty, will give the relation between the specific 
gravity of the fluid and that of water. 

692. 7%s hydnmy&ter is an instrument usually designed (o 
determine approximatively the specific gravities of fluids. It 
is composed of a cylinder of glass or metal, to the lower 
extremity of which a cup is attached loaded with shot or 
mercury, and terminated at top by a slender graduated wire. 

When the hydtx>meter is plunged into a fluid, the weight 
with which its lower extremity is loaded causes it to assume 
a vertical position, and it sinks jto a greater or less depth, 
according to the specific gravity of the fluid Hence, that 
division on the graduated stem which corresponds to the 
surface of the fluid will serve to indicate the specific gravity 
of the fluid. 

Foir example, if the hydrometer be immersed in distiUed 
water whose temperature corresponds to 60° FUirenheit, the 
surface of the water will intersect the stem at a certain 
division, which We shall suppose to be that marked 10 : if 
plunged in wine, it will sink deeper, say to the 11th, 12th, 
or 13th division ; and if in brandy, to a still greater depth, 
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the division indicated being dependent on the quantity of 
alcohol which the brandy contains. 

The use of this inatrament evidently depends upoa the 
principle^ that when a body is inuneraed in a fluid, a portion 
of its weight equal to that of the fluid displaced will be sup- 
ported by the buoyant efibrt of the fluid : thus, the heavier 
the fluid, the less the depth to which the hydrometer will 
sink, 

693. The hydrometer, as improved by Nicholson, will 
sc^tve to determine the specific gravities of solids or liquids. 
The inslmmem coBsists of a hollow copper ball A {Pig' 236), 
to the lower part of which js attached a brasa cup of sufficient 
weight to maintain the hydrometer^ in a vertical position 
when immersed in a fluid. The upper part of the ball 
carries a slender wire D, which supports a small dish-C des- 
tined to receive the weights. The weight of the hydrometer 
is such that the addition of. 600 grains in the dish G will 
jufit sink the instrument in distilled water, at the temperature 
60^ until the sur£u» of the water intersects the stem at its 
middle point D. If, therefore, a body be placed in the dish 
G, and weights be added tmtil the point D shall correspond to 
the sur&ce of the water, the difference between 600 grains 
and the weights added will express the weight of the body. 
The body being then transferred to the lower dish B, it will 
be found necessary to {dace additional weights in the dish C, 
in order to sink the hydrometer to the same depth: these 
additional weights will be equal to the Joss of weight sus- 
tained by the body when immersed. Hence,- the sp^ific 
gravity of the solid may be readily determined. 

When we wish to determine the specific gravity of a fluid 
widi this hydrometer, we immerse the instrument succes- 
sively in distilled water and in the given fluid, and ascertain 
the wei^ts necessary to be added in each case to the dish C, 
in order to sink it to the same lev§l. Then, the known 
weight of the instrument added to the weights introduced 
into the upper dish will give the weight of the fluid dis- 
placed. ThuBy we can compare the weights of equal volumes 
of the two fluids. 
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Of the Pressure and Elasticity of Atmospheric Air. 

694 The freight of the atmosphere was first reoog^nised by 
Galileo. Torricelli, his pupil, demonstrated the existence of 
this weight by the following experiment. Let AB {Fig. 236) 
represent a glass tube, 3 feet in length, filled with mercury, 
closed at the lower extremity and open at the upper : let the 
finger be applied to the open extremity, and let the tube be 
inverted, and its open extremity plimged in the basin of mer- 
cury : on withdrawing the finger, the mercury will be found 
to descend in the tube, leaving a certain portion of it BE (FHg, 
297) unoccupied. If the experiment be tried with tubes of 
different lengths or different diameters, the height of the 
column of mercury sustained in the tube will be found, in 
each case, to be about 29 or 30 inches above the level of the 
fluid in the basin. This column of mercury is sustained by 
the pressure of the atmosphere, arising from its weight; 
which pressure, being exerted upon the surfitce CD, is suf- 
ficient to counterbalance the weight of the column. 

If the experiment be performed with fluids of different 
densities, the heights at which they will be supported will be 
found to differ : thus, if the fluid be water, whose density is 
to that of mercury as I to 13}, the height of the column will 
be found equal to 30 in. X 13} =34 feet, nearly ; the weight 
of such column being equal to the weight* of the column of 
mercury. 

696. The operation of the common siphon is also to be 
referred to the pressure of the atmosphere. 

The siphon is a bent tube having its two branches of 
unequal lengths. The shorter branch EP {FSg. 238) being 
plunged into the fluid c(mtained in the vessel ABCD, and the 
air being withdrawn from the siphon, the pressure of die 
atmosphere exerted upon the surface EC will cause the fluid 
to rise in the siphon ; and if the height of the point F be less 
than that at which the atmospheric pressure can sustain the 
given fluid, it will pass into the longer branch, and will be 
delivered at the point G. The current having conomeoced 
in the siphon, it is maintained in consequence of the superior 
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weight of the fluid in the longer arm overcoming, in part, the 
pressure of the atmosphere at the point C, and thus permitting 
the eqnal pressure of the atmosphere exerted upon the surface 
BC to force the fluid up the shorter branch. Hence, it is 
obvious that the point C must always be below the surface 
of the fluid in the reservoir ABCD, in order that the siphon 
may be eflective. 

696. Air is an elastic fluid, which is susceptible of being 
compressed into spaces which bear to each other the inverse 
ratio of the forces applied. 

This may be established experimentally as follows : Let 
A'BCE (Pig. 239) represent a curved tube closed at E and 
open at A' : let mercury be introduced into the tube until it 
shall stand at the same level CC in the two branches : the 
air contained in the space CE will then be of the same density 
as the exterior air. If mercury be now poured into the tube 
until the part ABCD be entirely filled, the length AB being 
equal to 30 inches, the column of air DE will be found reduced 
tx> one-half its original bulk CE : if mercury be again intro- 
duced until it extend from A' to «{, the length A'b being equal 
to 60 inches, the volume of air will be found reduced to a 
spaoe Ed=iCE. 

This experiment establishes the law of compressibility ; 
for, before the introduction of the mercury, the air contained 
in the space CE, being pressed by the weight of the atmo- 
sphere, must support a pressure equivalent to 30 inches of 
mercury. When the same volume of air is caused to sustain 
the additional pressure of a column of mercury AB=30 
inches, it is reduced to one-half its original bulk ; and by the 
. further addition of 30 inches, the air is reduced to one-third 
of this bulk. Thus, it appears, that the spaces occupied by 
the same mass of air are inversely proportional to the pressures 
applied ; and since the densities of the air are inversely pro- 
portional to the spaces occupied by the same mass, it follows 
that the densities will be in the direct ratio of the pressures. 

If the mercury be withdrawn from the tube, the air will 
expand and occupy the same space as it did previous to 
compression. 

33 
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Of Pumps far raising Water. 

697. The pump i« a machine employed for the purpose of 
raismg water. There are three principal kinds of pumps, 
viz. the sucking pump, the lifting pump, and the forcing 
pump. 

The sucking pump, represented in Fig. 240, consists of 
two tubes ABDC and DCHL, of unequal diameters, connected 
together ; the first of these is called the sucking pipe, and the 
second the body of the pump. Within the body of the pump, 
an air-tight piston MN, having a valve opening upwards, is 
moved through the space MH, which is called the play of the 
piston. At the lower extremity of the body of the pump, a 
second valve Ar, called the sleeping valve, is placed, whidi 
likewise opens upwards. 

The lower extremity AB of the sucking pipe being im- 
mersed in a reservoir containing water, and the piston MN 
being raised from the position MN to HL, the air contained 
in the space CN will expand and fill the space CL, its density 
and elastic force being both diminished : at the same time, 
the air contained in the pipe AD, having a density equal to 
that of the exterior air, will, in virtue of its elasticity, exert 
upon the valve k, a stronger pressure than that arising from 
the elasticity of the rarefied air contained in the space CL: 
hence, the valve k will be forced open, and the air contained 
in the interior of the pump will acquire a density that is uni- 
form throughout, but less than that of the exterior air : then 
the pressure exerted upon the surface of the water AB being 
less than that exerted by the atmosphere upon the surfibce at 
other points of the reservoir, the water will rise in the suck- 
ing pipe to the level A^', such that the weight of the column 
A'B , together with the pressure of the rarefied air contained 
in the pump, shall be equal to the pressure of the exterior 
air. The densities of the air in the body of the pump and in 
the sucking pipe having become equal, the valve k closes bjr 
its own weight. 

The piston being then depressed from the position HL to 
MN, the air contained in the space CL will be compressed 



pvwanL 387 

into the space CN, and its density and elastic fince will 
become greater than those of the air contained in the sucking 
pipe : the pressure on the ujqper sur&ce of the valve k being 
now greatest, this valve will continue closed daring the de- 
scent of the piston, and will intercept the communication be- 
tween the sucking pipe and body of the pump : hence, the 
density of the air in the sucking pipe will remain unchanged, 
and the water will retain the level A'B'. When the piston 
shall have regained the position MN, it wiU have compressed 
into the space CN, not only the quantity of air originally con- 
tained in CN, but likewise that portion which was introduced 
into the body of the pump from the sucking pipe. The den- 
sity of the air contained in the space CN will therefore exceed 
that of the exterior air, and its elastic force will open the 
valve I : the air contained in CN will thus be restored to its 
original density. The piston being raised a seooiid time, the 
air in MD will be again rarefied, a porticHi of that con- 
tained in A'D will pass into the body of the pump, and the 
equilibrium will be restored by' the water rising to a new 
level A"B". 

^The same operation being repeated, the water will rise 
through the valve k into the body of the pump, will pass 
through Che valve I in the piston, and will finally be delivered 
by the spout QJEL 

698. We will next examine the mechanism of the lifting 
pump. In this pump, the piston MN {Pig. 241) is situated 
below the fixed valve kj and being depressed fi'om the posi- 
tion MN to HL, is supposed to pass below the surface afV of 
the water contained in the reservoir : the piston contains a 
valve opening upwards, through which the water passes, 
regaining its level aV. The piston being then elevated, the 
column of water oli, which rests upon its superior base, being 
prevented from returning through the valve, will be raised 
through a height equal to the play of the piston, and will oc- 
cupy the space aN : at the same time, a vacnum being formed 
below the piston, the water will be compeUed to follow the 
piston in its motion by the pressure of the atmosphere on the 
surface of the water in the reservoir. But the air contained 

in the space a'D being comprp-ssed by the elevation of the 

Bba 
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piston, its elastic force will become greater than thtft of the 
exterior air, and the valve k will open, restoring the air below 
A: to its original density. The circomstances will then be 
the same as before the first stroke of the piston, with the ex- 
ception that a portion of water has passed above the piston. 
When the piston is again depressed, the column of water aN, 
which rests upon it, will also descend, and the air contained 
in the space C6 will therefore be rarefied. The descent of 
the water will continue until the elastic force of the rarefied 
air contained between the valve k and the sur&ce of the 
water, together with the weight of the column of water raised, 
shall be equal to the pressure of the atmosphere : the valve 
in the piston will then open, and an additional quantity of 
water will pass above the piston. By repeating the process, 
a certain portion of water will pass above the piston at eadi 
stroke ; and reaching the valve k^ will pass into the body of 
the pump, and may be delivered at any height 

699. The forcing pump is a combination of the sucking and 
lifting pumps. In this pump, the piston MN {Fig. 242) is 
without a valve, but the lateral pipe HE is provided with one 
at I, opening upwards ; and there is a sleeping valve at L, as 
in the sucking pump. The piston bdng raised, the water rises 
into the space MCDEF, for the reasons assigned in describing 
the sucking pump : when the piston is depressed, the water is 
forced through the valve I into the tube H6 ; and by con- 
tinuing the process, it may be delivered at any height 

700. If the dimensions of the sucking pump be improperly 
chosen, it may happen that the water will rise only to a cer- 
tain height For the purpose of discovering in what cases 
this will occur, we shall simplify the question, by supposing 
the pump to be of uniform bore throughout Let the water 
be supposed to have been raised to the level ZX {Mg. 243), 
and the piston to move through the space ML : call 

asLN, the play of the piston, 

6= LB, the height of the piston at its greatest elevation 

above the sur&ce of the water contained in the 

reservoir, 
xaszihe distanoe LX 
When the piston is raised firom the position MN to HL^ the 
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■if which was praTioady ocmtained in the speee ZN will 
occupy the space ZL, and its elasticity will therefore be 
diminished in the ratio of LX to NX; sothi^ if R represent 
the elastic force of the air contained in the space NZ, and R' 
the elastic force of the rarefied air contained in LZ, we shall 
have 

LX : NX : : R : R' ; 
or, 

X : x^a : : R : R' : . 
whence, 

X 

Bat the air contained in the space NZ being of the same 
density with the exterior air, its elastic force will be properly 
measured by the weight of a column of water whose base c is 
equal to the surfiice MN, and whose height is equal to 34 feet. 
Let this height be denoted by A ; the density of water being 
supposed equal to unity, and the force of gravity being denoted 
by ^, we shall have 

This value, substituted in the preceding equation, gives 

X'-—(i 
R'=s -cAg^. J 

X 

But it is evident that when an equilibrium subsists, the elastie 
force of this rarefied air, together with the weight of the 
column of water BZ, must be just sufficient to counterbalance 
the pressure of the atmosphere, which tends to produce the 
ascent of the water. The weight of the column of water 
ABXZ will be expressed hjgc X BX, or geX (ft— :r) ; and the 
pressure exerted by the atmosphere will be expressed by the 
column gck ; hence, we shall have, in case of an equUibrium, 

X 

or, by suppressing the common factor ^c» 

— ^A+6— *asA. 
X 

But, if it were required that the water should rise above the 
level ZX, it would then be necessary that the atmospheric 
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pressure should exceed that arising from the weight of ths 
column ZB, and the elastic force of the air contained in the 
spaee ZL : we shall consequently have 

X 

Let z represent the excess of the second member of this in- 
equality; then 

X 

or, by reduction, 
whence^ 



a?=— i— ± 



v[m-*\ 



2 

If we make j2p=0, the water will cease to rise, and we shall 
then have 



^=|±\/(t-**)' 



These two values of x will be real so long as -^ exceeds ah : 

if, therefore, this condition be fulfilled, there will be two points 
at which the water will stop : but if, on the contrary, ah 

should exceed -r-, the values of x will become imaginary, and 

4 

there can be no point ai which the water will cease to rise. 
Such.is the condition requisite to ensure the effective per- 
formance of the sucking pump. 

701. With the lifting pump, the water can be raised to any 
height, provided sufficient force be applied to the piston* 
For, let the water be supposed to have risen to the level EF 
{Fig, 241), the water in the reservoir standing at the level oft, 
above the [Hston. Then, the column included between the 
surfaces ab and MN being supported by the pressure of the 
contiguous fluid, the piston MNP will be loaded only with 
the weight of the column extending from ab to EF. 

702. But if the level of the fluid in the reservoir be sup- 
posed at a'V below the piston, the weight P of the colunm of 
water included between MN and a!V must be supported by 
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the prasstire of the atmosphere exerted upon the surface of 
the water in the reservoir. Hence, the pressure of the atmo- 
sphere exerted upon the upper base of the piston, through the 
column EN, will exceed that which is exerted upon the lower 
base through a'N, by the weight of the column a'H ; for this 
weight counteracts in part the pressure exerted by the atmo- 
sphere upon the water in the reservoir. Thus, the piston MN 
being urged downwards by the weight of the cohimn MP 
situated above it, and likewise by the difference of the atmo- 
spheric pressures, which is equal to the weight of the column 
a'N, the effect will be the same as though the piston sup- 
ported a column of water whose base is MN, and whose 
altitude is equal to the distance between the levels afV 
aodEF. 

It thus appears, that with a sufficient effort, the water may 
be raised to any height by the lifting pump, the fixed valve 
At being supposed near the surface of the water. 

The same principles will serve to estimate the force neces- 
sary to raise the water in the sucking pump. 

Of the Air-jpump. 

703. In examining the properties of various substances, it. 
is frequently necessary to withdraw them from the action of 
the atmosphere, and it therefore becomes desirable that we 
should have it in our power to exhaust the air from a vessel 
in which the substance has been deposited. This vessel is 
called the receiver, and is usually constructed of a transparent 
substance, such as glass, in order that we may have an opportu- 
nity of observing the effects produced on the substance under 
consideration by the withdrawal of the atmospheric air. 

704 The machine employed to exhaust the air is called 
an air-pumpf and the term vacuum is applied to the space 
£rom which the air has been extracted. 

706. The general principles upon which the operation of 
this machine depends, will be readily understood by a refer- 
ence to FHff. 244. A represents a section of the glass receiver 
-which rests upon the plate BC, the lower edge of the receiver 
and the plate being ground exactly plane, so that their con- 
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tact may be as perfect as possible* Theedge of the laoeiirer 
being previoasly smeared with a little sweet oil, the air will 
be effectually prevented from penetrating between the 
receiver and plate. 

The plate BC is perforated by a cavity DE^ which commu- 
nicates with the cylindrical barrel CF| in which an air-tight 
piston, having a valve opening upwards^ is worked by means 
of a handle H. At the bottom of the barrel is placed a secMid 
valve E, likewise opening upwards. 

706. Let it now be sui^x)sed.that the pistcm has hem 
depressed until it has reached the valve E ; the air in the 
receiver, barrel, and communicating pipe being of the same 
density as the exterior air, and the malves being closed by 
their own weight. Then, if a force be applied to raise th9 
piBton, the valve P will remain closed, and a vacuum would 
be left between the piston and the valve E, provided the 
weight of the valve E were sufficient to overcome the pies* 
sure exerted upon its under surface by the elastic fi>roe of 
the air contained in the receiver and communicating pipe : 
this, however, not being the case, the valve E will be forced 
open, and a portion of the air eontained in the pipe and 
receiver will pass into the barrel, until the density of the air 
becomes uniform throughout This effect will continue until 
the piston has reached its highest position, and the valve E 
will then close by its own weight. The piston being then 
depressed, the valve E will remain closed, and the air con* 
tained in the barrel being compressed into a smaller space, its 
elastic force will be increased, will become greater than that 
of the exterior air, and will finally overcome the weight of 
the valve P, causing it to open, and thus reducing the density 
of the air contained in the barrel to an equality with that of 
the exterior air : this effect will only cease when the piston 
has been forced to the bottom of the barrel. 

It thus appears that by a single ascent and descent of the 
piston, a portion of air has been withdrawn firom the receiver 
and pipe of communication. The portion withdrawn will 
obviously bear the same ratio to the quantity originally con- 
tained in the receiver and pipe that the capacity of the \md 
bears to the sum of the capacities of the barrel, pipei and 
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receiver. B7 a repetition of the smne process, a second 
quantity can be wUhdrawn, and the operation may be con- 
tinued until the exhaustion has been carried to the desired 
extent. 

707. Since the quantity of air withdrawn at each ascent 
and descent of the piston forms but a part df that previously 
contained in the receiver and pipe, it is obvious that a perfect 
vacuum can never be produced by the operation of the pump* 
The weight of the lower Valve likewise opposes an obstacle 
to the entire, exhaustion ; for, whenever die air contained in 
the receiver and pipe shall have had its elastic force so far 
reduced as to be incapable of raising the valve E, the pump 
will necessarily cease to exhaust. This difficulty may, how- 
ever, be obviated, by causing the valve E to open by means 
of a mechanical connexion with the piston. 

708. As U is frequently necessary to produce a very high 
degree of exhaustion, it becomes interesting to ascertain the 
density of the air remaining in the receiver after any given 
number of strokes of the piston ; and since the portion with- 
drawn at each double stroke bears a constant relation to that 
reaiaining, this density may be readily estimated. Thus, if 
we denote by i, p, and r the respective capacities of the 
barrel, pipe, and receiver, and by «{ the original density of the 
air, we shall have the proportion 

b -^p+r : p-l-r : : d ; d . ^ =den8ity after the first double 

stroke. 
In like manner, 
b+p+rip'\-r:id~' — ^ * ^(r^ J ■ =density after the 

second double stroke. 
And generally, 

after the nth double stroke. 

For the purpose of illustrating the rate of exhaustion, we will 
auppoae that the capacity of the barrel is one-fourth of the sum 
of the capacities of the receiver and pipe ; then, we shall have 
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and the densily after the first double atmka wiB b» 

b+p+r ^ * 
Thus, bjr the first double stroke of dM piston, one-fifth of the 
air contained in the receiver and pipe wiH be withdrawn, and 
the quantity remaking will be four-fifths of the orijufiiia] 
quantity. The density after the anoood stroke will, in like 
manner, be four-fifths of that after the first, or ^f of the ori- 
ginal density ; and after the third, the detudty will be reduced 
to T^",*,, or nearly on&4ialf. It thus appears that every three 
strokes will reduce the density nearly one-half; and ctmse- 
quenlly, that after twenty-seven strokes, the air would be 
reduced to abont one-five-hundredth of its original density. 

709. The preceding calculation is based upon the su]^ 
aition that the relative capacities of the barrel, fHpe, and 
receiver have been accurately ascertained, and that the 
mechanical construction of the pump is perfect, neitb^* of 
which conditions is strictly fulfilled : and as it is frequently 
necessary to know the precise d^ree of exhaustion that has 
been attained, it becomes important to have a gauge, or index, 
by the aid of which we may ascertain the density of the 
remaining air at any mcHnent. The instrumeota commonly 
employed for this purpose are, 

1°. TTu barometer gmtge, which consists of a straight 
glaaa tube about thirty-two indies in lenfrtb, and open at 



2^. 7%« short barwmeier gauge is fenned of a lobe e%fat 
or ten inches in length, open at od» ertremity^and filled w,ith 
mercury. This tube being inverted, and immersed at its 
open extremity in a basin of mercury, tiie pressure of the 
atmosphere upon the snr&ce of the mercury in the basin will 
retain the tube entirely fiiU. This apparatus bmng placed 
under a receiver whidi commumcates with that of the pumpi 
and the rarefaction being commenced, the short tube wUl 
remain full until the density of the air in die receiver has 
been so far reduoed that its elastic force is insufficient to sup* 
port a column of mercury of a length equal to that of the tube. 
The mercury in die tube will then fall, and its height at 
any moment will indicate the pressure of the air within* 
This gauge is evidendy unfit for use when only a moder^ate 
degree of exhaustion is required. 

3^. The syphon garage is composed of a short bent tube^ 
having two parallel branches, one of which is closed, and the 
other open. The closed branch being filled with mercnryi 
and the tube being placed with the bend downwards, the 
mercury will be supported in that branch by the pressure of 
the exterior air. The tube is then placed beneath a receiver, 
and acts upon the same pinciple as the short barometer 
gauge, the bend in the tube serving as a substitute for the 
b£tsin of mercury. This, also, is only applicable when a con- 
siderable degree of raie&ction is required. 

710. The working of the piston being opposed by the 
pressure of the atmosphere on its superior sur&ce, and this 
difficulty constandy increasing as the rarefaction proceeds, it 
has been found advantageous to adapt a second barrel to the 
pump, whose piston shsdl descend whibt that of the first 
barrel ascends, — and the reverse. The rods of die pistons 
have the form of a radc whose teeth engage in those of a 
Dvheel which is turned by a winch. The pressures on the 
pistons are thus caused to oppose each other, and the pump 
Dvorks with much greater ease. The rapidity of the exhaus- 
tion is likewise doubled by this arrangement 

711. If the construction of the pump be such as to require 
the lower valves to be opened by the elasticity of die air 
remaining in die receiver, die operaticm of the pump will evi- 
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dently oeaae whenever the rarefactioii has been carried so bx 
that the weight of the lower v^Jve is sufficient to overcome 
the elastic force of the air within. To obviate this inconve- 
nience, the lower valves are opened and closed by the motions 
of the piston, as shown in FKg. 246, which represents a sec- 
tional view of one of the most approved pumps. The dis- 
position of the several parts has, been somewhat altered, for 
the purpose of exhibiting them more clearly. 

A represents the glass receiver resting upon the ground- 
glass plate BG, and communicating by the cavity DFG with 
the two pump barrels VR and Y'R'. . The receiver likewise 
communicates by the cavity svy with the barometer gauge 
jfZi immersed in the vessel of mercury M, and with the siphon 
gauge vs. E is a stopcock for cutting off the communicadcm 
between the receiver and the barrels when the exhaustion has 
been effected, and E' a second stopcock for re-admitting the 
external air. In the best pumps, the barrels are made of 
glass, to prevent the corrosion which would take place by the 
action of the oil with which the pistons are lubricated to 
render them air-tight : for similar reasons, the pistons are 
sometimes made of steel. The racks L and L' of the pistons 
are» worked by the wheel W, which is turned alternately to 
the right and left by the winch H. The lower valves Y and 
V are metallic, and have the form of a conic frustrum. To 
the back of the valve is attached a slender rod YR, which 
passes through an air-tight hole in the piston P, and carries 
near* its upper extremity a small projection or shoulder. 
When the piston is raised, the friction of the valve-rod which 
passes through it causes the rod likewise to rise, opening the 
lower valve T: but this upward motion is soon checked by 
the shoulder coming into contact with the top of the barrel, 
and the rod then slides through the hole in the piston. 
Again, when the piston is depressed, it carries iirith it the 
valve-rod RT, closing the valve at the bottom of the pump, 
and the descent of the piston is then continued by slidii^ 
along the rod. 

712. The valves of the pistons are variously oonstmcted. 
In some instances they are metallic, resting upon a metallic 
bed ; and in others, they are composed of strips of oiled silk. 
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bladder^ or parchmefit, stretched across an opening in the pis- 
ton, and aUemately allowing and preventing the communica- 
tion between the air beneath the piston and the exterior aiv. 
During the ascent of the piston, the valve remains closed by 
the stronger pressure of th^ atmosphere on its u|^r sur&cey 
and when the piston descends, the compressed air beneath it 
will force open the valve^ This latter condition will always be 
fiilfiUed, whatever maybe the degree of exhaustion, provided 
the piston can be forced into actual contact with the bottom 
of the barreL 

713. The pistons are usually composed of two metallic 
plates, which carry between them a packing of leather soaked 
in oil. The distance between these plates can be varied by 
means of a powerful screw ; and by the application of A proper 
degree of pressure, the packing is caused to fit the barrel 
with accuracy. 

714. By the aid of the air-pump we are enaUed to exhibit 
many of the most important properties of atmospheric air : 

1^. The toeight (^ the air may be shown by screwing a 
vessel provided with a stopcock to the idr-pump, and ex- 
hausting the air from within it. The weight of the vessel 
will be diminished by about ^V of & gn^ for evtary cubic 
inch of air that has been withdrawn. 

2^. The pressure of the atmosphere is rendered evident by 
the difiQculty with which the receiver is removed from the 
plate of the pump after the air within it has been withdrawn. 

A small strip of bladder being stretched across the mouth 
of an open receiver, and the air exhausted from beneath, the 
bladder will be ruptured by the pressure of the exterior air. 

Two brass hemispheres, being ground so as to fit accurately 
to each other, and attached to the pump, cannot be separated 
without great difficulty after the air has been exhausted from 
the space enclosed by them. The pressure of the atmo- 
sphere is found to be equivalent to about 16 lb. for each 
square inch of surface exposed to its action. 

3°. The €lasti4Aty of the air may likewise be shown by 

various experiments. If, for example, a bladder containing a 

small quantity of air be enclosed in a receiver, ioom which 

the air can be extracted, the elasticity of the air contained in 

34 
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the Uadder will cgiuse it to distend when the exterior pres^ 
sure is remoTed ; and on the re-adbiission of the air into the 
receiver, the Madder will again collapse. 

If a light glass bulb, having an opening in its lower surface, 
be loaded with weights so that it will just sink in a vessel of 
water when the bulb is partially filled with water; upon 
wiAdrawing the air from the receiver in which the vessel of 
water has been deposited, the portion of air contained in the 
bulb will expand, expelling a portion of the water through 
the orifice in the bottom of the bulb. The bulb and weight 
will thus be rendered specifically lighter than water, and will 
consequently rise to the surface of the fluid in the vessel : 
upon re-admitting the air into the receiver, a portion of water 
will be forced into the bulb, and it will again sink. 

4°. The resistance of the air to the motion of bodies may 
be exhibited by allowing two bodies of very unequal den* 
sities to fall in the exhausted receiver of the air-pump, and 
in the same receiver after the re^^admission of the air. When 
the bodies fall in vacuo, they will reach the bottom of the 
receiver at the same instant ; but when the receiver contains 
air, the denser body being least retarded by the resistance 
which the air offers, it will fidl through the height of the 
receiver in much less time than that required by the rarer 
body. 

Many other experiments may be contrived to illustrate the 
properties of air, but it is unnecessary to notice them in this 
place. 

Of the Barometer. 

716. The barometer is composed essentially of a bent tube 
ABC {Fig. 246), closed at A, and open at C, and filled with 
mercury throughout the portion NMBEF. The air is sup- 
posed to have been exhausted from the space AMN, and the 
column of mercury included between the planes MN and 
DFE is suf^rted by the pressure of the atmosphere upon 
the 8ur£sKe FE. lYiis column is usually about thirty inches 
in length, when the barometer is placed at the level of the 
ocean. 



• 716. This instrument senres to indicate the changes which 
are constantly taking place in the pressure^f the atmosphere ; 
for, when the pressure becomes greater, the length of the 
column of mercury which it can sustain is necessarily 
increased, and the mercury therefore rises in the tube AD : 
but if, on the contrary, the pressure of the air should dimin- 
ish, the length of the column will undergo a corresponding 
diminution. 

The pressure of the atmosphere at any point being that 
due to the weight of a column of air extending from that 
point to the top of the atmosphere, it follows that this 
pressure will decrease as we ascend above the earth's surface, 
and consequently, that the height of the mercurial column 
will diminish. '*'.-.' 

717. This principle has been employed to determine the 
difference of level of two places situated at unequal distances 
above the surface of the earth. For the purpose of investi- 
gating a formula which shall be applicable to this object, we 
shall denote by 

/i' . . . . the height of the mercurial column at the lower station, 
A .... the height of the mercuriiil column at the upper station, 
Jy and D the corresponding densities of the atmosphere at 
the two stations. 

Then, if we suppose the axis of 2? to be vertical, the general 
equation of equilibrium of heavy fluids as obtained in Art. 
666, will be 

Let the origin be assumed at the lower station, and let the 

co-ordinates z be reckoned positive upwards ; then, as we 

ascend in the atmosphere, the pressure arising from the 
weight of the superincumbent strata will diminish, and the 

* This fesult may be obtained diraetly by poneidering a eolmnn of Uie atrno* 
aphere, whose baae AB {.Tig, 247) ia the unit of aurfaoe : the preaauie aua- 
tained by thia baae ia meaaured by the weight of the oolomn of air ABDC 
extending to the top of the atmoaphere ; and the elemeiitaiy pieasiue if will be 
lepreaented by the weight of a column having the aame baae, and a height eqaal 
to iz> The baae of thia elementaiy colunm being equal to unity, ita Tolum« 
will be ezpieaaed by I xda, or is, and ita maaa by Diis : thua, gDia repreaenta 
the weight which will meaaure the elementary preaanre ilp* Thia reault will 
olmously be independent of the particular form given to the baae AB whidi 
baa been aeammed aa tiie aapedkaal mut. 
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density of the air will undergo a^eorrespcmduig decrease. 
Thus, the pressure p being a decreasing function of the alti- 
tude Zy dp and dz will be affected with contrary signs: 
hence, the preceding equation should be written 

dp^-^^Dgdz (412). 

If the difference of level of the two places be but slight, the 
force of gravity g may be regarded as constant ; and hence 
we shall obtain, by integration, 

'dp 



-_1 f^l 



But it has been shown (Arte. 661 and 696) that when the 
temperature is supposed constant, the pressure and doisity 
are proportional to each other ; henoe^if P denote the pressure 
capable of producing a density represented by unity, we shall 
have 

and therefore, 

dp=PrfD: 

this value substituted in equation (413) gives 

P /•dD 

and by effecting the integration indicated, there results 

jp=--?k)gD+a 

To determine the constant, we remark, that when z =0, the 
density becomes that which we have supposed to exist at the 
lower station, and which has been denoted by IK. Thus, the 
preceding equation becomies ^ 

0=--?logD'+C| 

g 

eliminating G between this equation and the preceding^ we 
find 

«»?(logiy-logD), 
g 
or, 

p, xy 

But the densities being proportional to the pressures, they 
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will likewise be proportional to the obsenred altitudes of the 
mercurial column : hence, 

h:h' ::D t iy,or^=~; 
this value of =- being substituted in that of z^ we obtain 

jBSE — log -7-. 

The logsorithm of -p which appears in this expression, apper- 

/i 

tains to the Naperian system ; if therefore, we represent by 

hi h! 

Log p the tabular logarithm of •^, and by M the reciprocal of 

the modulus, we shall have 

MLog-=log-; 

and, by substitution, 

«= — Log -r- (414). 

718. To determine the value of the constant P^ which 
represents the pressure exerted upon the unit of surface, and 
capable of producing a density of air represented by unity, 
we remark, that the density D" at the lower station corres- 
ponds to the pressure exerted by the atmosphere at that 
point : this pressure is measured by the weight of a column 
of air whose base is the superficial unit, and whose altitude 
is equal to that of the atmosphere: but this column of air is 
equal in weight to the mercurial column whose height is h! \ 
if therefore D" denote the density of mercury, the mass of 
the column will be expressed by IxAD", or A'D": and by 
multiplying this product by g^ T^e shall obtain the expression 
h'Ty'gi for the weight of the column supported at the lower 
station. Such will be the pressure capable of producing the 
density ly. To obtain the pressure P corresponding to the 
unit of density, we make the proportion 

ly : 1 ;: AT)"g* : P; 
whence, 






BubstitMtag; tbis -ratat in the fonunla (414), Aeie nnilts 

MA'D", A' ,.,„ 

2^=-^;-Log-^ (-tie). 

719. The mteosity o{ the force of g;niTity being dififereot 
at diftrent places on the surfiMie of the earth, the wei^t o{ 
the same column of mercury will likewise vary when it is 
transpcoted from one place to anotiier : thus, if the force of 
gravity be denoted by ^ at one staticHi, and by (1— ^1§* at a 
BBcond, tfie mercurial column whoee height is A' will become 
heavier or lighter at the second station than it was at the 
first, accoiding as ^ is negative or positive. 

Let thequantity/ be coa<iidered positive: then l—/ will be 
positive, and less than unity, since the variations of gravity 
ere exceedingly small. iBut a column of mercury whose 
height is A' becoming lighter at the point whose gravity is 
denoted by (1— ^)^i it will correspond to a less pressure of 
the atmosphere, and hence, the density of &e air correspond- 
ing to this pressure will be less. 

The densities of the air being prc^rtionat to Ae pressures 
exerted, and these pressures being measured by the weigfits 
of the column of mercury whose he^t is k\ k follows that 
the intensities of gravity, which are represented respectively 
by g and (l~i)g at the two places, will be proportional to 
the densities corresponding to the same height A' of the mer- 
curial column : thus, if we denote by d the density of the 
air at the place where the ratensity of gravity is t^reseoted 
hy (i—f)ffj we shall have 

g:g(:i-r)::Ty:d; 
whence, 

rf=D'(l_j-). 

I^iis >alue ot the density must be substituted in the foi^ 
mula (41^, in order that it may become tqiplioable tt> the 
place at which the gravity is represented by (1— Jfe"; ihe 
formula will thus become 

D"MA' -_A^ ,,,„, 

*=I>(Ti::^^A <^'''- 

From a compans<»t of the results obtained by causing pen- 
dulums to oscillate it» different latitudes, it has been asoer- 
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Ifuiml that if the intensity of gravity be denoted by g" at the 
laticudeof 4&''^ the quantity ^ will be expressed by 0.002837 X 
006 2^^ whea die latitude is supposed to become equal to ^. 
Hence^ by sutistitutioB in the preceding formula^ we obtain 

D"MA'LogJ^ 

n 



D'(l-0.002837cos2^) 
The quantity I b^ing always extremely small; we may 

replace r— j in equation (416) by its development 1+^+** 

+''+&C' and negleet the terms 1*, i', d&c»as extremely 

I 
minute with reference to J^: we thus obtain^ — -^ == 1 + * ; hence.. 

the value of z will become 

;2=iif^(l4.aoe2837 cos 3+) Log ^ (417). 

720. This formula has been obtained upon the supposition 
that the temperature remains constant in passing from the 
lower to the higher station. To adapt the formula to the 
case in which the temperature is variable,it will be necessary to 
know the law according to which air expands when subjected 
to a change of temperature. The experiments of Gay Lussac 
and other philosophers demonstrate conclusively that atmo- 
spheric air when perfectly dry, and when subjected to a con- 
stant pressure, expands for each degree of Fahrenheit's 
thennometer, between the temperatures of 32^ and 212^, j}^ 
of its volume at the temperature of 32°. Thus a volume of 
air represented by unity at the temperature of 32^, will be- 
come 1+-:^ when its temperature has been raised to 

32^-|-»^ : and since the densities are in tbe inverse ratio of 
the spaces occupied by the same massji it follows that the 
density if of the air, at the temperature^S^ -f t2% will be ex- 
pressed by ^ : 



<r= 



n ^ 



^"^"480 

D' being the density at the temperature 32^. 

Cc2 
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The coefficient of the number n being very smafl, the errof 
which will be introdaced by assigning to n a yalae which 
shsdl not differ gready from its real value will always be ex- 
tremely small ; and since the variations in temperature which 
occur in passing from a lower to a higher station are nearly 
uniform, we may, without sensible error, r^fard the temper- 
ature as constant, provided we assign to it a value equal to 
the arithmetical mean between the tempera^res / and t at 
the higher and lower stations ; we shall thus have 

and the density f of the air, which was previously represented 
by ly, will become 

ly IK 



'+^(¥-'0 '+ 



960 

But the density of mercury being increased by a diminution 
in the temperature, the height of the mercurial column at the 
colder station will be less, for the same pressure, than it would 
have been if the temperature had remained constant, and 
equal to that at the warmer station ; and since liierCury is 
found to expand about y^V j part of its bulk for every degree 
of Fahrenheit's thermometer, it will be necessary to increase 
the height A, which is supposed to correspond to the colder 

station, by the quantity —^ taken as many times as there 

are degrees of difference between the temperatures of the 
mercury at the two stations, in order to reduce this height h 
to what it would have been, if the temperature had remained 
constant, and equal to that at the warmer station. Let T 
and T' represent the temperatures of the mercury at the two 
stations as indicated by thermometers in contact with the 
barometers ; then the quantity h in equation (417) should be 
replaced by 

'^^ 9742 ' 

■ 

hence, by substituting this value for A, and that of i (418) 
for ly, in formula (417), we find 
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* W~V^ 960 7 

X (l+0.00383r COS a«^) Log —. — !L_,r,. ' 

721. Let it be supposed that the observations which deter- 
mine the hei^t h! are made in the latitude of 45'', and at the 
level of the ocean ; we shall have 

eos2^»0; 

and the preceding formula will give 

D"MA' z 



y^ 960 y ^,/, , T^-T \ 

*V^ + "974a>/ 



• . (419). 



If the hei^ z be meamired trigonometrieallyy and the quan- 
tities A, A', /, fj T, 'P be determined by taking a mean result 
of a great number of observations, the second member of this 
equation will become entirely known, and therefwe the con- 

IVf liTV' 

stant ■ will likewise be known. This constant has been 

thus found to be equal to 60346 feet : if its value be substi- 
tuted in that of z^ we shall obtain the following formula : 

««60S46 It (l+^±g^=^) (14.0.002837 ooea^) 

xLofir — — rp/ mv . . • • • (419 «)• 
A 



V^9742 / 



722, The eeeond member of this equation may be put 
under a more convenient form ; for, we have 

£±^^=:.001042(r-hr-64) J 

and if we denote by # the diflbrence between the temperatures 
T and T', and change the form of the last &ctor in equation 
(419 a\ there will result 

W J T^_>r\ "'^ A'-Log A-Log(l-h~g) ; 
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or, by developing the last term of the second member, retain- 
ing only the first term of the development, we shall have 

in which M' represents the modulus of the system. The 
numerical value of the coefficient of I is .000044. Hence, the 
equation (419 a) may be reduced to 

«=60346 ft. [1 +.001042(<+f -.64)](l+.002837 coe 2^) 

X (Log A'-Lcg A-.000044I). 

723. To apjdy this formula to the determination of the dif- 
ference of level of two stations, it will be necessary to observe 
carefully the altitude of the mercurial columns at each station, 
and the temperature of the atmosphere as indicated by a 
thermometer placed in the shade, and at some distance from 
the barometer. The temperature of the mercury as shown 
by a thermometer in contact with the tube of the barometer 
should likewise be noted. These observations should be 
made at the same instant, by different observers, at the two 
stations, in order to avoid the errors which might arise from 
a change of pressure or temperature during the interval be- 
tween the observatiiHis. When the condition of. simultaneous 
observations becomes impracticable, it will be advisable to 
make observations at one of the stations, the lower for ex- 
ample, at equal intervals before and after the time of observa- 
tion at the other station. Then, an arithmetical mean 
between the first and last results may be considered as nearly 
equivalent to an observation made at the instant corresponding 
to the mean between the two times, provided the interval be 
but short, and the difference between the results of the two 
observations inconsiderable. 

724. The general formula for the difference of level of 
two stations having been obtained upon the supposition that 
the atmosphere is in equillbrio, the tiesults given by it are to 
be relied on most confidently when the observations have 
been made in calm weather. 



PART FOURTH. 



HYDRODYNAMICS. 

OF THE DISCIUK6E Of FLTTIDS llfltOUGH HORIZONTAI. ORIFICES. 

726. ExPERiBNCE has shown^ that when a fluid issues 
from a small orifice in the bottom of a vessel, the superior 
surface of the fluid maintains itself in a position sensibly hori- 
zontal, during the discharge of the fluid. Hence, if we con- 
ceive the fluid divided into holrizontal strata, these strata may 
be regarded as preserving their parallelism during their 
descent, and the particles may be considered as descending in 
vertical lines. This h3rpothesis, however, can only be re- 
garded as approximating to the truth ; for, if the form of the 
vessel be not prismatic, it will be impossible for any one 
stratum to occupy the place of that immediately beneath it 
without undergoing some change in its dimensions ; its par- 
ticles will therefore be subjected to horizontal motions. More- 
over, the particles situated in the immediate vicinity of the 
orifice, being without support, yield to the pressure exerted 
against them by the adjacent particles, and thereby tend to 
deflect the latter ftom their vertical directions : but, in what 
follows, we shall omit the consideration of these circum- 
stances, which would greatly complicate the question, and 
which are found to produce but a slight effect when the form . 
of the vessel is nearly prismatic. The accuracy of the 
hypothesis may be rendered evident by mixing with the fluid 
an insoluble powder of nearly the same density : the particles 
of ibis powder will be carried along with the fluid, and the 
paths which they describe may be readily observed. In this 
manner it will be found that the particles descend nearly in 
vertical lines nntil they approach very near to the orifice. 
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726. Let it be supposed that the ordiniUe z measures the 
distance mo {Fig. 24S) of one of the fluid strata from a hori- 
zontal plane AB, which will be assumed as coinciding with 
the surface of the fluid. The form of the vessel being deter- 
mined by the equation of its interior surface, /(x, y, j7,)=sO, 
we can deduce from this e(|uation the area s of the section 
which corresponds to the ordinate z, and by multiplying this 
section by dz, the thickness of a stratum, we shall obtain sdz 
for the volume of the stratum. This being premised, it is 
obvious that all the particles composing a single stratum will 
have a conmion velocity ; but the particles of different strata 
will have different velocities ; for, the fluid being supposed 
incompressible, any one stratum in descending throu^ the 
height dz, in the time dt, will cause a volume of fluid equal 
in volume to the stratum to issue through the orifice. But 
if we denote by u the velocity of the fluid at the orifice EF, 
and by k the area of the orifice, the space described by a par- 
ticle issuing from the orifice, in the time dt^ will be expressed 
by udt^ and the quantity of fluid discharged in the same time 
will be represented by kudt Equating this value with that 
of the stratum, we shall obtain 

sdz=kudi (420) ; 

whence, 

ku^s^ (421). 

dt 

727. At the expiration of the time t, the velocity of the 

dz 
stratum whose section is s will be equal to -j-, and if this 

at 

velocity be represented by r, the equation (421) will reduce to 

ku=sv (422); 

whence we conclude, that the velocities v and i^ are in the 
inverse ratio of the sections s and k. This result might 
have been anticipated ; for, the velocity must evidently in- 
crease in the same ratio that the area of the section is dimin- 
ished, in order that the quantity of fluid passed through the 
section may remain constant. 

728. At the expiration of the time t+diy the velocity v will 

become v-^-^di: but if the motions of the particles were 
dt 
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indepeadent of thoir action upon each other, the incessant 
force gy which solicits . them, would communicate, in the 
instant dt^ the velocity gdi ; hence, the velocity lost by the 
stiatum whose section is », and vtelocity % in the time cfo, 

will be expressed by gtU—j-dt, and consequently, the inces- 

Of 

sant force due to this velocity will be lefHresented by 

dv 

But by the principle of lyAlembert, an equilibrium would sub- 
sist in the S3rstem if each fluid stratum were acted upon by 

the force lost Ig-^-^j which corresponds to it. This sup- 
position will convert the equation dp^Dgdz (Art. 655) into 

The quantity dp represents the cUfierential of the pressure 
at that stratum of the fluid which corresponds to the ordi- 
nate z, whilst the fluid is in motion. F^r, the force g, which 
acts on each stratum, being resolved into two components, 

dv 
one of which -^ is just capable of producing the motion 

dv 

assumed by the stratum, the other component f*—^ will 

obviously be alone efiective in producing a pressure on the 
other strata ; and the expression for dp has been obtained 
upon the supposition that these second components were 
alone applied to the fluid particles. 

The differential dv which enters into the preceding equa- 
tion must be replaced by its value deduced from formula 
(422) ; from that, formula we obtain 

1;=— (424). 

729. The second member of this equation contains the 
two variables u and s : the quantity 1^ which expresses the 
velocity at the oriflce, is a function of the tiine, and the sec- 
tion ^ is a function of the ordinate ;r. _ 
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The differential of v Tegarded as a function of z expneses 
the difference betwe^i the velocities of two consecutive sec- 
tions, these velocities being considered at the same instant. 
But if the differential be taken with referenoe to ^ as a varia* 
ble, we shaQ obtain the difierence between the velocities of 
two consecutive strata which pass in succession through the 
same section of the vessel. And, lastly, if we wish to obtain 
the difference between the consecutive velocities of the same 
stratum, we must differentiate o with reference to the two 
variables t and jt, regarding the latter as a function of the 
fbrmer. 

This last supposition should be adopted in finding the value 
of dv as emplojrcd in equation (423). We shall therefore 
differentiate the second member of (424), regarding li as a 
function of if and « as a function of z, vhich is itself a func- 
tion of t But the differential of (424) being in general 

8 8 

or, 

, kda , da 

8 8* 

it vnll becomci when modified according to the hypothesis 
assumed, 

k du , ku ds dz . 

8 dt 8^ dz dt 

dt) 

If we. deduce the value of— flx>m this expression, and sub* 

di 

stituteit in equation (423), we shall obtain 

dz 
Alimin flting — by means of equation (420), there results 

730. This equation must be integrated with reference to z. 
We remark, however, that 8 will necessarily vary with z^ but 

du 

that the quantities u and ^ which represent the paiticular 
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values of v and --- corresponding to the orifice, not being 

functions of the quantity z^ they may be regarded as con- 
stant in effecting this integration. 

731. If we regard u and ^ as constant, it is obvious that 

all the integrals will be taken with reference to z, and there- 
fore apply merely to the dimensions of the vessel. But, when 

these integrals have been obtained, we may i^;ard u and -j- 

at 

as variables, and functions of U 

732. By effecting the integration, we obtain 

The velocity u which enters into this equation is equal to 
the value — corresponding to the orifice, and will obviously 

be a function of the time. Consequ^itly, as the quantity u 
has been supposed constant in the preceding integration, the 
time t must be constant likewise. Hence, the constant C 
will in general be a Amotion of the time. 

733. To determine this constant, let P represent the 
presstire susti^ed by the superior surface CD of the fluid 
(.F^. 249), the area of this surface being denoted by y. If 

/dz 
— be ts^en in such manner that it shall be 

equal to zero when s becomes equal to ^, this section ^ will 
correspond to an ordinate z'=sOL, and the equation (425) 
will give, upon this hypotfiesis. 

This value being substituted in (425), we obtain 

;,=P +d[^(.-.')-*^/^+4«- (^-5) ] .... (426). 

734. This pressure is exerted at every point of the^ stratum 
whose distance from the plane AB is eqfoX %oz. If we wish 
to obtain the presssurei CI at the orifice, we denote by z^' the 
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corresponding value of the ordinate z which will be equal to 
On^ and observe that the'section s will, at diat point, be equal 

— being then taken between the limits 

z^T^ and z^z"i we shall obtain, by representing this inte- 
gral by N, and substituting these values in equation (426), 

ci-P«=D[r(z"-zO-AN^+i«* (^-i)]- 

735. This equation makes known the pressure at the oii- 
fice : the first member expresses the difference between the 
pressures at the orifice and at the surface. Let these pressures 
be supposed equal, as is the case when they arise from the 
weight of the atmosphere: then, d— P will reduce to zero, 
the common fkctor D will disappear, and there will remain 

g(z"-z^-k^^+iu' (^-l) =0; 

but the area k of the orifice being alwajrs supposed less than 
the area s' of the superior surface, the fraction — will be less 

than unity ; if therefore, we wish to render the coefficient of 
n* positive, we may write this equation under the form 

g^Cz^'^-aO-AN^-iu- (l-^) =0 (427). 

736. If in this equation we introduce the vertical distance 
of the orifice below the surface of the fluid, making 

z'^^z'-h (428), 

we shall have 

gh-k^-iu' (l-^) -0 (489). 

The quantity A, which represents the distance EP (Pig, 260), 
will be constant if the surface of the fluid be supposed to be 
maintained at the same height ; but it will be variable if the 
ves^ be supposed to discharge its contents without being 
replenished, 

737. In the latter case, if we make EOa«, POBX^^and 
EP=A| we shall hcv^ the telation 

A»a— z (430); 
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and the equation (429) will become 

g(a-z)-kH^-iu' (l-^) =0 (431). 

738. If the surface of the fluid be constantly maintained 
at the same height, the quantity k will have a constant value, 
and the integral N, which will then be a ftinction of constant 
quantities, will likewise be invariable. Thus, equation (429), 
containing no other variables than t and «, may^be put under 
the form 

cU 

from which we deduce 

bdu 



dt^ 



a—cu* 

This equation can be readily integrated by the method of 
rational fractions; for, if we make b=b% and a=af*c^ the 
quantity c will become a &ctor of the numerator and de- 
nominator, and may be stricken out ; whence we obtain 

The second member of this equation being resolved into 
factors, we shall have 



af+u of — u 
which, being integrated, rives 

*=^ log («'+«)-^, log (•^-«)+C J 

The constant C is determined by the condition that the ve- 
locity u is equal to zero at the same instant as the time t; 
thus, the supposition of ^=0, and ^=0, reduces the preceding 
equation to 

j^logl+C=0; 
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or, 

C=0: 

whenoe^ 

this equation will detennipe t^ if ve suppose the time ^ to be 
given. 

739« If wedenote by # the base of the Naperian syBtem, 
and pass from logarithms to numbers^ we shall obtain 

and by resolving the equation with reference to % there 
results 

a'(e *'-!) . 

or replaciDg a' and V by their values (Arts. 737 and 738), the 
expression for the velocity will become 

Zgk egtv/[»<'-^)3-i 

But, if the area of the orliSce, whidi is denoted by kj be sup- 
posed extremely small, the exponent of e, increasing with the 
time ti will become exceedingly great after the expiration of a 
very short time. Hence, we may neglect unity in the nume- 
rator and denominator of the last factor, as very small with 
reference to the term which precedes it, and the value of u 
will then be reduced to 

by neglecting k* with reference to y • 

Thus, it appears that the expression ^{2gh) is a limit 
wliich the velocity of the fluid at the orifice never attains, but 
to which this vdocity becomes very nearly equal after the 
expiration of an exceedingly short time. 
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• Tbe vtine of Ae velocity being thus delenmMd, we sub- 
•titute it in c^uatiDii (42&)y and thence deduce thepressuie on 
the unit of surface. 

740; If the Teasel be soppoaed to empty itself, the upper 
sqr&ce will be depressed as the fluid is discharged, aad tbe 
quantity A, or {a—z) must therefore be regarded as variable 
in equations (429) and (431). 

The equation (431) will thus contain the three variables 
ly II, and Zj and will consequently be iorafficieiit for the solu- 
tion of the problem : but. a second relation may be obtained 
by means of equation (420) in which we replace « by «", and 
thus obtain 

fei=^ J . . • . . (432). 

741. This equation likewise contains three variables, and 
we are therefore unable to integrate it ; but it will serve to 
eliminate z. For this purpose, we diffefrentiate equation 
(431), which gives 

^cU di» di\ s'*/ ' 

dz 
and by eliminating -y-, we obtain 

ku 



9^ di' dt\ yv 



This equation, whidi can only be integrated by approxima- 
tion, makes known tbe relation between the time and the 
velocity. 

742. When the orifice is supposed extremely small, the 
terms containing k may be n^lected, and the equation (426) 
will be reduced to 

;>«P+Dgr(z-20 ; 
but Z'^z' is represented by Onr-^OL {Pig. 249) ; and it will 
therefore express the distance of the point n, whose ordinate 
is equal to z, beneath the surface of the fluid. Hence, the 
pressure p exerted upon the unit of surfece at .the point n is 
equal to the pressure P at the surface of the fluid, plus the 
pressure arising from a column of a fluid whose height is 
equal to the distance of this point below the surface. 
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It should be remaxked, that this p r o ss u r D is piodsely that 
which would be exerted at the point n if the fluid were sup- 
posed at rest. 

743. If the terms containing k in equation (429) be n^- 
lected as infinitely small, it will reduce to 

gh — {u* =0 ; 
whence, 

ti»v^(^A) (433): 

and we therefore ccmclude, that when a fluid escapes fiom an 
infinitely small orifice in the bottom of a vessel, the velocity 
will be the same as that acquired by a heavy body in fidling 
through a distance equal to the height of the sur&oe of the 
fluid in the reservoir above the orifice ; and since it has been 
shown (Art. 406) that a body projected vertically upwards 
will rise to a height equal to diat through which it must fall 
to acquire the velocity of projection, it follows, that if by 
means of a curved tube, the jet of fluid be directed upwards, 
it will rise to the level of the surface of the fluid in the 
reservoir. 

744. The expression for the velocity with which a fluid 
will issue from an extremely small orifice in the bottom of a 
vessel may be investigated in a more elementary manner, as 
follows. Let EF {Pig. 261) represent a very small orifice 
in the bottom of a vessel ABCD, which is filled with a fluid 
to the level AB, and let OF represent an infinitely thin stra- 
tum of the fluid directly above the orifice EF. Denote the 
height of this stratum by cIA, the entire height of the fluid 
FI being represented by A. Then if the stratum of fluid OF 
be supposed to fidl through the height HF under the mflu- 
«nce of the force of gravity, it will acquire a velocity v^ ex- 
pressed by 

v=y/{2gXFH)t^^{2gXdh). 

But if the stratum be supposed to descend through the same 
height, being urged by its weight and the pressure arising 
from the column of fluid GI, whid^ is directly over it, the 
incessant force ^, which is then exerted upon it, will be to 
the force of gravity^ as FI to FH. Hence, we shall have 
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Ajgaisk^ if v' denote tiie velocity, acquited hy me stratum iu 
dewending through the spaee FH, when urg^ed by the force 
^, we ehall have . 

and by comparing this value with that of v, we find 

or, by substituting the value of C, and reducing, there results 

This expression is precisely the same as that which would 
be obtained for the velocity of a body fidling" freely through 
the height FI. 

746. When the orifice, which is still supposed exceed- 
ingly small, is {Herced in the vertical &ee of a vessel, the 
fluid will issue in a horizontal direction, and will describe the 
arc of a parabola, if the resistance of the air be neglected. The 
angle of projection denoted by« in equation (289), being in 
tlie present case equal to zero, we shaU have lang^aisO, 
cos tt=sl : these suppositions reduce the formula (289) to 

an equation of a parabola whose axis is vertical, and whose 
vertex coincides with the origin of co-ordinates, 

746. The distance to which the fluid will spout upon a 
horizontal plane situated at any distance below the orifice 
may be readily determined. For, let O [Fig. 262) represent 
an orifice in the vertical side of a vessel which is filled with a 
fluid to the level EF ; and let AB represent the horizontal 
plane upon which the j^t is allowed to fall. Then, the quan- 
tity A will represent the distance OF, and the ordinate CD of 
the parabola. ODwiU be determined by- making y=OC : we 
thus obtain 

GD»ar«=v^(4^)»2v<(OF xOC)< 

But the expression y/{OP^OC) is equal to thet^rdinate OG 
of a semicircle described Upon GF as a diameter. Hence, 
we derive the following rule : The Jwrizantal distoBce to 
which a fluid yfUlapmU/rcm an orifi^mfhe v^icai side of 

Dd 
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a ve99eti is equal to damik the onUrmie of a semieirde de- 
scribed upon the disianee iniereepied between the upper sur- 
face of the fluid and the horizontal plane upon vMeh the 
fluid falls ; this ordinate being drawn through the point 
which corresponds to the orifice. 

When the orifice is pieroed at the middle of the line CF, 
the ordinate 06 will be a maximum, and the distance to 
which the fluid will spout will therefore be the greatest 

747. The Telocity u having been determined, we can 
readily ascertain the quantity of fluid discharged in the time t. 
For this purpose, we remark, that whilst the stratum of fluid 
CD {Pig. 260) sinks to the level MN, a volume of fluid 
equal to that contained between the planes CD and MN must 
pass through the orifice. But if we represent by « a section 
of the vessel, and by ds the thickness of an elementary 
stratum, the integral fsdz taken between limits CD and MN 
will express the volume of fluid discharged. If this volume 
be denoted by Q, we shall have 

d^fsdz (434): 

but the equation (420) gives 



whence, by substitution, we obtain 

The value of the quantity discharged may be deduced imme- 
diately from that of the velocity. For, if de represent the 
space passed over by the fluid filament in the time dlj upon 
leaving the orifice, we. shall have 

udt^dei 

and if this expression be multiplied by ifc, the area of the ori- 
fice, we shall obtain kudi (or the volume discharged in the 
time dt. Taking the in(eg;ral fkudt^ we shall find the quaa- 
tity discharged in the time /• 

To effect the integration,' we replace « by its value ^(^h) 
given in equation (433) : we thus find 

Cl= V(%^iA/*- dt..... (436). 
748. Two distinct cases may now be presented, vis. when 
A is constant, and when h is variable; The first occurs 
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1 

when the fluid m the reserroir is ooDstantly maintained at 
the same height, and the preceding equation can then be 
integrated without difliculty, since the quantit7 A may be 
replaced by a constant a. 
Thusy we shall have 

The constant C may be determined by the condition that the 
quantity Q is equal to zero at the commencement of the time, 
or Gt=0, and t^sO : hence, 

C=0; 
and the equation therefore reduces to 

a^lay/{2ga) (436> 

749. If the orifice k be supposed circular, its radius being 
represented by r, we shall have 

Jfc=irr»; 

and the formula will become 

a=^iey/{2g)tr»^a (437). 

mie quantity wy/{2g) will be the same for all proUems which 
may be proposed, and its value may be immediately deduced,, 
since we have 

ir»3.14169, ^=::32.ie9& 

The quantity g being expressed in feet, the values of r and a 
must be expressed in units of the same kind, and the quan- 
tity dischai^ged will then be expressed in cubic feet 

760. The time t must be expressed in seconds, since the 
second has been adopted as the unit of time in determining 
the value of ^. 

761. If the fluid be water, the weight of the quantity dis- 
charged may be determined by allowing 62^1bs for every 
cubic foot 

762. The formula (437) likewise serves to determine the 
time necessary for a given quantity of fluid to be discharged 
from an orifice in a vessel, when the fluid is maintained at a 
constant height ; for the formula gives 
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763. Ab an examplay let the vessel be supposed cyUodrical, 
the radius of its base being denoted by 6; and let it be re- 
quired Co detarmine the time necessary to discharge a Tolume 
of fluid equal to that of the cylinder. 

In this case, the horizontal sections beiqg all equal to «4«, 
the equation (434) will give ' 

and consequently, 

Taking the integral between the limits zsO and je=a, thertf 
results 

Q=:ir6*a. 
This value substituted in formula (438) gives 

iroft* 



i=z 



vi^y^a ' 



or, by reduction, 



^^ *V« 



764. If We suppose the fluid to be maintained at a 
d' in a second vessel, and denote by 0/ the quantity did- 
diarged from an orifice Ar' in the time /, the equation (436), 
when applied to the present case, will give 

and by comparing this equation with (436), we can establish 
the proportion 

or, by suppressing the common factor /^^(SJs'), this proportion 
becomes 

a : Q' :: k^ax k^a\ 

Hence it aiq)ear8, that the quantities discharged in the same 
ttme^from orifices of different sizes^ and situated at different 
depthsj are directly proportional to the areas of those orifices 
and the square roots of their depths* 

765. fS-om the formula (436) we can deduce another con- 
venient theorem relative to the quantity of fluid discharged. 
For, let s represent the space through which a body would 
&I1 in the time / ; we shall have 
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or, 

Substituting this value for t in equation (436), we obtain 

and since y/{as) is equal to a mean proportional between the 
distances a and s^ we deduce the following rule : The volume 
of fluid discharged from an orifice k,in the time t,is equal 
to twice the volume of a cylinder whose base is the area of 
the orifice, and whose height is a mean proportional between 
the depth of the orifice below the surf ace and the distance 
through which a body would fall in the time t 

766. Let the vessel be now supposed to discharge itself, 
without receiving an additional supply of 0uid : the quantity 
h in equation (433) must then be regarded as variable, and 
being replaced by (a^t\ that equation will become 

u^^[^g{a'^z)\. 

This value of u substituted in (432) gives 

, a^dz 

or, 

d/« ^ (439). 

The quantity y represents the section of the vessel which 
corresponds to the upper sur&ce of the fluid. This section 
will be a function of the variable z^ and may be eliminated by 
means of the equation of the interior surface of the vessel. 
Thus, the value of ^ in terms of z being introduced into 
equation (439) will render that equation susceptible of inte- 
gration, and the relation between z and t will therefore 
become known. If we subtract the value of z thus obtained 
from the constant a, we shall obtain an expression for h in 
terms of ^, which substituted in (436) will give, after integra- 
tiou; a relation between the tinie t and the quantity dis- 
charged Q. 
767. Let us take, as an example, a vessel whose interior 

surjbce has the fonu of a paraboloid of revolution. T! \^ 
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surface being generated by the revolution of the parabohc 
arc AD {Pig' 263) about die vertical axis AB ; if we denote 
by a the distance AB between the orifice and the sur&ce of 
the fluid in its primitive position, by j? the distance PB, 
and by y the ordinate PM, we shall have the relation, 

y'=p(a— jt) the equation ofaparabola referred to its 

vertex A. 

Hence, if ir represent the ratio of the circumference to the 
diameter, the area of the circle described with the radius PM 
will be expressed by «y' ss«p(a— z) ; and consequently, 

y=iip(a— ir) (440). 

Let this value be substituted in (439), and we shall obtain 



or, by reduction, 



ky/{2gy ^ 



768. For the purpose of integrating this equation, we make 
a^zssx; whence, 

f{a'-z)^dz^ ^/x^dx^ — far* + C : 
replacing x by its value, we have 

/(a-z)*^=-|(a-z)*+C ; 
and consequently, 

The constant C is determined by making 2r=Oand/sO; 
this supposition gives 

and the equation (441) can therefore be reduced to 

To determine the quantity diseharged in a given time, we 
find in this equation the value of 



._«(.»_,£^)i 
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and substitnte it for il in formula (436) : ve thus obtain the 
relation > 

This equation may be integrated by a process entirely similar 
to that adopted in finding the relation between z and L 

759. Let it be required to determine the time in which the 
water contained in a vessel having the form of a right cyl- 
inder will be discharged through an orifice in the bottom of 
the vessel. Let b represent the radius of a section of the 
cylinder by a plane perpendicular to its axis: then, y=:ir6*^ 
and the equation (439), when applied to the present case, wiL 
give 

ir6« /• dz 

Making a— J2;=s^, then integrating the transformed equation, 
and replacing x by its value, we find 

The constant is determined as in the last example, by making 
z^O and /sO : whence we deduce 

The integral being taken between the limits z^O and ^rso, 
we find, for the time of emptying the vessel. 

If we suppose, as in Art. 749, that the orifice is a circle whose 
radius is equal to r, we shall have kstwrf : this value reduces 
(443) to 

By compaiing this result with that obtained in Art. 753, it 
will appear that the time necessary for the entire discharge 
of the fluid when the vessel empties itself, is double that in 
which an equal quantity of fluid would flow through the 
same orifice if the vessel were kept constantly fiiU. 

760. The formulas (442) and (443) will serve as a guide in 
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the construction of a clepsydra, or water-dock. This instm- 
ment consists merely of a vessel from which the water is 
allowed to escape through an orifice in the bottom, and the 
intervals of time are measured by the depressions of the 
upper sur&ce. Thus, if we wish the clock to run 12 hours, 
we reduce the time to seconds, which gives 12 X (60)*, or 
12x3600; and by substituting this value of t in formula 
(443), we can then assume arbitrarily two of the three quan- 
tities k, 6, and a. Let the values of k and b be assumed ; 
that of a, the height of the clepsydra, will thai result from 
formula (443). 

To.discover the manner in which this height should be 
divided in order that the superior surface of the fluid may 
be depressed through the several divisions of the scale in 
equal intervals of time, we deduce from equation (442) the 
value of (a— z), which is 



'-"{^'-'■^Y' 



and by making t successively equal to 1 hour, 2 hours, 3 
hours, &c., we can determine the corresponding values of 
a— j2, which should be laid off from the bottom of the vessel. 
We can, however, readily discover the general law according 
to which the scale must be divided : for, since the vessel is 
supposed to discharge itself in 12 hours, if we make /3=12 hrs., 
we shall have a—z^O ; and consequently, 

- *(12hrs.)^(2g) _^, 
^"^^ 2;^^ ^' 

or, 

(12hr8.)V(2ff) 

2wb' ^ 

When ^=11 hrs., we have 

t . V(2g) (llhr8.)V(^) ,, ,^, 

■ a,rA« ' ■= — 2;^b^ — **^'*' 

and therefore, 

a-^z=(-/a— Hv/'a)»=;=(T',)" Xa. 
In like manner, when ^=10 hrs, we shall find 

a— Z=:(/,)* Xfl. 
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Thus the suecessive values of a^Zy which correspond to the 
several hours, will bear to each other the same relations as the 
terms in the series 

(tV)S Wf)S (t'i)*, &c. 
These terms are to each other in the same ratio as the 

squares of the natural numbers 1, 2, 3, 4pc. Hence, if we 

divide the whole height a into 144 equal parts, and lay off 

from the bottom of the vessel distances which shall be equal 

respectively to 1, 4, 9, &c, of these parts, we shall obtain the 

points of division in the scale which will correspond to the 

upper surface of the fluid at the expiration of the several 

hours. The form of the vessel being prismatic, the figure 

of its base may be assumed arbitrarily. 

761. When the surface of the fluid shall have arrived 
nearly at the bottom of the orifice, the quantity discharged 
will be influenced by the formation of a hollow tunnel, which 
is then found to be produced directly above the orifice : it is 
therefore advisable to employ only the first eleven divisions 
of the scale. 

762. It usually occurs that the condition of the particles 
descending in vertical lines, and with velocities which are 
equal at every point of the same stratum, ceases to be ful- 
filled when the surface of the fluid has arrived within 4 or 5 
inches of a horizontal orifice. The fluid particles then 
assume directions which are more or less inclined to the hori- 
zon, and the tunnel spoken of in the last article is then 
formed. When the orifice is found at a considerable depth, 
the upper surface of the fluid remains sensibly horizontal, 
and the tunnel above the orifice is no longer formed, in con- 
sequence of the greater velocity with which the fluid par- 
ticles near the orifice are compelled to flow into the vacancy 
which has been left by those immediately preceding them. 

763. This tunnel becomes much less perceptible when the 
orifice is formed in the side of a vessel. But when the upper 
surface of the fluid has nearly attained the level of the orifice, 
a slight depression on the side of the orifice begins to be 
observed. 

764. This tendency of the fluid particles towards the ori- 
fice, occasi<med by their sustaining less pressure in that direc- 
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tion, gives rise to a contraction in the jet of fluid, which, in 
issuing from the orifice, assumes the form of a truncated 
pyramid or cone, whose greater base corresponds to the ori* 
fice. This diminution in the size of the jet is called the con- 
tr fiction &fthe vein. 

With a circular orifice, the smallest secticm of the fluid vein 
is found at a distance from the orifice equal to the radius of 
the orifice. Beyond this point the diameter of tlie section 
again increases, so that the entire jet has the form of two 
truncated cones which are united by their smaller bases. 

765. The contraction of the vein likewise takes plaoe 
when the orifice is pierced in the side of a vessel ; but if the 
orifice be large, and be placed at a short distance below the 
surface of the fluid in the reservoir, the jet will be found to 
be more contracted in the vertical than in the horizontal 
direction. 

766. When a conical tube whose interior surfieu^ corres- 
ponds to the form of the contracted vein is adapted to an 
orifice pierced in a thin plate, the quantity discharged is found 
to be very nearly the same as though the fluid issued directly 
through the orifice. Hence, we may regard the vessel as 
continued to the point at which the greatest contraction of 
the stream takes place, and consider the least section as 
forming the real orifice. 

It is proved by experience, that the quantity actually dis- 
charged may be deduced from that calculated according to 
the theory, by simply changing the value of the constant k. 
Thus, if we represent by Mk the area of the orifice which has 
been calculated from a knowledge o( the quantity actually 
discharged, the theoretic formula 

GL^k^{2g) . t^a 

must be modified by substituting Mi for k : we shall thus 
obtain, for the actual discharge, 

767. When the orifices are pierced in thin plates, die ratio 
M is found to be independent of the si^ of the orifice, and of 
its depth below the surface, provided that depth be not very 
small. Hence, if we represent by CI' the quantity discharged 
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from an orifice k at the depA a', we shall have the pro- 
portion' 

did':: Wi^(^g) . ty/a : We^(^) . t^al ; 

and we therefore conclude, that the quantities discharged from 
two such orifices are to each other as the products of the areas 
of those orifices, and the square roots of their depths. 

768. The number M has been found by Bossut to be about 
0.62, and the orifice k must therefore be multiplied by this 
fraction, in order that the quantity given by the formula may 
correspond with the results of experiment. Thus,, the cor- 
rected expression for the quantity discharged will be 

Q=(0.62) V(25-) . ty/a. 
This formula is alike applicable, whether the orifice be 
pierced in the side or bottom of a vessel. 

769. When the vessel is allowed to empty itself^ the cir- 
cumstances of the discharge become very complicated after 
the upper surface of the fluid has fallen to within a short dis- 
tance of the orifice. If, however, we only consider the ex- 
penditure previous to the arrival of the upper surface within 
a few inches of the orifice, the same ^^rrection may be 
applied to formula (439), which will thus become 

j._ ^ 

{0A2)k^{2g)^{a^zf 

and will serve to determine the time necessary for a given 
quantity of fluid to be discharged. 

770. In applying the preceding correction to the theoreti- 
cal discharge, it has been supposed that the orifice was 
pierced in a thin plate : when a similar orifice is pierced in a 
thick plate, the quantity discharged is found to be consider- 
ably greater. Hence it occurs, that when the fluid is dis- 
charged through a thick plate, or through a cylindrical tube 
applied to the orifice, the coefficient 0.62, which has been em- 
ployed in calculating the discharge through a thin plate, is 
no longer applicable. In this case the fluid adheres to the 
sides of the tube, and the' contraction of the stream is in a 
great measure avoided. The lengths of such tubes, accord- 
ing to Bossut, should be at least twice the diameter of the 
orifice, in order that the contraction of the vein may be pre- 
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vented There will however be a limit to the length, proper 
to be given to such tubes, since the friction of the fluid 
against the sides of the tube will necessarily increase with 
its length. 

771. The quantities discharged by cylindrical tubes are 
proportional to the products of the orifices by the square roots 
of their depths, as in tli^e case of apertures pierced in a thin 
plate ; but the coefficient M, by which the area of the orifice 
must be multiplied for the purpose of reducing the theoretical 
discharge to that given by experiment, has been found by 
Bossut to be about ||, or, more accurately, 0.81, when a short 
cylindrical tube is applied to the orifice. Thus, the formula 
(436), which serves to determine the quantity discharged fi-om 
a reservoir in which the fluid is maintained at a constant 
height, will become, when corrected for the case of a cylin- 
drical tube, 

or, if we replace k by its value nr', r denoting the radius of 
its section, the formula may be written 

772. When the vessel is supposed to empty itself by an 
orifice to which a cylindrical tube has been adapted, we can 
still employ the coefficient (0.81), provided we only consider 
the circumstances of discharge previous to the arrival of the 
upper surface of the fluid at such a level that the tunnel 
begins to be formed above the orifice. 

773. By adapting tubes of diflerent forms to an orifice 
pierced iti the side or bottom of a vessel, the quantity of fluid 
discharged is generally found to be more or less increased. 

The following table presents a view of the relative quan- 
tities discharged in some of the simplest cases. 
V. Theoretical discharge in a given time through 

an orifice pierced in a thin plate .... 1.00 
2^. Actual discharge in the same time through the 

same orifice ..^... 0.62 

3^. Discharge through a cylindrical tube, whose 

length is equal to two diameters of the 

orifice - ftSl 
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4^. Discharge through a conical tube having the 
form of the contracted vein, the larger base 
being regarded as the orifice 0.62 

6^. Discharge through the same tube, regarding the 

smaller base as the orifice ^ . . .. « . 1.00 

Of the Motion of Water in Pipes. 

774. Let AB {Fig. 254) represent a cylindrical pipe, by 
means of which the water contained in the reservoir R is 
transferred to the reservoir R', and let it be supposed that 
the current has assumed a uniform motion : it is proposed to 
investigate a formula by means of which the quantity of 
water delivered at the point B, in a given time, may be 
estimated. 

Let CC'D'D represent an elementary stratum of the fluid 
included between two consecutive transverse sections. Then, 
since the motion is supposed to have become uniform, the 
forces which tend to accelerate the motion of the element CD' 
must be precisely equal to those which are exerted upon the 
element in a contrary direction. The force exerted upon 
CD', urging it in a direction from A towards B, is the com- 
ponent of the weight of this element, in a direction parallel 
to the axis of the pipe : and the forces which urge it in an 
opposite direction are, 1°. the difference of the pressures 
exerted upon the faces CO and DD' ; and, 2^« the resist- 
ance arising from the friction of the fluid against the sides of 
the pipe. 

775. If /> denote the mean pressure, referred to the unit of 
surface, in the section CC, the corresponding pressure in the 
section DD' will be expressed by p+dp^ and if we denote by 
a the area of the transverse section of the pipe, the entire 
pressures upon the sections CC and DD' will be respectively 

orfp, a{p-\-dp). 

These pressures being exerted in contrary directions, the ele- 
mentary stratum CD' will be acted upon by a force equal to 
their diflerence adp. 

The resistance arising from the friction against the sides 
of the pipe will be directly proportional to the surface of the 
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fluid in contact with the pipe, and will likewise be dependent 
upon the velocity of the current Hence, if v denote the 
Velocity, e the circumference of the section, and 9 the distance 
of the section CCfirom the extremity A, the distance CD will 
be expressed by c/«, and the resistance experienced by the 
element CD", in consequence of friction, will be 

cds . ^{v) ; 
in which ^v) represents a certain function of v, to be ascer- 
tained by experiment 

776. To obtain an expression for the force which acts in 
the direction from A towards B, we shall suppose the density 
of water to be equal to unity, and resolve the weight of the 
element which is expressed by g . ads into two components, 
respectively parallel and perpendicular to the axis of the pipe. 
Then denoting by 4 the angle included between the axis and 
the horizon, the component of the weight parallel to tlie axis 
will become g.6ia4.ads. But if z represent the vertical 
co-ordinate of the point C referred to A as an origin, dz will 
represent the difference of level of the points C and D ; and 
we shall have 

-^=sin#, g . sin 4 . ads^igadz 
as 

And since an equilibrium must subsist between this force and 

the forces exerted in an opposite direction, we have 

gadz^adp + cds . p{v) ; 
and by integration, 

gaz^ap+cs . ^v)+C. 
To determine the value of the constant C, we suppose the 
pressure at the origin A to be equal to a known quantity P : 
we shall then have jp=P, z—Oj s=^0 ; and therefore 

0=»— aP. 

Eliminating C between these two equations, we obtain 

gaz=a{p^'P)+cs .p{v). 

And by taking the integral between the limits s=:0, and 
^=AB=/, the entire length of the tube, denoting by F the 
pressure at the lower extremity, and by z' the co-oidinate of 

the point B, there results 

g^. az'=a(P'-P)+cZ.^(r) (444). 
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777. It has been found by experiment, that the function 
p{v) may be expressed by two terms which are respectively 
proportional to the first and second powers of the velocity : 
thus, we shall have 

b and V representing constant quantities. 

This value of ^(v)^ being substituted in equation (444), 
gives 

cl 
but if the diameter of the pipe be denoted by D, we shall 
have 

and therefore, 

778. The pressure P at the upper extremity of the pipe 
may be regarded without material error as that due to the 
depth EA of the point A below the surface of the fluid in the 
reservoir R. Strictly speaking, the pressure P is somewhat 
less than that due to the depth EA, since these pressures be- 
come equal only when the orifice is infinitely smdl (Art. 742) ; 
but the difference is inconsiderable when the velocity of the 
fluid is not great. In like manner, the pressure at the point 
B may be supposed due to the depth E'B of the point B below 
the surface of the fluid in the reservoir R' : hence, if h and A' 
represent the respective depths EA and E% we shall have 
(Art 655) P=g/h ^='ghf ; and by substitution we obtain 

If we divide each member of this equation by g^ and pul^ 
for brevity, 

b 6'_. z^^h'+h_j^ 

g e ' 

we shall obtain 

«v+|it)* =^DJfc (446). 

The values of • and ^ may be legaided as ^known, since 
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they result immediately from those of a and ft, which are sup- 
posed to be determined by observation ; and the value of k 
will likewise be given when the length of the pipe, the differ- 
ence of level of its two extremities, and the difference of the 
pressures at those points are previously given. Hence, the 
velocity v in a pipe of a given diameter can be readily cal- 
culated. 

779. The numerical values of « and /s have been found by 
Prony to be 

•=0.00017, /8 =0.000106; 

and the preceding equation therefore becomes 

0.00017r +0.000106v« ^^D*. 

If we neglect the first term, which is generally admissible 
when the velocity v is not extremely small, the formula will 
reduce to 

r=48.66v/(D*). 

780. Let d denote the quantity delivered at the point B 
in a second of time, and t the number 3.1416 ; we shall have 

and b7 substituting this value of v in equation (446), there 
results 

or, if we neglect the term containing the first power of v, and 

64a 
make --^=:B'', we shall obtain 

ir" 

The numerical value of -7 is 38.12 ; and the formula tfaeie- 

fore reduces to 

a=38.12^(D»*). 

In this investigation the dimensions are supposed to be 
expressed in English feet. 

THB END. 
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